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Anomalous-Chern Steering of Topological Nonreciprocal
Guided Waves

Haoye Qin, Zhe Zhang, Qiaolu Chen, Zhechen Zhang, and Romain Fleury*

Nonreciprocal topological edge states based on external magnetic bias have
been regarded as the last resort for genuine unidirectional wave transport,
showing superior robustness over topological states with preserved
time-reversal symmetry. However, fast and efficient reconfigurability of their
trajectory has remained a formidable challenge due to the difficulty in
controlling the spatial distribution of magnetic fields over large areas and
short times. Here, this persistent issue is solved by leveraging the rich
topology of unitary scattering networks, and achieve fast steering of
nonreciprocal topological transport at an interface between a Chern and an
anomalous topological insulator, without having to control a magnetic field.
Such interface can be drawn by doping the network with scatterers located at
the center of each link, whose level of reflection is electrically tuned. With
experiments in the GHz range, the possibility to actively steer the way of
unidirectional edge states is demonstrated, switching the transmission path
thousands of times per second in a fully-robust topological heterostructure.
The approach represents a significant step towards the realization of practical
reconfigurable topological meta-devices with broken time-reversal symmetry,
and their application to future robust communication technologies.

1. Introduction

Topological edge states, which correspond to the propagation
of waves along the boundaries of insulators with distinct bulk
topology, have been the subject of extensive research due
to their high potential for enabling point-to-point transport
with increased control and robustness. They can be obtained
from various topological phases, including valley insulators,[1–3]

Weyl semimetals,[4–7] symmetry-protected phases,[8–10] Chern
insulators,[11,12] or Floquet systems.[13,14] These states originate
from a global property of the bulk, associated to a topological
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invariant, which cannot disappear unless
the entire system goes through large de-
formations or symmetry changes.[15,16]

Therefore, they can exhibit partial or
complete resilience against local imperfec-
tions or distributed disorder, which makes
them ideal candidates as information and
energy carriers in electronics, photon-
ics, and communication technologies.

On the other hand, the idea of re-
configurability is thriving in various sys-
tems like antennas,[17] nanostructures,[18]

metasurfaces,[19] 5-6G communications,[20]

and networks,[21] seeking tunability and
adaptability to overcome the limitations
of fixed-function devices. Although adapt-
able wave functionalities can be easily
controlled by external stimuli, changes
along a wave’s path are inherently asso-
ciated with impedance fluctuations induc-
ing back-reflections, and large reconfigura-
tion is typically associated with a loss of
efficiency. To try and mitigate this prob-
lem, significant efforts have been dedi-
cated to develop reconfigurable topological

systems, in which reconfiguration would benefit from a certain
level of topological protection, ideally preventing entirely any
form of backscattering and easing the addition of new func-
tionalities on the wave path.[22–30] The usual mechanism relies
on reconfiguring the position of a topological interface, aka do-
main wall, formed at the boundary between two topologically dis-
tinct bulk insulators,[25] thereby modifying the edge state path.
To work with non-reciprocal edge states would require to control
dynamically and over large areas the external magnetic fields re-
sponsible for strong topological protection. The required control
circuitry would arguably be impractical, bulky, and inefficient. Ac-
cordingly, prior arts have restricted themselves to time-reversal
invariant systems that do not break reciprocity,[31–33] which at
most provide resilience to particular, weak perturbations. In addi-
tion, previous works focused mostly on slow, mechanical recon-
figurability, which does not cater to the needs of reconfigurable
systems and their applications.

Here, we conceive, design, and experimentally demonstrate
a fully robust, reconfigurable topological system capable of
steering a nonreciprocal edge state along different trajectories,
and changing its status at will several thousands of times per
second. The idea is based on the unique physics of unitary
topological systems,[34–36] which are non-reciprocal topological
insulators that support not only the Chern phase, but also a
distinct, extremely robust anomalous phase.[37,38] Crucially,
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Figure 1. Anomalous-Chern steering of nonreciprocal edge states in a topological heterostructure. a) Topological heterostructure, in which two anoma-
lous insulators (represented by A, top inset) surround a middle region whose gap size and topology is electrically reconfigurable (represented by S).
Region A is a honeycomb network of circulators connected by transmission lines (TLs) of phase delay 𝜑. Region S is similar to region A, except for the
introduction of unitary scatterers at the middle of each TL (bottom inset, yellow boxes). The scattering amplitude of the scatterers is controlled by the
parameter 𝜃 and proportional to an external DC voltage. This allows to reconfigure the topological phase of the region S from anomalous to Chern.
When the region S is in anomalous phase, a wave input from the left (yellow arrow, VA) will tend to flow undisturbed along the edge, following the red
signal path. In contrast, when S is switched to the Chern phase, the input meets an anomalous-Chern topological interface, and must go down the blue
signal (VB).b) Band structure of the S region at different values of the scattering strength 𝜃 from an anomalous phase (𝜃 < 𝜃c) to a Chern phase (𝜃 > 𝜃c).
The phase transition (PT) occurs at 𝜃c = 15°. The working phase 𝜑0 of the topological heterostructure is highlighted by a dashed line. Modes localized
to the top and bottom are shown in red and blue, respectively. The corresponding gap invariant W𝜓 and Chern number for bands from top to bottom
are 1,1,1,1,1,1 and 0,0,0,0,0,0 for 𝜃 = 0° and 10°, PT for 𝜃 = 15°, 1,1,1,1,0,1 and 0,0,0,0,-1,1 for 𝜃 = 30°.

the anomalous-Chern topological interface does not require
a change in the magnetic field, but only a reflection contrast,
which allows us to reconfigure it electrically by doping the
network with simple variable capacitors. We design a topological
anomalous-Chern heterostructure that can be gradually con-
structed or destroyed, effectively sending the signal to different
ports in a unidirectional, back-scattering immune way, with a
fully reversible manner. The strongly robust topological nature
of the anomalous-Chern interface is theoretically and exper-
imentally evidenced by implementing various defects in the
shape and composition of the reconfigurable heterostructure.

2. Results

As an example, we achieve topological steering of nonreciprocal
edge states in a topological heterostructure, schematically repre-
sented in the top left corner of Figure 1a. It is composed of a topo-
logical insulating heterostructure involving two static domains
operated in the anomalous phase (A), surrounding a third one
(S). Region S is similar to region A, except for the introduction
of unitary scatterers at the middle of each transmission line (TL).
Geometrically analogous to a FET transistor, this electrically re-
configurable active domain S plays the role of a depletion region
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by allowing full control over the insulating gap size, whose un-
derlying topology can be switched between the anomalous and
Chern (C) phases. The center of Figure 1a depicts an implemen-
tation of this concept using a honeycomb network made of circu-
lators, positioned at the corners of a hexagonal lattice, and con-
nected by transmission lines of phase delay𝜑, which corresponds
to the quasi-energy of the underlying unitary Bloch eigenprob-
lem (see Experimental Section). Each microwave circulator is re-
alized by an azimuthally-symmetric ferrite cavity (e.g., made of yt-
trium iron garnet) biased by a permanent magnet, thereby break-
ing reciprocity. The magnetic bias induces a proportional fre-
quency splitting between the two originally-degenerated counter-
propagating eigenmodes, in analogy to the Zeeman effect. In ab-
sence of this magnetic bias, the two eigenmodes have the same
frequency 𝜔+ = 𝜔−. In the presence of a non-zero magnetic bias,
the two eigenmodes exhibit a non-zero frequency splitting of Δ𝜔
= |𝜔− −𝜔+|> 0. This feature has been widely employed to realize
strong nonreciprocity in microwave circulators or isolators,[39–42]

and for our case, coupled mode theory can be unitized to fully
model the nonreciprocal scattering phenomenon, including its
frequency dispersion (see Supporting Information). In such net-
works, the reflection level of individual circulators controls the
topology of the network: at low enough reflection, it finds itself
in an anomalous phase, whereas increasing the reflection closes
the bandgap and reopens it in a Chern phase (see Experimental
Section and Ref. [37]). Therefore, we propose to start from low-
reflection circulators (i.e., an anomalous phase) and construct the
depletion region S by doping it with additional reciprocal scatter-
ers (yellow blocks) placed at the center of the TLs (see Experimen-
tal Section for the scatterer’s impact on Bloch eigenproblem).
These unitary scatterers effectively increase the level of reflection
for waves traveling within the depletion region. In practice, their
reflection (isin (𝜃)) and transmission (cos (𝜃)) will be tuned by an
external voltage.

The effect of increasing the doping on the band structure of
the depletion region is illustrated in Figure 1b. When 𝜃 = 0, the
band structure is the one of a typical anomalous topological insu-
lator, exhibiting separated bulk bands (6 in total including two flat
bands, in grey), with edge states in every bandgap, propagating
either at the top (red lines) or bottom (purple lines). The Chern
numbers of all bands are zero. This behavior is still valid for low
enough scattering strength (e.g., 𝜃 = 10°), although the sizes of
the gaps are modified. In particular, the gap around the work-
ing phase 𝜑0 = −𝜋/2 starts closing. At 𝜃 = 𝜃c = 15°, this band
gap closes, triggering a phase transition to a Chern phase with a
single trivial bandgap around 𝜑0 (see plot at 𝜃 = 30°). As a side
note, past the PT point, edge-like modes occur near the dashed
line but without connecting the two bulk bands, eventually fully
detaching from them, which implies a trivial nature.

To leverage this effect, we now choose to operate at 𝜑0. This
simple design choice can be made by tuning properly the length
of the network links at the frequency of interest. We expect that
for small enough values of the scattering strength 𝜃 < 𝜃c, the
reconfigurable region operates in an anomalous phase (S = A),
and provides an edge state that makes it possible for an input
signal incident from the left (in yellow) to be transmitted to the
right (red signal path). This AAA configuration corresponds to
the “on” state of the heterostructure, which operates with an open
gate. Conversely, at high enough values of the scattering strength

𝜃 > 𝜃c, the input wave meets a topological interface at the en-
trance of the depletion region and must travel down until it
reaches the bottom edge of the input region, escaping at the bot-
tom left (blue signal path). This ACA configuration corresponds
to “off” operation with a closed gate. Close to 𝜃c, a transition will
occur in which part of the power will be able to go through (by
evanescent tunneling), while the other part would be reflected
down the blue signal path. This behavior can be classified as a
topological router that splits the charge current into two parts,
with a tunable allocation ratio.

Figure 2a evidences this behavior as a topological router with
numerical simulations. Note that the thickness of the depletion
region has been tuned such that at the transition, the power is
split equally to ports 2 and 3, although other allocation ratios
are possible. The full picture is provided in Figure 2b, which
plots the evolution of transmitted power at port 2 (P2) and port
3 (P3) when increasing the scattering strength, confirming the
gradual switching capability of the topological heterostructure.
Figure 2c plots the corresponding isolation ratio which can take
values from –40 to +40dB. This dynamic range is controlled by
the depth of the depletion layer. For the interested reader, extra
studies are reported in the Supporting Information, including the
possibility to operate with interfaces of irregular shapes and irreg-
ular doping. The case of topological combiner operation is also
possible and reported (see Supporting Information).

Remarkably, the steering capability of Chern-anomalous inter-
faces comes with extreme robustness to various practically rel-
evant parameters, including global disorder in the value of the
phases provided by each network link, or imperfections in the
doping scheme. In Figure 3a, we impart a maximum phase dis-
order, randomly distributed in [0, 2𝜋], to every TL in the network,
and study the operation of the topological heterostructure under
these extreme conditions by varying the doping strength 𝜃 = 0°

− 80°. In the bottom plot, we conduct a statistical analysis over
200 random realizations of phase disorder, and evaluate the aver-
aged transmissions to ports 2 and 3 (solid lines), as well as their
first and last quartiles Q1 and Q3 (dashed lines). We find that
the topological heterostructure is still working exceptionally well,
with most realizations closely following an average behavior sim-
ilar to the one of the clean limit. Field maps at randomly selected
realizations of disorder confirm that wave propagation is altered
by the disorder, but not the resulting transmission to the output
ports. Yet, another form of disorder generally occurs in such ac-
tive reconfigurable systems. Unwanted disconnection to the con-
trol signal is quite common, and may induce on/off scattering
strength (𝜃) disorder. In Figure 3b, we consider a situation in
which a quarter of the scatterers of the reconfigurable region are
disconnected (so that their scattering strength is fixed to 𝜃 = 0°).
It is noteworthy and expected that the critical value of 𝜃 for achiev-
ing power switch becomes larger than clean limit under the pres-
ence of disorders, mainly due to reduced efficiency of the doped
scatterers. This is also in line with the results with tilted inter-
faces, where the power switch point sufficiently moves to larger
value with smaller number of doped scatterers (see Figure S6,
Supporting Information). Again, our statistical studies show that
the operation of the topological heterostructure as a power switch
remains remarkably robust.

We now experimentally demonstrate dynamical steering of
nonreciprocal edge states for microwaves in the C band, by
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Figure 2. Numerical simulations of non-reciprocal power steering in a topological heterostructure. a) Simulated field amplitude maps excited by a wave
input at port 1, for different values of the scattering strength, namely 𝜃 = 0°, 15°, and 30°. At 𝜃 = 0° (top, S is in anomalous phase), the input wave travels
undisturbed along the top boundary, and is unidirectionally transmitted to port 3, with zero transmission to port 2. Conversely, at 𝜃 = 30° (bottom, S
is in Chern phase), the nonreciprocal wave is steered to port 2 along the anomalous-Chern interface, with vanishing transmission to port 3. Near the
transition (middle panel), an intermediate behavior with coupling into bulk is observed, due to partial wave transmission through the middle region.
b) Power transmission at ports 2 (P2) and 3 (P3) versus 𝜃, and c) corresponding ratio P3/P2. Increasing 𝜃 continuously in the region S changes the wave
destination from port 2 to port 3, reconfiguring the chiral wave path.

building the topological heterostructure shown in Figure 4. The
printed circuit board hosts 36 ferrite circulators that are con-
nected through microstrip lines, and three input/output ports
are implemented via welded SMA connectors (Figure 4a). The
reconfigurable region is highlighted by a dashed box. The voltage-
tunable scatterers added to the transmission lines are imple-
mented by three near-field coupled split ring resonators, the mid-
dle one being frequency shifted by a varactor, whose capacitance
is controlled by an external static voltage (DC bias). By increas-
ing the DC bias from 0 to 30 V, the capacitance of the varac-
tor will decrease from 2.5 to 0.6 pF, which switches the initially
high transmission of the coupled split rings to a low value, gen-
erating higher reflection. In other words, the scattering strength
𝜃 and the applied DC bias have a monotonic relationship (see
Supporting Information). The proper operation of the topologi-
cal heterostructure is evidenced in Figure 4b at 5.5 GHz. By tun-
ing the scattering strength from 0° to 66° (corresponding volt-
age from 0 to 30 V), we measure the output power at ports 2
and 3, and observe a clear switching between them, consistent
with the predictions of Figure 2. The corresponding power ra-
tio P3/P2 is plotted in Figure 4c, showing a gradual change from
the “on” to the “off” state. Figure 4d reports the measured field
amplitude distribution in the heterostructure network at the scat-
tering strengths of 𝜃 = 0°, 45°, and 66°, which confirm that the
operation of the device as a switch is indeed mediated by the non-
reciprocal topological edge states, as anticipated by our previous
simulations. Different tilted interfaces were also tested with good
steering consistency (see Supporting Information). We now turn
to an experimental validation of the robustness of the topological
heterostructure to on/off scattering strength disorder. The other
type of disorder, global phase disorder, has already been experi-
mentally investigated elsewhere.[37,38] Thus, we randomly select 5
out of the 16 varactors in the active region and disconnect them.

Figure 4e illustrates this particular random disconnection, and
plots the heterostructure output powers as a function of the scat-
tering strength of the varactors that are still connected. The evo-
lution closely follows the prediction of Figure 4b and maintains
the functionality of the system as a power switch even under such
drastic flaws in the control scheme, confirming that the remark-
able resilience of the topological heterostructure is a clear observ-
able in real-life scenarios.

Finally, we come back to one of our original motivations and
demonstrate the possibility to dynamically steer non-reciprocal
edge states by the experiment of Figure 4f. We introduce a square
wave modulation of 30 V and 250 Hz to the bias voltage of the re-
configurable region S, and observe the effect on the output power
ratio of the topological router. Our measurement reveals that the
system is capable to switch rapidly, re-routing the power sequen-
tially between port 2 and port 3. We estimated the rise time of
the output amplitude to be 0.33 ms, corresponding to a maxi-
mum switching frequency of 3 kHz. Such a speed is more than
comfortable for communication applications, since it provides
sufficient bandwidth for voice transmission, telemetry, control
systems, and certain types of wireless communication. It’s note-
worthy that the upper limit of modulation speed is merely con-
strained by the transient response of the varactors, and may be
significantly improved using alternative tuning components like
PIN diodes specialized for high frequency applications. To this
end, we note that highly efficient RF switches have been recently
demonstrated up to THz frequencies.[43]

3. Conclusion

In conclusion, topological steering of nonreciprocal edge states
has been achieved and experimentally demonstrated in a topolog-
ical heterostructure, drawing upon the rich topological physics
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Figure 3. Exceptional topological robustness of anomalous-Chern steering. a) Resilience of topological heterostructures to complete disorder in the link
phase delays. We take the topological heterostructure of Figure 2 as the clean-limit case, and randomly shift the values of the phase delays(𝜑) in the
range [0, 2𝜋]. We perform wave transmission statistics over 200 realizations of phase disorder at each value of the scattering strength 𝜃. In the bottom
panel, the solid lines represent the average power transmission to port 2 (green) and 3 (blue), while the dashed lines are the first and last quartiles,
Q1 and Q3. Three realizations of disorder are shown in the top panels, at 𝜃 = 0°, 35°, and 80°, confirming the resilience of the wave paths despite the
presence of a high level of distributed phase disorder in the system. b) Robustness of topological heterostructures against on/off scattering strength
disorder. Here, for each scattering strength 𝜃, we consider that a randomly selected quarter of the scatterers are disconnected from the external control
signal and do not scatter at all (𝜃 = 0°), while the others keep the intended scattering strength value. This situation is schematically illustrated in the
inset of (b). By performing a statistic study, we find that also in this case, the functionality of the topological heterostructure is left almost undisturbed.
Example of field distributions for two disorder realizations, confirming the robustness of the wave steering process.

of unitary scattering networks, that allow for reconfigurable
anomalous-Chern domain walls without having to control a mag-
netic field. We showed that the topological phase of a heterostruc-
ture can be continuously tuned from anomalous to Chern by
doping it with voltage-controlled reflectors located within the
phase links of the network. Such topological reconfiguration
turns the heterostructure into a nonreciprocal router and com-
biner that behave similarly to PNP- and NPN- electronic transi-
tors, albeit manipulating the electromagnetic power flow instead
of the electrical current. The topological robustness of the steer-
ing mechanism under extremely disordered conditions was con-
firmed. This includes perturbations of practical relevance includ-
ing global phase disorder and faulty varactors with random on/off
disconnections. The topological heterostructure can survive con-
siderably large imperfections and irregular interfaces without
losing its functionality. Rapid switching of the path of the nonre-
ciprocal edge state was also achieved by modulating the control
voltage applied to the depletion region. Our work opens up a new
route for rapid and efficient manipulation of nonreciprocal edge
states, empowering high-frequency circuits and communication
systems with more efficient signal control capabilities, leading
to more reliable and efficient data transmission. Switchable chi-
ral electromagnetic flow could lead to the development of more

advanced and versatile electromagnetic devices, such as the mi-
crowave equivalents of field-programmable gate arrays (FPGAs)
or other types of programmable logic devices existing a lower fre-
quencies. Finally, reconfigurable nonreciprocal edge states may
enable new possibilities in quantum computing systems,[44,45] in
which unidirectional qubit coupling is a much-sought opportu-
nity.

4. Experimental Section
Band Theory of Circulator Networks: This section details i) the deriva-

tion of Bloch eigenproblem for band theory, ii) the calculation of topolog-
ical invariants and classification of unitary scattering network, and iii) the
impact of scatterers on band topology.

It is assumed that the circulators exhibit threefold rotational symmetry
and that their scattering is unitary, which had been checked by direct mea-
surements. Such scattering matrix was parameterized, noted S0, in terms
of the angles 𝜉 and 𝜂, using the form given in Refs. [37,46,47], namely:

S0 =
⎡⎢⎢⎣

R T D
D R T
T D R

⎤⎥⎥⎦ (1)
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Figure 4. Experimental observation of dynamical anomalous-Chern steering with strong topological robustness. a) Layout of the fabricated topological
heterostructure prototype, based on a microwave printed circuit board (PCB) with surface-mount circulators and TLs (left). The reconfigurable region is
highlighted by a dashed box. Right: Zoomed-in view of a tunable scatterer implemented with TL-integrated split-ring resonators, a low-pass (LP) filter,
and a varactor diode whose capacitance is controlled by a DC bias voltage fed from the other side of the PCB. A one-to-one correspondence exists
between the varactor capacitance and the scattering strength 𝜃. b) Measured transmitted power at ports 2 and 3 of the topological heterostructure
versus 𝜃, confirming the topological steering of the nonreciprocal edge state. c) The corresponding isolation ratio goes from positive to negative. d)
Measured field distribution at every TL at 𝜃 = 0°, 45°, and 66° (from top to bottom). The short and long arrows indicate the directions of the input and
transmitted power flows. e) Evolution of transmitted power at ports 2 and 3 versus DC bias voltage when randomly disconnecting 5 scatterers from
the DC bias. Inset: corresponding disorder realization within S. The faulty scatterers are in grey. f) Dynamic steering experiment, in which the external
control voltage is modulated following a 250 Hz square wave with amplitude of 30 V (top inset). The bottom inset shows the time-modulated response
of the ratio P3/P2, demonstrating the rapid periodic switching of the wave path between the two output ports.

where,

R = −1 + 2
3

cos 𝜉ei𝜉 + 2
3

cos 𝜂ei𝜂 (2)

T = 2
3

[
e−i 2

3 𝜋 cos 𝜉ei𝜉 + ei 2
3 𝜋 cos 𝜂ei𝜂

]
(3)

D = 2
3

[
ei 2

3 𝜋 cos 𝜉ei𝜉 + e−i 2
3 𝜋 cos 𝜂ei𝜂

]
(4)

here, 𝜉 and 𝜂 are parameters defined in the range [− 𝜋/2, 𝜋/2] with a pe-
riodicity of 𝜋, and they are respectively related to the deviation of the an-
gular frequency 𝜔 from the right-handed (𝜔+) and left-handed (𝜔−) eigen-
values of the ferrite cavity of the circulator. These non-dimensional pa-
rameters emerge naturally in the coupled mode theory of Zeeman-based
circulators.[40]

The phase delay band structure was derived in periodic honeycomb
scattering networks by considering the two circulators present in a hon-
eycomb unit cell. The action of the scattering matrices on the complex
amplitudes of the waves propagating in and out of the circulators was
(schematic in Figure S1 of Supporting Information):

⎡⎢⎢⎢⎢⎢⎢⎣

a3
a1
a2
a5
a6
a4

⎤⎥⎥⎥⎥⎥⎥⎦
=
[

0 S0
S0 0

] ⎡⎢⎢⎢⎢⎢⎢⎣

b1
b2
b3
b4
b5
b6

⎤⎥⎥⎥⎥⎥⎥⎦
(5)

where these vectors concatenate the six complex wave amplitudes inci-
dent on the two circulators of the unit cell (noted a1 to a6), and the out-
going ones (noted b1 to b6). Equation (5) was then multiplied by a unitary
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permutation matrix P0, which exchanges the fifth and sixth rows, the fourth
and fifth rows, and the first and second rows, to obtain:

|a⟩ = Sunit cell|b⟩ with Sunit cell ≡ P0

[
S0

S0

]
(6)

where |a〉 and |b〉 are functions of the position r of the unit cell, with r =
n1𝜶1 + n2𝜶2, where 𝜶1 and 𝜶2 are Bravais lattice vectors, and n = n1, n2
are integers.

With the phase delay lines between circulators, we obtain:

b1(r + 𝜶2) = ei𝜑a1(r) (7)

b2(r + 𝜶1) = ei𝜑a2(r) (8)

b3(r) = ei𝜑a3(r) (9)

b4(r) = ei𝜑a4(r) (10)

b5(r) = ei𝜑a5(r + 𝜶2) (11)

b6(r) = ei𝜑a6(r + 𝜶1) (12)

By looking for Bloch eigenstates, we obtain

|a(k)⟩ = e−i𝜑Λ(k)|b(k)⟩ (13)

where Λ(k) = diag
(
eik⋅𝜶2 , eik⋅𝜶1 , 1, 1, e−ik⋅𝜶2 , e−ik⋅𝜶1

)
is a unitary matrix.

Combining Equations (6) and (13), we obtain the eigenequation in mo-
mentum space formed by S(k) as

S(k)|b(k)⟩ = e−i𝜑(k)|b(k)⟩ (14)

where S(k) = Λ−1(k)Sunit cell is unitary, and 𝜑(k) is a real-valued phase de-
fined modulo [2𝜋]. The values of 𝜑(k) as a function of k define the phase
band structure, which is similar to that of Floquet lattices where the quasi-
energy plays the role of the phase-delay. Equation (14) defines the Bloch
eigenproblem of our circulator network and consequently its topology.

Such unitary systems were topologically characterized by a homotopy
invariant defined in each gap, W𝜓 , that directly counts the net number
of chiral edge states in a given gap,[34] which could be classified as uni-
tary topology.

It is noted that the non-reciprocal scattering network was formally anal-
ogous to a rigorously oriented Kagome graph, described by a unitary ma-
trix S(k),[48] which could be mapped onto the Floquet (unitary) eigenprob-
lem of a periodically-driven lattice, with the angle variable 𝜑 taking the
role of the quasi-energy. Therefore, both advantages of non-reciprocity,
and the potentially richer topological physics of Floquet (unitary) systems
were truly beneficial. The topology of unitaries, such as evolution opera-
tors or the scattering matrix, were better described by the homotopy group
𝜋3(U(N)) = Z, whose elements were the topological numbers

W𝜓 (𝜑) = (24𝜋2)−1 ∫ tr(V−1
𝜑

dV𝜑)3 ∈ ℤ (15)

The power 3 must be understood in the language of differential forms, and
the integral runs over a 3-torus, span by the momentum and time t (over
a time period T). Time was not explicit in scattering networks. However,
the cyclicity of the network made possible a direct mapping with a Floquet
(i.e. T-periodic in time) evolution operator U(t, k), such that an interpola-
tion parameter that formally played the role of time, could be introduced.
Finally, the operator V𝜓 was a periodized (in time) evolution operator. For
Floquet systems, it reads as

V𝜓 (t, k) = U(t, k)eitHeff (k) (16)

with

Heff (k) = i
T

ln−𝜓U(t = T, k) (17)

where −𝜓 denotes the branch-cut of the logarithm. The procedure to de-
fine such an operator V𝜓 and thus the invariant W𝜓 for discrete-time evo-
lutions, (i.e. when the dynamics was given by a succession of scattering
events and where time therefore does not appear explicitly), like in the
model, was developed in a previous detailed study[48] (in particular in sec-
tions V. A. and V. B.). Importantly, the branch-cut 𝜓 must be chosen in
a spectral gap of U(T, k), or S(k) in the case. For this reason, W𝜓 was
said to be a gap invariant, and indeed directly gives the number of chi-
ral edge states in a given quasi-energy gap 𝜑. In contrast, Chern numbers
were band invariants. They are inferred from Heff (k) = i

T
ln−𝜓U(t = T, k)

and thus cannot capture the full unitary evolution. Finally, the details for
the calculation of the invariants W𝜓 in oriented Kagomé graphs could be
found in Delplace et al.[48] Their values for the band structures of Figure 1b
(𝜃 = 0°) are 1,1,1,1,1,1 in the anomalous case.

For the calculation of Chern number, the advantage of the typical
Wilson–loop method was taken, and the Chern number is given as C =

1
2𝜋

∫ d𝜃ky
, where 𝜃ky

is the Berry phase defined as 𝜃ky
= ∫ dkxΛ

(x)
n,k

and Λ(x)
n,k

is the Berry connection. The calculated Chern number for Figure 1b (𝜃 =
0°) are 0,0,0,0,0,0. Along with non-zero gap invariants for each band, the
existence of anomalous phase with vanishing Chern number while main-
taining edge states in every bandgap was confirmed.

Tunable unitary scatterers with controllable reflection strength 𝜃 could
be introduced to the scattering network, in order to modulate the topolog-
ical gap in the reconfigurable region, potentially modifying its topology.
They play a similar role of impacting the topology through reflection (see
Supporting Information) but without having to modify the circulators. The
2-by-2 unitary scattering matrix of the additional scatterers is defined as:

Sscatter(𝜃) =
(

i sin 𝜃 cos 𝜃
cos 𝜃 i sin 𝜃

)
(18)

Two extreme cases are like on/off state of TL: when 𝜃 = 0°, we have full
transmission without reflection, and when 𝜃 = 90°, we have full reflec-
tion instead.

These scatterers contribute to an additional unitary matrix in each unit
cell as

STL =

⎛⎜⎜⎜⎜⎜⎜⎝

cos 𝜃 i sin 𝜃
cos 𝜃 i sin 𝜃

cos 𝜃 i sin 𝜃
i sin 𝜃 cos 𝜃

i sin 𝜃 cos 𝜃
i sin 𝜃 cos 𝜃

⎞⎟⎟⎟⎟⎟⎟⎠
(19)

Then the modified band structure reads

S(k) = Λ−1
a (k)STLΛc(k)Sunit cell (20)

where Λa(k) = diag
(
I4, eik⋅𝜶2 , eik⋅𝜶1

)
,Λc(k) = diag

(
eik⋅𝜶2 , eik⋅𝜶1 , I4

)
. The

scattering strength 𝜃 impact the topology through controllable reflection
on the transmission line as given in Equation (16) and Equation ((17)) in
the Experimental Section, which tailors the Bloch eigenproblem by con-
necting S(k) to depend on 𝜃. The reflection and transmission coefficients
on the bi-directional transmission line is sin 𝜃 and cos 𝜃, respectively.
When 𝜃 = 0°, the transmission line was full transmission without reflec-
tion, and the matrix in Equation (16) was an identity matrix which play
no impact on the final S(k). While 𝜃 ≠ 0°, transmission was suppressed
with non-zero reflection, therefore off-diagonal terms in Equation (16) be-
coming prominent. This will tailor the overall performance of the band
structure and thus topology derived from eigenproblem based on S(k).
This non-zero reflection on transmission line adds reflection in the unit
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cell, which was unfavourable for anomalous topological insulators that re-
quired low reflection.[34,37] When large enough, the insulator will undergo
topological phase transition from anomalous to Chern phase.[37]

For circulator networks with unobstructed transmission lines, the scat-
tering strength vanishes (𝜃 = 0°), yielding

Sscatter(𝜃 = 0◦) =
(

0 1
1 0

)
(21)

In this special case, there existed a chiral symmetry or sublattice symmetry
that implied a 𝜋 −phase translation symmetric band diagram with 𝜑(k) =
𝜑(k) + 𝜋 (see Supporting Information). Introducing scatterers with 𝜃 ≠ 0°

will break such chiral symmetry, therefore leading to the asymmetric band
structures reported in the main text.

The band topology of circulators was analyzed at a constant frequency,
which means that moving along the vertical axis 𝜑 in these (k − 𝜑) dia-
grams does not imply changing the frequency, but it means scaling up the
length of the network links. For group velocity of such edge states, one
needs to switch to the usual (k − 𝜔) band diagram and look at the slope of
the bands, as usual.[49] This can be done by taking into account the disper-
sion of the transmission lines and of the circulators (through Equation 6
in Supporting Information for example).

Experimental Set-Up: The non-reciprocal networks were designed and
fabricated on 0.762 mm thick Rogers RT/duroid 4350 substrate. Each cir-
culator node was a surface mount microwave circulator connected by
microstrips. The circulator was designed from a Y-shaped strip line on
a printed circuit board. The three ports were placed 120° apart from
each other such that they were iso-spaced. The printed circuit board was
sandwiched between two pieces of ferrite. Without magnetic fields, the
Y-junction strip line supported two degenerate modes at 𝜔0: right and
left-handed. To bias it, two magnets were fixed outside, providing the re-
quired magnetic field of 50 kA m–1 = 628 Oe, normal to the printed cir-
cuit board and polarizing the ferrite, therefore lifting the initial degeneracy,
with chiral modes at 𝜔+ and 𝜔−. The voltage-tuned scatterer was realized
by varactor-integrated split ring resonators. The varactor SMV1405 had
voltage-controlled capacitance from 2.67 pF at 0 V to 0.63 pF at 30 V. Posi-
tive DC bias voltage was applied on the varactor and, to avoid the interfer-
ence of DC components on the microwave network, low-pass filers were
integrated in each resonator.

Supporting Information
Supporting Information is available from the Wiley Online Library or from
the author.
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