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Résumé

Cette thése a été réalisée dans le cadre d'un projet de coopération scientifique
intitulé “ Application of High Power Electromagnetics to Human Safety” dévelop-
pé par I'EPFL, I'Université Nationale de la Colombie et I’ Université des Andes,
Colombie. Le projet a été financé par I'Agence Suisse pour le Développement et la
coopération (SDC) et par le Centre Coopération & Développement (CODEV) de
I'EPFL.

La coopération scientifique visait I'étude et le développement des techniques
pour la génération de signaux électromagnétiques a haute puissance, capables de
perturber ou activer préventivement des engins explosifs improvisés (en anglais
IEDs, Improvised Explosive Devices) lors des activités de déminage humanitaire.

Les résultats de la these seront appliqués a la construction d'un systéme rayon-
nant de type résonant, qui peut étre utilisé pour sécuriser des opérations de démi-
nage humanitaire en Colombie.

La these est dédiée a I'analyse des oscillateurs & commutation (en anglais,
Switched Oscillators — SWO). Un SWO est un systéme rayonnant constitué par
un circuit de charge & haute tension qui alimente un résonateur formé par une ligne
de transmission quart d'onde, connecté a une antenne. Un SWO peut produire des
champs électromagnétiques de forte amplitude et de courte durée, avec une largeur
de bande modérée par rapport ala fréquence de résonance principale.

Les résultats de la thése peuvent également étre utilisés pour la production de
champs é ectromagnétiques résonants de haute puissance dans des applications de
compatibilité éectromagnétique, avec le but de tester I'immunité des systémes
électroniques contre les interférences électromagnétiques intentionnelles (IEMI).

Lathese est divisée en trois parties. La premiére partie traite de la conception
électrostatique du SWO. Une méthode pour une conception optimisée des élec-
trodes constituant |’ éclateur du SWO a été proposée. La méthode est basée sur la
génération d'un espace de coordonnées curvilignes dans lequel les électrodes sont
conformes & I'un des axes de coordonnées de |'espace. L'équation de Laplace est
résolue dans |'espace interelectrodique et une solution analytique pour la distribu-
tion électrostatique est obtenue. En utilisant des procédures mathématiques, une
expression analytique de I'impédance de la ligne de transmission formée par les
électrodes a été dével oppée.

La deuxieme partie de la thése est consacrée a I'analyse des SWO dans le do-
maine fréquentiel. Une approche originale d'analyse, basée sur la technique de pa-
rametres de chaine est proposée. Le SWO et |'antenne connectée y sont décrits a
I'aide d'un quadripdle, grace auquel une fonction de transfert entre la tension d'en-
trée et le champ rayonné est établie. Une expression analytique de la fréquence de
résonance du SWO est également obtenue. La technique développée permet d'étu-
dier la réponse d'un SWO lorsguil est connecté a une antenne arbitraire avec une
impédance d'entrée dépendante de la fréquence.

La derniere partie de la thése présente la construction et le test d'un prototype
de SWO. La conception du prototype est basée sur les dével oppements théoriques
présentés dans les deux premiéres parties de la thése. Le prototype a éé concu



pour étre résonant a 433 MHz, avec une tension d'entrée de 30 kV. Les mesures
des champs rayonnés par le prototype indiquent des amplitudes de I’ ordre de 10
kV/m & une distance de 1.5 m.

Le prototype est utilisé pour tester la validité du modéle électrodynamique pour
I'analyse des SWO. Les champs rayonnés par le SWO connecté a différentes an-
tennes monopoles sont mesurés et comparés avec les calculs théoriques.

Il a éé montré que le modéle théorique développé est capable de reproduire
avec une bonne précision le comportement du SWO connecté a une antenne en te-
nant compte de la dépendence fréquentielle de son impédance d entrée.

Liste de mots-clés:
Champs électromagnétique d’haute puissance, résonateurs, Equation de La-

place dans de coordonnées curvilinéaires, Interférence Electromagnétique Inten-
tionnel (IEMI), systémes de test de compatibilité électromagnétique.



Abstract

This thesis was carried out within the framework of a scientific cooperation
project entitled “Application of High Power Electromagnetics to Human Safety”
developed by the EPFL, the National University of Colombia and Los Andes Uni-
versity, Colombia. The project was funded by the Swiss Agen-
cy for Development and Cooperation (SDC) through the EPFL Centre Coopé-
ration & Développement (CODEV).

The Scientific Cooperation aimed at the study and development of techniques
for the generation of high power electromagnetic signals for the disruption or
preemptive activation of Improvised Explosive Devices (IEDs) during humanitari-
an clearance activities.

The results and conclusions of the thesis will be applied to the construction of a
resonant radiator, which can be used for securing humanitarian demining opera-
tionsin Colombia.

The thesis is devoted to the analysis of a specific type of resonant radiators
known as Switched Oscillators (SWO). An SWO is a radiator congtituted by a
high voltage charging circuit that drives a quarter-wave transmission line resona-
tor connected to an antenna. An SWO can produce high-amplitude, short duration,
electromagnetic fields, with a moderate bandwidth, when compared to the main
resonance frequency.

The outcome of the thesis can be also be used in electromagnetic compatibility
applications, for the production of resonant, high power electromagnetic fields,
with the aim of testing the immunity of electronic systems against Intentional
Electromagnetic Interference (IEMI) attacks.

The thesisis divided in three parts. The first part deals with the electrostatic de-
sign of an SWO. A method for producing an optimized design of the electrodes
forming the spark gap of the SWO is presented. The method is based on the gen-
eration of a curvilinear coordinate space on which the electrodes are conformal to
one of the coordinate axis of the space. Laplace equation is solved in the interelec-
trodic space, obtaining an analytical solution for the electrostatic distribution. Fur-
thermore, using appropriate mathematical manipulations, we derive an analytical
expression for the impedance of the transmission line formed by the proposed
electrodes.

The second part of the thesisis devoted to the analysis of SWOs in the frequen-
cy domain. An origina analysis approach, based on the chain-parameter tech-
nique, is proposed in which the SWO and the connected antenna are described us-
ing a two-port network using which a transfer function between the input voltage
and the radiated field is established. A closed form expression of the resonance
frequency of the SWO is also obtained. The developed technique makes it possi-
ble to study the response of an SWO when connected to an arbitrary antenna with
a frequency-dependent input impedance.

The final part of the thesis presents the construction and test of an SWO proto-
type. The prototype design is based on the theoretical developments presented in
the first two parts of the thesis. The realized SWO is experimentally characterized
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using different antennas. It is characterized by an input voltage of 30 kV and a
resonance frequency of 433 MHz. Radiated electric fields using monopole anten-
nas were in the order of 10 kV/m at a distance of 1.5 m.

The prototype is used for testing the validity of the electrodynamic model for
the analysis of SWOs connected to frequency dependent antennas. Different mon-
opole antennas connected to the SWO are considered and the radiated fields are
mesasured and compared with theoretical calculations.

It is shown that the developed theoretical model is able to reproduce with a
good accuracy the behavior of the SWO connected to a frequency dependent an-
tenna.

List of Keywords:

High power electromagnetic fields, resonators, Laplace equation in curvilinear
coordinates, Intentional electromagnetic interference (IEMI), tests systems for
electromagnetic compatibility.
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CHAPTER 1
INTRODUCTION



2 Introduction

1.1. THESIS FRAMEWORK

This thesis was carried out within the framework of a scientific cooperation
project entitled “Application of High Power Electromagnetics to Human Safety”
involving EPFL, the National University of Colombia and Los Andes University,
Colombia. The project was funded by the Swiss Agen-
cy for Development and Cooperation (SDC) through the EPFL Centre Coopé-
ration & Développement (CODEV) [1] .

The project aimed at the study and development of techniques for the genera-
tion of high power electromagnetic signals for the disruption or preemptive activa-
tion of Improvised Explosive Devices (IEDs) during humanitarian clearance activ-
ities.

IEDs, also known as improvised landmines, produce an increasing number of
victims among civilians and militaries in Colombia [2]. Several campaigns of
clearancein rura territories have been initiated by the Colombian government, us-
ing detection techniques such as metal detectors, dogs and manual detection.
These techniques are effective only in part, due to the low metal content of the
|EDs.

The approach proposed by the scientific cooperation project can reduce the
cost and duration of the demining activities and can increase the safety of the op-
erations.

The project was divided in two main work packages. The first one considered
the modeling of the IEDs and its triggering mechanisms as electromagnetic targets
susceptible of interference, see for example [3].

The second work package dealt with the design and construction of high power
electromagnetic radiators, able to couple el ectromagnetic energy into the IED, per-
turbing its normal functioning. The theory and experimental validation for analyz-
ing, studying and optimizing the design of an electromagnetic radiator able to ful-
fill thistask are presented in thisthesis.

The results and conclusions of the thesis will be applied to the construction of a
resonant radiator, which can be used for securing humanitarian demining opera-
tionsin Colombia

The results of the scientific cooperation project can also be applied in a devel-
oped country as Switzerland. The EPFL EMC-Laboratory participates in a Euro-
pean project on the evaluation of vulnerabilities of critical infrastructures against
Intentional Electromagnetic Interference (IEMI) [4]. The source developed in this
thesis will be used in this project as a source of electromagnetic disturbances for
system immunity testing.

IEMI attacks are a matter of increasing interests in both, civilian and military
contexts. This topic have been the subject of numerous studies sponsored by gov-
ernmental ingtitutions of several countries (e.g. [5, 6]). International organisms
such as URSI [7], and IEC [8] recognize IEMI as arisk for the civilian society.
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The effects of IEMI on electronic systems depend on the level of voltages and
currents coupled into the system: they can range from noise coupling causing mal-
functioning, to physical destruction of the components of the system.

The validation of studies on the effects of radiated IEMI on systems and the
test of the relevant countermeasures require the use of high power electromagnetic
radiators, capable of producing high power illuminating fields. The amplitude,
bandwidth and beam width of the fields are determined by the type of the required
tests.

1.2. BACKGROUND

1.2.1.Classification of radiating systems
Giri [9] proposed a classification of radiating systems based on the percent
bandwidth (pbw) and the bandratio (br) of the radiated signal, defined respectively
as

2(fh_ f|)

h+l

pbw = 100% (1.2)

fy

br=—"
fI

(1.2)

where f; and f, are the cut-off frequencies of the spectrum of the radiated signal,
defined as the limits of the band containing the 90% of the radiated energy [9,
10].

Table | shows the classification of the radiating systems based on the val-
ues pbw and br [9].

Table|. Definitions for bandwidth classification.

Band type Percent bandwidth (pbw) Bandratio (br)
Hypoband or Narrowband <1% <1.010
Mesoband 1% < pbw <100% 1.010<br <3
Sub-hyperband 100%<pbw<163.4% 3<br<10
Hyperband 163.4%<pbw<200% br >10

High power sub-hyperband and hyperband fields, for instance, are required
when the susceptibility of the Device Under Test (DUT) or target is tested over a
large frequency band. On the other hand, resonant or mesoband sources are re-
quired when the DUT istested at a higher level of signal at a particular frequency.
A more specific classification of the radiators was established in [11].



4 Introduction

1.2.2.The Switched Oscillator

In this study, we investigate a type of mesoband radiator called Switched Oscil -
lator (SWO), proposed by Carl Baum in 2000 [12]. An SWO consists of a low-
impedance transmission line initially charged at high voltage and connected to a
high-impedance antenna at one end. The other end of the transmission line is con-
nected to a self-breaking gas switch that short-circuits the line once the breakdown
threshold is reached. The equivalent circuit representing an SWO system is pre-
sented in Figure 1.

ZCh L
T Ll
il Co
HV TV % Zo Za
switch L
@
Charging Circuit Transmission Line Antenna

Figure 1.1 Schematic representation of a Switched Oscillator (SWO). A low impedance
(Zo) charged line is short-circuited at one end and discharged on a high impedance antenna
(Zp). Thelineis charged through a high impedance element Z,, preventing the interaction
of the impulse and the charging source (HV). Eventualy a blocking capacitor Cy, is used in
order to prevent DC charges on the antenna.

The closing of the switch produces a fast transient that propagates through the
line and reaches the antenna. Due to the mismatch between the antenna and the
transmission line, only part of this signal is radiated. The rest of the pulse is re-
flected and propagates back to the switch. If we assume that the switch is still
closed when the reflected wave arrives, a second reflection with inversed sign will
be sent back towards the antenna.

At the terminals of the antenna this will appear as a series of pulses, of positive
and negative amplitudes and with a decreasing magnitude, separated by atime de-
lay corresponding to the round trip time of the transmission line. Thus, it can be
said that the SWO is a quarter-wave oscillator, with a fundamental frequency (f,)
given by:

fo==2 (1.3)

where: v, is the wave propagation velocity and L isthe length of the line.
The idea presented by Baum in his seminal publication is appealing due to its
simplicity and feasibility by using existing technology from ultrawideband appli-
cations. Several successful implementations of this concept have been reported in
the past years. In [13], Baum proposed the construction of a coaxia SWO con-
nected to a Half Impulse Radiating Antenna (HIRA). The construction of asimilar
system, called the MATRIX was reported in [14]. The coaxia structure forming
the MATRIX was pressurized with hydrogen at 110 bars, permitting a charging
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voltage of 300 kV. The reported resonance frequency of this system was 180
MHz. Giri [15] presented the design and operation of SWOs connected to helical
antennas. Two different coaxial SWOs, pressurized with Nitrogen at 40 bars and
operating at 200 MHz and 500 MHz with a charging voltage of 30 kV were re-
ported. In [16], Armanious et. al. presented the design of a coaxial SWO with var-
iable resonance frequency. This SWO was connected to a conical antenna and its
reported central frequency was about 1.5 GHz. Santamaria et al. proposed in [17]
a study on the influence of the parameters of the SWO on the produced signal.

In parallel with these contributions and reports on practical implementations,
several theoretical aspects of the SWO have been considered. In [18], Baum pre-
sented the concept of differential SWO. In [15], Giri proposed to model the coaxi-
al SWO as a cascade of two transmission lines: a radial transmission line (RTL),
formed by the electrodes of the switch, followed by a second transmission line
corresponding to the main body of the coaxia line. The RTL has a non-uniform
impedance affecting the nominal resonance frequency and the quality factor (Q) of
the SWO. The measured resonance frequency of the radiated wave corresponds to
a length L that appears to be longer than the actual physical length of the SWO.
This has been clearly demonstrated in [19]. In order to accurately estimate the re-
sulting resonance frequency and quality factor of the SWO, different numerical
methods have been used (e.g. [15]). However, to the best of the author's
knowledge, no closed-form expressions have been derived for this purpose.

Another important theoretical aspect is the design of the electrodes of the
SWO. Armanious €t. a. presented in [19] an iterative method for the design of
electrodes that results in a given distribution of the electric field. The design
methodology reduces the effects of the non-uniformities of the RTL on the Q of
the radiated signal.

1.3. RESEARCH QUESTIONS

Despite all the efforts mentioned in the previous section, there are till some
open questions that deserve to be addressed.

The first one of these questions deals with the electrostatic design of the SWO.
Presently, the profile of the electrodes is generated either using some trial and er-
ror scheme or using an iterative method, as the one proposed in [19]. In both cas-
es, electrostatic simulations are needed in order to validate the obtained solution.
Although a single electrostatic simulation is not an issue in terms of computational
effort, the actual process of the development of an SWO requires several simula-
tions in order to test intermediate solutions and alternatives. This process can be
extremely simplified if the electrodes are generated using a pre-defined profile
with a known, analytical electrostatic field distribution. Naturally, the produced
electrostatic distribution should fulfill some constraints, such as the field ampli-
tude should be maximum at the spot where the discharge is desired to occur.

As discussed in [15], the variation of the impedance along the RTL resultsin a
shift on the expected resonance frequency of the SWO. However, this influence
can only be estimated by numerically solving the system formed by the RTL and
the connected coaxial line. The second open challenge consists in finding a closed
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form expression relating the parameters of the radial transmission line to the reso-
nance frequency of the SWO. This question is related to the previous one, in the
sense that an analytical expression for the characteristic impedance of the RTL can
be obtained from the electrostatic field distribution. The solution of this question
will also result in an improvement on the design process of SWOs.

The third open question is related to the integration of frequency dependent an-
tennas to SWOs. Existing publications consider the response of SWOs connected
to HIRAS, discones or helical antennas, which have nearly constant impedance
over a considerable bandwidth. Therefore, the development of a technique allow-
ing the analysis of the response of an SWO connected to an antenna with arbitrary
frequency response for its input impedance would be of great interest.

The aim of thisthesisisto address these three questions.

1.4. OUTLINE AND ORIGINAL CONTRIBUTIONS

Thiswork is organized as follows.

Chapter 2 considers the electrostatic design of the SWO, corresponding to the
first of the stated questions. In this chapter, the design of a new profile for the
electrodes of SWOs is derived. The adopted approach to solve this problem con-
sistsin generating the shape of the electrodes conformal to the axis of a curvilinear
orthogonal space of coordinates. The profiles of the electrodes are based on the
Inverse of Prolate Spheroid (IPS) coordinate system, derived from a conformal
transformation proposed by Moon and Spencer in [20]. The Laplace equation is
solved in this space and an analytical expression for the electrostatic field distribu-
tion is obtained. Numerical simulations confirming the analytical solutions are al-
so presented in this same chapter.

In Chapter 3, the results of the solution of the Laplace equation, obtained in
Chapter 11, are applied to the derivation of an analytical expression for the imped-
ance of the radial transmission line formed by the I PS el ectrodes.

Chapter 4 addresses questions 2 and 3 and presents the electrodynamic analysis
of SWOs in the frequency domain. A novel analysis, based on the chain-parameter
technique, permitting the extraction of the resonance frequency of an SWO is pre-
sented. This technique describes the SWO and the connected antenna using a two-
port network from which atransfer function between the input voltage and the ra-
diated field is established. A closed form expression of the resonance frequency of
the SWO is also obtained. The developed technique makes it possible to study the
response of an SWO when connected to an arbitrary antenna with a frequency de-
pendent input impedance.

Chapter 5 reports on the design of an SWO prototype using the proposed IPS
profile. The realized SWO is experimentally characterized when connected to a
frequency dependent antenna. The intended frequency of operation is f;=433
MHz, which corresponds to one of the open Industrial Scientific and Medical
bands. Measurements of signals radiated by the prototype are presented and dis-
cussed.

Finally, Chapter 6 presents the genera conclusions of the work, as well as an
outlook for future studies.
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2.1. INTRODUCTION

The overall geometry of a coaxial SWO is depicted in Figure 2.1. As described
in the introduction, the SWO is composed of a charged transmission line (coaxial
in this case) connected to a higher impedance antenna at one end and to a closing,
self-breaking switch gas at the opposite end.

The electrodes of the spark gap form aradial transmission line (RTL) that pro-
gressively becomes coaxial.

Asit can be inferred from the figure, on the axis of symmetry the electric field
in the gap is parallel to the z axis, whereas in the coaxial region it points in the di-
rection of the coordinate r. The electrostatic field distribution of the structure
(previous to the discharge) should guarantee the occurrence of a fast discharge be-
tween the electrodes, on the symmetry axis of the SWO. The geometry of the elec-
trodes must maximize the electric field at the discharge point and prevent field en-
hancements or distortions that could lead to the occurrence of unwanted
dischargesin other points of the geometry.

To the !
Antenna \\‘/4 Charging
‘ circuit z
i
Ground L »\/\,\%+ D !
L,,,,)r‘
Plane ’j
A 4 :
: 11
| coaxial | i
I line i ! ) i
L~a4 3
AR | I | A
 Radial (= I Coav
. line hﬁfﬁf\; fffff . 37 77777777 » 1 line
L % . |
TR e . T S
| Spark S /) Radial
gap N \ /> line
AN dgap

Figure 2.1 Quarter wave coaxial switched oscillator (SWO). Notice the presence of the RTL
at the low impedance end of the SWO. Any type of antenna can be connected to the SWO. The
one showed hereis only for illustrative purposes.

We propose in this chapter a new profile for the electrodes forming the RTL of
the SWO. The profile is formed using a curvilinear orthogonal space, generated
from a 2-D transformation, called Inverse Prolate Spheroid (IPS), proposed by
Moon and Spencer in[1] (page 115).

The advantage of using the IPS profile is that it ensures that the maximum am-
plitude of the electric field occurs on the axis of symmetry, while the field intensi-
ty decreases as we move away from the discharge point towards the coaxial
transmission line.
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On the other hand, the Laplace Equation is r-separable in this coordinate sys-
tem. Thisimplies that an analytical expression for the electrostatic potential can be
derived from which a closed form solution for the electrostatic field can be calcu-
lated.

2.2. BACKGROUND

Assuming isotropic and time invariant conditions, the electrostatic field distri-
bution between the electrodes of a gas spark gap depends mainly on the shape of
the metallic surface of the electrodes. The occurrence of dielectric breakdown de-
pends on many factors such as gas density, distance between the electrodes and
electric field intensity. An optimal choice on the profile of the electrodes permits,
for example, to control the occurrence of field enhancements in specific regions.

The design of electrodes for spark gaps used in applications such as Marx gen-
erators and Ultra Wide Band (UWB) pulsers rely mostly on the profiles proposed
by Rogowski [2], Ernst [3] and Bruce [4], which are intended to produce an uni-
form field distribution in a defined volume of the interelectrodic space. These pro-
filesimprove the repeatability of the discharge and distribute the point of origin of
the arc homogeneously on the surface of the electrodes, assuring a uniform wear-
ing of the metallic surface. In general, in such applications the size of the elec-
trodes is much smaller than the smallest wavelength of the discharge pulse; there-
fore, propagation effects can be neglected.

In the case of acoaxial SWO, the situation is quite different. In order to prevent
distortion of the signal transmitted to the antenna, the discharge should be pro-
duced on the axis of symmetry of the SWO so that al the points on the wavefront
originated at the discharge point would get simultaneously to the antenna.

The problem of the distribution of the electrostatic field in an SWO has been
discussed by Giri et al. in [5]. A more detailed discussion and a design technique
was proposed by Armanious et a. in [6], where an iterative method, based on the
equivalent charge distribution principle, permitted the generation of two exponen-
tial profiles forming the electrodes. The formed geometry produces an electric
field that is maximum on the axis of symmetry. However, the resulting electric
field is not monotonically decreasing as we move away from the axis.

In [7], an equation was proposed for the generation of a new set of electrodes
producing an electric field which is maximum on the axis of symmetry and mono-
tonically decreasing along the RTL. However, the proposed approach did not
make it possible to obtain an analytical expression for the field between the elec-
trodes, as we intent to do in the present chapter.

2.3. CONDITIONS FOR OPTIMAL ELECTROSTATIC
DISTRIBUTION IN A COAXIAL SWO

The probability of producing breakdown on the axis of symmetry maximizes if

the magnitude of the electrostatic field at the time of occurrence of the dischargeis

maximum on the axis of symmetry of the SWO, between the electrodes. We could
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summarize the conditions necessary to produce the desired field distribution as
follows:

i) The distance between the electrodes should be minimum at the axis
of symmetry.

i) The distance between the electrodes should monotonically increase
as we move towards the coaxial line.

iii) The profile of the electrodes as well as its first space derivative
should be continuous.

On the other hand, the profile of the electrodes must fulfill the geometric con-
straints of the design, which are the interlectrodic distance at the axis (dgap) and the
cross section of the coaxia transmission liner;, r, (as defined in Figure 2.1). This
can be included in the analysis as two additional conditions:

iv) The distance between the electrodes at the axis of symmetry should
be dgp

V) The distance between the electrodes at the junction with the coaxial
line should be Ar = r, —r;, coinciding with the dimensions of the co-
axial transmission line.

A set of curves fulfilling these conditions can be formed using an orthogonal
curvilinear space, based on the conformal Inverse Prolate Spheroid (IPS) trans-
formation proposed by Moon and Spencer in [1].

The electrodes are generated by two parallel surfaces, conformal to one of the
axis of the curvilinear coordinates. This idea is analogous to the one used by
Rogowski in [2], with the difference that he used the Maxwell transformation in-
stead.

24. A METHOD FOR GENERATING A CURVILINEAR
COORDINATE SPACE FROM CONFORMAL
TRANSFORMATIONS

The method of generating a curvilinear space starting from a conformal trans-
formation was proposed by Moon and Spencer in [8]. They started by performing
aconformal transformation from the W to the Z plane. The orthogonal curved lines
produced on the Z plane can be regarded as a 2-D curvilinear coordinate system,
which can be either translated or rotated, in order to generate a 3-D coordinate
system. The procedure can be summarized as follows:

The transformation from the W to the Z complex planesis;

Z=tW) 2.1)

where:
fisan analytical function, Wand Z are complex planes:
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W=u +.|v 2.2)
Z=X+1y
As the angles are preserved by the transformation, the function f maps the rec-
tangular grid defined by the lines u=const and v=const in the W plane, into an or-
thogonal curvilinear grid in the Z plane.
The parametric form of this new set of orthogonal curves can be obtained from
the real and imaginary parts of Equation (2.1) as:

x= f,(u,v) =Re[ f (W)]
y=f,(uV) = Im[ f (W)] (23)

The resulting curvilinear grid can be used to generate a new coordinate sys-
tems. For example, if the Z plane is extruded in a perpendicular direction, a cylin-
drical coordinate system (u, v, w) can be obtained, where the relationship with the
Cartesian coordinatesis:

x= f,(u,v)
y=f(uv) (24)
Z=W

If, on the other hand, the Z map is rotated around the original y axis, we obtain
a rotational coordinate system (u, v, w). The new relationships with the Cartesian
coordinates will be given by:

x= f,(u,v)sin(w)
y = f,(u,v)cos(w) (2.5)
z=f,(u,v)

A similar procedure can be applied if the map is rotated around the x axis.

25. THE INVERSE PROLATE SPHEROIDAL COORDINATE
SYSTEM
The Inverse Prolate Spheroidal (1PS) coordinate system is generated by rotating
the IPS transformation around one of the axis of the Z space. The procedure is as
follows.
The starting point is the IPS conformal transformation (also called inverse el-
lipse transformation) defined as:

Z =a sech(W) (2.6)

where sech( ) is the hyperbolic secant, and:
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W= ul+.|v' @7
Z=X+1y
a>0 isaconstant,
(X, y) are auxiliary variables (and not the fina x, y coordinates of the Carte-
sian space) and (u,v) are defined in the range:

O0<u<+eo 2.9)
O<svsr
The IPS name comes from the fact that the IPS is the multiplicative inverse of
the transformation Z=cosh(W), which represents a prolate spheroid.
The real and imaginary parts of Equation (2.6) can be separated and the space
coordinates can be calculated in terms of u, v and a:

cosh(u)cos(u) (2.9)
" " cosh?(u)—sin?(v)
._,_ Snh(u)sin(v) (2.10)
cosh? (u)—sin®(v)

15 77777 - T = Y s Y AR Y | y I7777 U U W [y I
| | T |
| | P | | |
1IF----x-- X ~ = = s i Ry N s U Bt il Aty Bl i i
| 4 I | |

| / \ |
05 e - _ /D A\ },r’ I w2 .,.\ / - :
‘ ; g : ‘ u=0 !

0 ! v2n/4) / ! ! N

| ‘o : | |
U= : !

| : i |
05— — =" -\ A -a ‘H = ;’ - - N |
¥ 5 ‘ |
| “ I | |
1----—-4< - i — = — - < = = =~ -/ J — — N\ = = = — E—
| | S | | |
| | u0 | |
| | | |
|
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Figure32.2 Inverse Fiolate Spherciid (IPS) mapoin the (X, y’l) plane. Thezparametric fasmily of
curvesin red corresponds to the v-set. The u-set is represented in blue. For the example here pre-
sented a=1.

Equations (2.9) and (2.10) form two sets of orthogonal, parametric curves on
the (X', y') plane. If u=constant, the curves on the (X', y') plane are inverted pro-
late spheroids. When v is held constant, the curves on the (X', y') form inverted
double sheet hyperboloids. The set of curves when u=constant is called here the
u-set. Consequently, we call v-set the set of curves when v=constant. Figure 2.2
shows the base transformation.
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v=constant

u=constant
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Figure 2.3 Constant surfaces in the Inverse Prolate Spheroidal coordinate system. The surfaces
were generated with parameter a=1. Notice the surfaces corresponding to u-set and v-set.

The 3D curvilinear system (u, v, w) can be generated by rotating the (X', y')
plane around the X' axis. Applying Equation (2.5) to Equations (2.9) and (2.10),
we can find the relationships between (u, v, w) and (X, vy, 2), the coordinates of the
Cartesian space:

sinh(u)sin(v)cos(w) sinh(u)sin(v)sin(w) soa cosh(u)cos(v) (2.11)

sin?(v) cosh? (u)—sin?(v)

in
cosh?(u)—sin’(v) cosh?(u)

where the range of (u, v, w) is defined as:
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SU< 4oo
o<v<z (2.12)

Figure 2.4 2D cut of the IPS coordinates at w=0. The u-set is colored in blue, the v-set is colored
inred, for the case of this example a=1. The electrodes can be formed by rotating two curves be-
longing to bottom half of the u-set around the z axis. In order to respect the geometric constraints
of the problem, the distance of the curves at the axis x=0 should be dgp. The intersection of the
surfaces with the axis z=0, should correspond to the radii of the coaxial liner,, ri.

A 3D representation of the curvilinear system is shown in Figure 2.3. It can be
seen that the surface u=constant forms an inverted prolate spheroid of revolution,
while the surface v=constant forms an inverted double sheet hyperboloid of revo-
Iution and the surface w=constant forms a plane.

Figure 2.4 presents a 2-D cut of the IPS coordinate system, obtained at w=0.
The figure suggests that the distance between the curves belonging to the u-set is
minimum at the axis of symmetry, and maximum at the horizontal axis.

We propose to form the electrodes of the SWO taking a pair of surfaces be-
longing to the bottom half of the u-set, defined between v=0, v=r/2. The coaxial
line section can be connected at the extremities of the curves (which corresponds
to the horizontal plane z=0).

By doing so, the isopotential lines will be conformal to the u-set, and the elec-
tric field lines will be conformal to the v-lines. Notice that the direction of the
electric field will be smoothly changed from its vertical (2) direction on the axis of
symmetry to aradial direction at plane z=0, coinciding with the electric field dis-
tribution within the coaxial line.

The surface of the outer and inner electrodes, connected to the outer and inner
conductors of the coaxial, are defined by the constants u, and u, respectively.
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The internal and external surfaces, called here surfaces u; and u, respectively,
are defined by the following parametric expression:

sinh(u,)sin(v)cos(w) sinh(u,)sin(v)cos(w)
2 cosh?(u,)—sin®(v) 2 cosh?(u,)—sin®(v)
. . . _ , _ (2.13)
X sinh(u,)sin(v)sin(w) % sinh(u,)sin(v)sin(w)
Y (= 2 cosh’ (u,) —sin®(v) Y, |= 2 cosh®(u,)—sin®(v)
4 %
cosh(u, )cos(v) cosh(u, )cos(Vv)
cosh’ (u,)—sin®(v) acoshz(uz)—sinz(v)
where:
Ty
2 2
O<sw<2rz

The constants u;, U, and the scaling parameter a are calculated taking into ac-
count the conditions iv and v defined in Section 2.3.

Condition iv specifies that at the axis of symmetry (v=0) the absolute distance
between the curves must correspond to the gap distance (dgap)-

At the axis of symmetry v=0, we have:

X 0 X, 0
Yi |= 0 Y, |= 0 (2.14)
z a z, a
cosh(u,) cosh(u,)
Therefore:
a a
Ay = - 2.15
¥® cosh(u,) cosh(u,) (215

Condition v specifies that at the horizontal plane (v=m/2), the radial distance
between the curves u;, u, and the axis of symmetry must be equal to the coaxial
line inner and outer radii r;, r,, respectively.
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a a
x) | 9nh(w) x) | Snh(u,)
Y| = 0 Y, |= 0
A 0 z, 0

Therefore:
X=r=a CSCh(Ul)
X, =r,=a csch(u,)

Equation (2.15) can be rearranged as:

d = a B a

e Ot

leading to:

(2.16)

(2.17)

(2.18)

(2.19)

(2.20)

The constant a, obtained from this equation can be replaced in equations (2.17),

(2.18) and the values uy, u, can be calculated.

We present as an example the design of the electrodes of an SWO. This geome-
try will also be used in the following chapters. The experimental part of the pre-

sent work, presented in Chapter 5 is based on this design.

The inter-electrodic space of the SWO is dg,=0.5 mm and the dimensions of
the coaxial transmission line are r, =16.5 mm and r;=17.5 mm, which correspond

to an impedance of the coaxial line Zy»=3.5 Q.
The constants defining the profiles are:

y, =1.10507,u, =1.05837,a = 22.1783e—-3

The resulting geometry is shown in Figure 2.5.
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Inner '_,
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Outer
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Figure 2.5 Profile of the electrodes proposed as example

2.6. DIFFERENTIAL OPERATORS IN CURVILINEAR
COORDINATES

The solution of the Laplace equation in the IPS system will be derived in order

to obtain the potential distribution between the electrodes, from which the electric

field will be determined. It is therefore necessary to introduce the differential op-

erators in arbitrary curvilinear coordinates. We borrow here the notation and pro-

cedure used by Moon and Spencer in [1]. Similar approaches, with different nota-
tions, can be found in [9].

2.6.1.ORTHOGONAL COORDINATE SYSTEM
A set of orthogonal curvilinear coordinates (u, v, w), can be defined based on
the Cartesian coordinate system by the relationship:

x= f,(u,v,w)
y=f,(u,v,w) (2.21)
z= f,(u,v,w)
The metric coefficients (g;) of the coordinate system are defined by:
(&) 3
9= 5|t 5| T35
Ju Ju Jou
o (2 (2 ()
av av av

oo=(im) (3] *(5a)
® - ow ow ow

In arotational coordinate system the metric coefficients are of the form [8]:



20 Electrostatic Design of Switched Oscillators

O (W, U,) = 9, (W, Uy)
(2.23)

O = gaa(ulv U2)

2.6.2.CONSTANT-COORDINATE CURVES
Curves of constant coordinates are formed when two of the three components
of the coordinate space are held constant and the third component is considered as
avariable parameter. In this work, we call these curvesC,, C,, C,, asfollows:

x=fi(uky,k,)
Culuk, k) =1y = f,(uk,k,) (2.24)
Z= f3(u,k1,k2)

x= (kv k)
Co(k,v,ky) =1y = f,(k,v.k,) (2.25)
z= fy(k, v k;)

x= f,(k,k,, w)
Co(ky ko, W) =1y = f,(k,k,, W) (2.26)
Z= fs(kvksz)

Notice that if the system has rotational symmetry, the curve C,, corresponds to
acircle.

2.6.3.DISTANCE ALONG CONSTANT-COORDINATE CURVES
Theinfinitesimal length element (dl) of a curve can be expressed as:

d = \/ g,,du’ + g,,dV* + g 0w’ (2.27)

Theinfinitesimal lengths of constant-coordinate curves (C, , C,, C,) are, respec-
tively:

d, =yg,du
d, = /g, dv (2.29)
di, = gxudw

Consequently, the distance between two points (p, p2) dong C, , C, , or C,, can
be calculated as:
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Rj[uvuz] = J:Z gudu (229)
RV = [ g av (2.30)
R/[Wl, Wz] = f:z g33dW (231)

In arotational coordinate system the distance between two points w;, w,is:
R[W, W] = /G5 (W, W) (2.32)

where wy, W, are in radians.

2.6.4. DIFFERENTIAL OPERATORS
In curvilinear coordinate system the gradient operator is defined as:

V(u,v,w)ﬁ+——V(u,v,w)\’/+iiV(u,v,w)\7v (2-33)

19
o v Vo w

VWV (u,v,w) =

19
Jo, ou

The Laplacian operator is defined as:

VZ\/(UVW): 1 ri ’gzzgaz aV(U,V,W) +i 919 aV(U,V,W) +i 9192 aV(quvW)
T Vagaaa (ol e JovlVe, w ol e aw ) o3

The CURL operator is defined as:

u

3922933

VxE= i
Jau

\'%

v 911933

9
ov

S

v 9192

e

JORE,uvw) JOLE, (uv,w) JgsE,(uv,w)

(2.35)

Divergence and vector Laplacian operators are not used in this particular ex-

ample and are not presented here.

2.7. SOLUTION OF LAPLACE EQUATION

As we explained in the introduction, one of the reasons for choosing the ISP
system is that the Laplace equation is r-separable, as will be shown in the follow-

ing development.
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Let us start from the Laplace equation,
V& (u,v,w) =0 (2.36)

This equation is said to be R-Separable if the assumption of a potential function
of the form:

H(WeM\)¥w)

Viuvw = R(u,V, W)

(2.37)

leads to separate equation (2.36) into three ordinary differential equations [1].

If the function R(u, v, w), is a constant, the equation is called simple separable,
see[1].

The metric coefficients for the ISP system can be obtained by replacing equa-
tions (2.11) into Equation (2.22):

o g :az(sinh(u)2+sin(v)2) (2.39)

7% cosh(u)’-sin(v)’

0, = a2 sinh(u)®sin(v)? 2 (2.39)
(cosh(u)z—sin(v)z)

Notice that the metric coefficients in this space are independent from the angu-
lar variable (w).

The Laplace equation on this system can be obtained by replacing equations
(2.38) and (2.39) into Equation (2.34):

VA (u,v,w) =0=
2_9—3_(si nh(v) i(sinh(u) iv(u,v, W)j +sinh(u) z(sinh(v) iv(u, v, W)D +
a’T1sinh(u) sinh(v) au Q oau v Q ov
QZ aZ
s @ s~ (2.40)
where:

I1=sinh?(u)+sin?(v)
1 (2.41)
Q=———=cosh’(u)-sin’(v)
R*(u,v)

and V(u, v, w) isthe potential function.
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As the boundary conditions are imposed on the surface of the electrodes
(u=constant) and the problem has rotational symmetry, the potential V is inde-
pendent from the functions ©(v) and ¥ (w). This simplifies Equation (2.37) into:

V(u,v) = VQH (u) (2.42)

The differential equation resulting when replacing Equation (2.42) into Equa-
tion (2.40) is

9%H (u) oH (u)
A cosh(v) = - 0 (2.43)

u2
The solution of which is of the form [1]:
HU) = A+ Blog[coth(;D (2.44)

where A and B are terms independent from u and can be calculated using the
boundary conditions of the problem, which are applied on the surface of the elec-
trodes:

(2.45)

The obtained expressions for A and B are:

Ay, In(coth(%n (2.46)
coth (ij
" coth(u—zlj

B=V L (2.47)

N

cosh? (u,)—sin’(v)

1
coth[ulj
In 2 cosh?(u,)—sin®(v)

From this, the function for the potential can be fully specified:
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V(u,v):éln[k@oth[;n cosh' (u) - Sn*(v) (2.48)

kZ —sin®(v)

where the constants ky, ko, ks are:

k=In COth(%j k=oosh(u)  k=— (2.49)
coth(u—zzj coth(u—zzj

2.8. ELECTROSTATIC FIELD CALCULATION
The electrostatic field E(u, v, w) can be calculated from the potential V(u, v, w):

E(u,v,w) =-VV(u,v,w) (2.50)

Applying the equation for the gradient in the ISP coordinate system de-
fined by Equation (2.33) to Equation (2.48) leads to:

Q 1 (oV_ oV _ w oV
E(U'V,W)z_a(\/ﬁ(f)lju+a\lvj+sim1(\/)SiI’1(lJ)a\/V] (2.52)

The component in direction w vanishes, the other two componentsin directions
uand Vv read as.

le/ﬁ[ln{COth(U/Z)Jsinh(Zu)—2cosh(u)coth(u)+chch(u)sin(v)z]

E.(Uv,) = coth(u,/2) (2.52)
e ak,/cosh (2u) — cos(2v) /cos(2v) + cosh(2u,)
visin(2v) C°S<2v>+com<2u>(oosh(Zu)—oosmzm)['"(WJJ
E,(U,v,w) = coth(u,/2) )] (2.53)

akv/2,Jcosh(2u) - cos(2v) (cos(2v) + cosh(2u1))3/2

The analytical expressions for the electric field and the potential, obtained
through eguations (2.48), (2.52) and (2.53) can be applied to the profiles calculat-
ed in Section 2.5, and presented in Figure 2.5.

Figure 2.6 shows the electrostatic field distributionin u direction, for an applied
voltage V,=1V. The field was calculated along the surface of the electrodes (u=us,
u=u;) and the along a constant surface us;=0.5(u,+u;), which corresponds to the
midplane between the el ectrodes.
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The Figure includes two horizontal axes: the distance along the electrodes and
the parameter v divided by ©t. Notice the enhancement of the field at v=0, and the
monotonous decreasing as v increases.
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Figure 2.6, Electrostatic field distribution (in V/m) aong the internal (red curve) and external
(blue curve) dectrodes. The black curve shows the electric field along the mid plane between the
electrodes. The bottom axis is the distance along the curves, the bottom axis is the v parameter
normalized to rt

Figure 2.7 shows a contour plot of the electrostatic field distribution in u direc-
tion, as a function of the parametric coordinates (u, v). This graph covers the re-
gion u;<u<u,, O<v<r, therefore it summarizes the electrostatic field distribution in
the interlectrodic space. The figure shows that, as expected, the electric field in-
tensification occurs when u tends to u,, and v=0.

A similar graph for the field in v direction (E,(u,v)) is presented in Figure 2.8.
It can be seen that the minimum amplitude of E,is more than 2000 times bigger
than the maximum absolute amplitude of E,. Due to this, it can be said that the in-
fluence of the E, can be considered as negligible.

Figure 2.9 presents the electric field distribution within the interelectrodic
space drawn in the x-z plane. Notice that the E-field is maximum on the axis of
symmetry. The potential distribution on the (u,v) plane can be seenin Figure 2.10.
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Figure 2.7 Contour plot of the electrostatic field distribution in direction u (E,) vs. the parametric
coordinates (u,v)
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As a summary of the presented analysis, it can be said that the proposed IPS
profile fulfills all the five conditions enunciated in Section 2.3; The most im-
portant being that the electric field amplitude maximizes at the axis of symmetry
and decreases monotonically in the v direction.

2.9. ELECTROSTATIC SIMULATION
A simulation of the calculated profiles, attached to a coaxia transmission line
was performed using the 2-D axis symmetrical electrostatic module in Comsol®.
A potential difference of 1V was applied between the electrodes and the resulting
electrostatic field distribution was computed. The boundary conditions of the ge-
ometry are presented in Figure 2.11.

20 - — v .
18 L \\ Zero charge //// i

16 boundary ]
14 . B
.l condition |
10 B

8 4
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Figure 2.11 Geometry and boundary conditions of the el ectrostatic simulation.

The resulting electrostatic field distribution is presented in Figure 2.12. This
result coincides with the analytical plot, presented in Figure 2.9. No field distor-
tion is observable at the interface between the coaxia and the electrodes. The iso-
potential lines are plotted in Figure 2.13
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Figure 2.12 Electrostatic field amplitude in the interelectrodic space. The scaleisin V/m. notice
that the maximum amplitude occurs at the axis of symmetry
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Figure 2.13 Electric potentia distribution, in Volts. Notice how the isopotential lines adapt
smoothly to the coaxial section.

The isopotential lines (without color scale) and the electric field stream lines
are presented in Figure 2.14. As expected, the electric field stream lines are con-
formal to the v-set and the isopotential lines are conformal to the u-set. It can be
seen that the stream lines are parallél to the z axis at the axis of symmetry, and
parallel to the x axis at the connection point between the coaxial and the RTL.
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Figure 2.16 Simulated and analytical electric field along a constant u line us=0.5(u;+uy) vs the
parameter v. Notice the monotonic decrease of the eectric field. Both quantities are in excellent
agreement.

Figure 2.15 (A) shows different lines v=constant, u=constant, along the devel-
oped analytical equations for the electric field are compared to numerical simula-
tions. The results on the v-lines are shown in Figure 2.15 (B). It can be seen that
the analytical solutions arein excellent agreement with numerical simulations.

Figure 2.16 presents the theoretical and simulated electrostatic field amplitude
along the midplane between the el ectrodes (the surface us=0.5(u;+U,)), see Figure
2.15 (A) for details. Both results are in excellent agreement.

2.10. LIMITATIONS OF THE THEORETICAL MODEL

The junction between the electrodes and the coaxial line is one of the critical
points of the design. At the junction, the directions of the electric field between the
electrodes and inside the coaxia are coincident, as shown in Figure 2.4. However,
as we will see later in this section, simulation results show that a slight difference
in the amplitude of the electric field exists at this point. A discussion on this point
is presented here.

On the x-z plane, the junction is |located on the line defined between the points:

(%.2)=(r.0) o5
(%,2)=(1,.0) 259
which correspond to the parametric coordinates:
(u,v)= (uv%j
(2.55)

={u
(uo'vo) _(ul' 2}
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According to Equation (2.52), the electric field on the surface of the electrodes
is:

csch

E o= Eu E L)sinh(u,)tanh(u,)

coth tanh D

E o-E [Uz ﬂ.j__vl csch(u,)sinh(u, ) tanh(u,) (2.57)

e lon(3 ()

The fields on the internal and external conductors of the surface of the coaxidl
line are:

(2.56)
aln

P — (258)
h
r‘i
m (2.59)

Bocom =75
r, In["]
ri

Replacing Equations (2.17) and (2.18) into Equations (2.58) and (2.59) leads
to:

E o= v (2.60)
' (W)l [csch(u )J
Y esch(uy,)
o= o (261)
' csch(u, a
CSCh(uZ)In[csch(ul)J

The difference between the fields at the electrodes and at the coaxia line can
be estimated applying an error estimation figure, such as the percent error, to
equations (2.60) , (2.56) and Equations (2.61), (2.57).

The percent error of the field on the inner and outer conductors is given, re-
spectively, by:

o, = focon = Boiw 000 (2.62)

out
,Coax
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o = Dom "B g (2.63)

i,Coax

As analytical evaluation of these expressions is demanding, we'll present a
numerical evaluation of the error, as a function of u;, u,. Notice that a, the scale
factor, doesn’t intervene in the equations for the percent error.

Contour plots of Equations (2.62) and (2.63) are presented in Figure 2.17 and
Figure 2.18, respectively.
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Figure 2.17 percent error of the field on the inner conductor
err; (%)
40

0.7 0.8 0.9 1 1.1
ul

Figure 2.18 percent error of the field on the outer conductor

From the graphs, it can be concluded that the difference of the fields at the
junction depends on the difference between u, and u;.

Question arises on the range of geometries that can be generated without ex-
ceeding a certain threshold; let’s say a maximum percent error of 5%. We can ad-
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dress this question by evaluating the range of impedances that can be connected to
the electrodes with alow percent error.

Replacing Equations (2.17) and (2.18) into the equation for the impedance of
the coaxial leads to:

csch(u,)

z. :60|n(:°j :GOln[CSCh(uZ)] (2.64)

A graph of the percent error as a function of the impedance is presented in Fig-
ure 2.19. From this figure it can be concluded that good continuity between the
coaxial transmission line and the corresponding | PS electrodes can be achieved for
low values of the impedance of the coaxial line. In particular, it can be noticed that
for impedances of 5 Q or lower, the error isless than 6%.

Percent error (%)

5
Coax Impedance Q

Figure 2.19 Percent error on the inner and outer conductor as a function of the impedance of the
coaxial line. Notice that for low-value impedances the percent error is small.

We will illustrate this with two examples. The first one is the set of electrodes
shown in Figure 2.20, which have the following characteristics:

o Z~41Q, dgp=0.5mm, ri=14 mm, r,=15 mm.
The constants defining the profiles are:

u, =1.10925,u, =1.05448,a =18.9158e - 3
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Figure 2.20 Example of IPS electrodes. The coaxia line has Z=4.1, Q, ri=14 mm, r,=15 mm.
The gap distance is dgzp=0.5 mm

Figure 2.21 shows the electric field at the mid plane between the electrodes and
the surface electric field, along the electrodes. The results were obtained by simu-
lation in Comsol ®.
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Figure 2.21 Electric field on the inner conductor (blue), outer conductor (red) and middie plane
(black) of two IPS electrodes connected to a coaxial with Z,=4.1 Q. The gap distanceis 0.5 mm.
The dimensions of the coaxial line are ri=14 mm r,=15 mm. The small bump on the electric field
at the connecting point of the coaxial doesn’t represent an additional risk of disruption, as no lo-
cal enhancements of the fields are present.

As comparison, we can refer to the IPS electrodes shown in Figure 2.22, hav-
ing:
e Z,~10.9Q, dgp =0.5mm, r;=12.5 mm, r, =15 mm.
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Figure 2.22 Example of IPS electrodes. The coaxial line has Z,=10.9 Q, ri=12.5 mm, r,=15 mm.
The gap distance is dgap=0.5 mm

The electric field computed by simulation is shown in Figure 2.23. As ex-
pected, the percent error for this case is larger than in the previous case. On the
same graph it can be observed that the electric field is higher on the outer elec-
trode, thisis due to the fact that this surface has a higher radius of curvature near
the axis of symmetry compared to the inner electrode.
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Figure 2.23 Electric field on the inner conductor (blue), outer conductor (red) and middle plane
(black) of two IPS electrodes connected to a coaxial with Z,=10.9 Q. The gap distance is 0.5
mm. The dimensions of the coaxid line are ri=12.5 mm r, =15 mm. Notice the deformation of
the electric field at the connecting point of the coaxial. It can be seen that, near the axis of sym-
metry, the magnitude of the electric field is higher on the outer conductor; thisis due to a higher
degree curvature of the u; profile on thisregion.

According to these results, the analytical expressions for the IPS should be used
only in SWOs having low-impedance coaxia lines. However, this is not a major
limitation on the applicability of the model, because most of the SWOs reported in



Electrostatic Design of Switched Oscillators 37

the literature are of this kind, having impedancesin the order of 5 Q [5, 6, 10, 11].
Low impedance lines have bigger capacitance and can store more €electrostatic en-
ergy. On the other hand, the lower the impedance of the line the bigger the mis-
match with the antenna and therefore the higher the Q factor of the produced sig-
nal.

2.11. CONCLUSIONS

A new profile for the electrodes forming the radial transmission line (RTL) of a
switched oscillator (SWO) was presented. The profile was formed using a curvi-
linear space called Inverse Prolate Spheroidal (IPS) coordinate system. We have
derived design equations for producing the electrodes starting from the basic geo-
metric requirements of spark gap distance and radii of the coaxia transmission
line.

The IPS profile results in an optimal distribution of the electric field, with a
peak amplitude occurring at the axis of symmetry of the SWO, and a smooth,
monotonic decrease as one moves away from the discharge point towards the co-
axial transmission line.

The Laplace equation was solved on this curvilinear space and analytical ex-
pressions for the el ectrostatic field and potential were obtained.

Anillustrated example was proposed, for which electrostatic numerical simula-
tions were performed. The resulting distributions of the electric field and potential
were presented and discussed.

It was shown that the derived analytical expressions are in very good agree-
ment with numerical simulations, especialy for SWOs having a low impedance
coaxial line.
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CHAPTER 3

CHARACTERISTIC IMPEDANCE OF THE
INVERSE PROLATE SPHEROIDAL - RADIAL
TRANSMISSION LINE OF THE SWO
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3.1. INTRODUCTION

Consider the geometry of the coaxial SWO proposed in Figure 3.1, consisting
of a self-breaking spark gap followed by a low-impedance coaxial transmission
line, a DC-blocking capacitor, and a frequency dependent antenna (in this case a
monopole). Notice that the electrodes forming the spark gap at the bottom-end of
the SWO configure a curved transmission line, whose model corresponds to ara-
dial transmission line (RTL) [1].

An equivalent circuit diagram associated to the system under study is presented
in Figure 3.2. The circuit comprises an equivalent voltage source associated with
the spark gap, connected to three cascaded transmission lines: (i) the non-uniform
RTL lineg, (ii) the coaxia line, and (iii) a secondary transmission coaxial line that
can represent the elements installed at the end of the SWO due to mechanical rea
sons (for instance, dielectric supports, dielectric rings, pressure sealing, etc.).

HIRY:
Monopole

antenna

Charging
circuit

Pressurised
Coaxial line

Radial line

L T -Spark gap
Figure 3.1 A monopole antenna integrated into a SWO

Vz(t) <> Vz(f)

vit) &> Vi(f) capacor /
" F—@ O > o0
~ Adapting Impedance of
(j RTL Coax Coax(s) the Antenna
Spark ea Zo Za1,Za2, Za(f)
park g p( v
5 o p
- >
L

Figure 3.2 Transmission line system representing the SWO. V; is the voltage produced by break-
down of the spark gap. V: is the voltage at the terminals of the antenna. Adapting coax denotes
the adapting transmission line that might be installed at the end of the main coaxial.
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In Chapter 4, we will introduce the calculation of the frequency-domain trans-
fer function between the voltage at the spark gap and the voltage at the terminals
of the antenna. To do this, it is required to characterize each one of the elements
appearing in Figure 3.2. More precisaly, it is necessary to know the characteristic
impedance of each element.

For the case of the present work, the RTL is formed by the IPS electrodes de-
veloped in Chapter 2. Therefore, we will study the behavior of the fields corre-
sponding to this system. Starting from the electrostatic results for the IPS elec-
trodes, analytical expressions for the electric and magnetic fields in the frequency
domain will be derived. Afterwards, an expression for the characteristic imped-
ance of this section will be obtained. This procedure follows the classical method-
ology described by Collin in Section 3.2 of [2].

3.2. REVIEW OF THE IPS COORDINATE SYSTEM

In Chapter 2, we presented a set of electrodes based on the Inverse Prolate
Spheroidal coordinate system (IPS), proposed by Moon and Spencer in [3].

We chose this coordinate system because its spheroidal surfaces satisfy the de-
sign criteria for the electrostatic distribution.

On the other hand, the Laplace Equation is R-Separable in this coordinate sys-
tem. Thisimplies that an analytical expression for the electrostatic potential can be
found.

For the sake of clarity and self-consistency of this chapter, we present a brief
description of the concepts and results concerning the | PS electrodes. More details
can be found in Chapter 2.

The surface of IPS electrodes are defined in athree dimensional coordinate sys-
tem (u,v,w), where the following transformation with the Cartesian coordinates ex-
ists:

sinh(u)sin(v)cos(w)

X A cos? () - sin? (v) D

_pSmh(usn(v)sn(w (32)
cosh? (u) —sin’ (v)

cosh(u)cos(v) (3.3
cosh? (u)—sin?(v)

where a>0 is a constant, and

0<U< +oo osv<r 0<w<2r 34

In this system, the surfaces u=constant (called here the u-set) form inverted
prolate spheroids of revolution, the surfaces v=constant (called here the v-set)
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form inverted double sheet hyperboloids of revolution, and the surfaces
w=constant form planes. Figure 3.3 shows a 2D cut of the IPS coordinates at w=0,
corresponding to the Cartesian x-z plane.

15

0.5

-1.5
-3

-2 -1 0 1 2 3
Figure 3.3 2D cut of the IPS coordinates at w=0. The u-set is colored in blue, the v-set is colored
inred. In this example, the adopted value for the constant a is 1. The electrodes can be formed by
rotating two curves belonging to bottom half of the u-set around the z axis.

The profile of the inner and outer electrodes are formed respectively by the sur-
faces S;=(u,,v,w) and S=(u,,v,w), where /2<v< 3m/2. The constants u;, U, and a
are calculated from the 3x3 set of equations:

a a
O = cosh(u,) cosh(u,) (35)
r. =axcsch(u,) (3.6)
r, =axcsch(u,) (37)

where: 1;, 1, are the inner and outer radii of the coaxial line and dg, is the distance
between the surfaces at the axis of symmetry, the point at which the discharge is
supposed to occur.

3.3. IMPEDANCE OF THE RTL AT THE COAXIAL END

Due to various reasons such as the amount of electrostatic energy that can be
stored in the SWO and the quality factor Q of the voltage at the antenna’s input,
SWOs use low-impedance coaxial lines, with typical values in the order of 4 to 7
Ohms [1, 4-7]. In the present work, we could define a round limit of 10 Ohms as
the maximum impedance of a coaxial line to be connected to an SWO. The range
of values uy, u, defining this low-impedance zone can be found as follows:

If the material at the interelectrodic space has permittivity a =1, the imped-
ance of the coaxid lineis:
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Z,. =60Log [%}(9) (39

Replacing equations (3.6) and (3.7) into (8) yields

Z..= GOIOQ[ ﬁii;](g) (3.9)

Setting the maximum value of the coaxial impedance to 10 Q, we can say that
the zone of low-impedance is defined by the range of values uy, u, satisfying:

60|og[°3°h(“2)] <10 (3.10)
csch(w)

Figure 3.4 shows a parametric graph of the impedance of the RTL at the coaxi-
al end as a function of the parameters u;, u,. The diagonal of the graphs corre-
spond to zero impedance (u;=u,). As u;>u,, we only consider the part of the graph
below the diagonal. The other half of the graph is colored in purple, indicating that
the function is not defined.

Impedance at the coaxial end ()

().757 1.0 1.5 20 25 3:()
u1

Figure 3.4 Impedance of the RTL at the coaxial end. Notice that the low impedance region is

near the diagonal of the graph
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The contour line representing the limit of 10 Ohms is in the vicinity of the di-
agonal; therefore we can say that, if alow impedance is desired at the coaxial end
of the RTL, then we should have u; ~ u,.

The precise values of the pair u;, u, will depend on the value dg,, according to
Equation (3.5).

3.4. ELECTRIC FIELD DISTRIBUTION
The discharge produced on the axis of symmetry of the RTL creates a wave
that starts propagating in the v direction, towards the coaxial line.
If time-harmonic propagation in the v direction is assumed, the electric field be-
tween the plates can be found as:

E(u,v) = —(V@(u,v))e (3.12)

where;

- kisthe wave number,

- R(v), the geodesic distance, is the length of a path of constant v, measured
from the axis of symmetry (v=0) to the point v. R(v) is calculated using the
metric coefficients presented in Chapter 2:

R(v):-V[@dv:-V[a

sinh(u)2+sin(v)2dv 3.12)
o \/cosh(u)’

—sin(v)?

- @(u, V) is the potential function, corresponding to the solution of the Laplace
equation found in Chapter 2 (in [2] this function is called the quasipotential).
Asdiscussed in Chapter 2, &(u, v) isof theform [3]:

v u))) [cosh’(u)—sin*(v) 313
O(u,v) = k Iog[k3coth(2jJ 2 —sinz(v) ( )

where the constants k;, k, and ks are function of uy, u,, the boundary conditions of
the problem. V; is the peak voltage applied at the surface u;. The surface u, is
grounded.

J

Notice that, due to symmetry, E and @ are independent from w.

By applying the gradient in the IPS system, it can be found that the electric
field has one component in the u direction, transversal to the direction of propaga
tion, and another one in the v direction, longitudinal to the direction of propaga-
tion:

coth(

N e

k=ooh() k= (319
coth(—zj

i coth[

N[ E
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Eu(u,v):_[ J;_%] (3.15)

Inserting the expression for the potential function (3.13) into equations (3.15)
and (3.16), we obtain the analytical expressions for the transverse and longitudinal
components of the electric fields:

E,(u,v,w) =

coth(u/2) ) . . (3.17)
v [Iog[coth(uz/2)]smh(2u)—2cosh(u)coth(u)+2csch(u)sm(v)} o (20) OS2V e
a2k \Jcosh(2u) - cos(2v) \/ cosh(2u,) + cos(2v)
E(uv)= (3.18)
v, sin(2v) [mth(u/Z)] (cosh(2u)—cosh(2u,)) [cosh(2u) +coS(2V) e,
~ \/oosh(ZU)—COS(ZV) coth(u, /2) ] | (cos(2v)+cosh(2y,)) | cosh(2u,)+cos(2v)

Equations (3.17) and (3.18) imply, strictu sensu, that the wave propagating
within the RTL is not a pure TEM. However, we can demonstrate that, in practice,
the transverse component of the electric field is several orders of magnitude higher
than the longitudinal component. Indeed, the ratio between the longitudinal and
the transverse components of the electric field (Ry) is:

_E@v) _
AT (3.19)
. coth(u/2) \|( cosh(2u)—cosh(2u,)
Sm(zv)[log[coth(uzIZ)D[ cos(2v) +cosh(2u,) J

«/Elog[%uzllzz))]sinh(m)—Zcosh(u)coth(u)+2csch(u)sin(v)2

This ratio maximizes when v=m/4:

[ coth(u/ 2) ][ cosh(2u) ]
R (Ul )= E:EEZ;Z; _ thcot/héuzlz) cosh(2u,) (3.20)
' x/ilog[f;h((liIZ?)JSinh(Zu)—oosh(Zu)csch(u)

At the boundaries uy, Uy, Ry is zero, therefore it’s more relevant to evaluate this
guantity at the coordinate u=us=0.5*(u;+u,), corresponding to the mid plane be-
tween the surfaces:
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coth(u, / 2) ) cosh(2u,)
IOg[coth(u2 / Z)J[cosh(Zul) _1J
coth(u, /

\/Elog[c(mz/gjsinh(mg —cosh(2u,)csch(u,)

R (U, 7/ 4) = (3.21)

Figure 3.5 shows a contour plot of the absolute value of Ry at the point (u=us,
v=m/4), asafunction of u; and u, These graphs show that for values of u; and u, in
the low-impedance zone (see Figure 3.4), the longitudinal component is more than
2000 times smaller than the transversal component.

On the other hand, notice that:

E,(u,0=E,(uz/2=0 (3.22)

This means that on the axis of symmetry (v=0) and at the beginning of the co-
axial transmission line (v=n/2), the longitudinal component of the electric field
vanishes. The consequence of thisis that, even though a longitudinal component
exists at the RTL, it will vanish at the input of the coaxial transmission line, which
will be excited with a pure TEM wave.

3.5. ONE-DIMENSIONAL SIMPLIFICATION
In this Section, we derive a smplified and more manageable version for the
equations for the electric field.
The complexity of the equations originates mainly from the impossibility to
find a one-dimensional solution for the potential function ®, as the Laplace equa-
tionis not simple separable in the | PS system.

v, u)) [cosh’(u)—sin®(v) 3.23
(D(u,v)_EIog(lgcoth(ED W ( )

However, taking a closer look to the v dependent factor in Equation (3.23), it
can be concluded that, if u~ u,, the following approximation applies:

cosh?(u)—sin’*(v)  cosh(u)
\/coshz(uz) —sin?(v) cosh(y,) (324
And the potential could be rewritten as a one-dimensional function:
_ Vieosh(u) u 3.25
D(u)= ki Iog[k3coth[ 2)) (3.25)

Using this approximation, the electric field can be calculated as:
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1 arb(u)JeJkR(v) (3.26)

EU(U’V):_(\/g—uaU

v, (co§1(2u)+cos(2v))(
akk, 12 \Joosh (2u) — cos(2v) |

(3.27)

E,(uv)= coth(u)—Iog[kacoth(%ﬂsinh(u)je—lka(v)

Ratio between the longitudinal and the transversal components of the E—field x 1000 Ratio x 1000

0.5 1.0 15 2.0 2.5 3.0
ui

Figure 3.5 Ratio between the longitudinal and the transversal components of the electric field per
1000. Notice that in the zone of interest (low-impedance zone) the transverse component is
about 2000 times bigger than the longitudinal component.

The maximum percent error between the complete and the approximated poten-
tial functions described by Equations (3.23) and (3.25) respectively, can be calcu-
lated by:

cosh’ (u) —sin’(v) _ cosh(u,)

_OUV) =W o0 coshz(uz)—sjnz(v? cosh(u,)
@(u,v) cosh?® (u,) - sin® (v)
Jco@wZ(uz)—an(v)

X100% (3.28)

err

notice that err maximizes when v=/2:
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cosh*(uy)-1 cosh(u,)
or - \/ cosh?(u,) -1 cosh(u, )

i \/coshz(ul)—l

cosh?(u,) -1

(3.29)

x100% = (1 tanh(u,)coth(u,)) x100%

Figure 3.6 shows a contour plot of the maximum percent error as a function of
u; and u,, calculated using Equation (3.29). Notice that the 5% zone error stretches
out as u; and u, decrease. However, the 5% zone covers the low-impedance zone
of interest of our study. A similar graph can be obtained if the error between the
exact (3.17) and approximated expressions (3.27) for the electric field is comput-
ed.

We can conclude that, in an IPS-RTL with alow-impedance at the coaxial end,
the longitudinal component of the electric field can be neglected. Furthermore, the
potential function can be simplified, providing a more compact expression for the
transverse component of the electric field. The percent error produced by the pro-
posed approximation is less than 5%.

3.6. MAGNETIC FIELD DISTRIBUTION
The magnetic field can be derived from the curl of the electric field. We con-
sider the expression for the transverse electric field obtained from the one-
dimensional approximation:

a v w
\/ 92,93 \/ G193 \/ 91192
)
VxE 1 J d — 1 1 9 _
H(u,v) =—— =—— — — ow |=— —(/9,4E, (u,v)|w
jou — jou| ou v jou\ 919, 8\/( LE(9)

JoEuy) 0 0
L J (3.30)

where Ey(u,v) is given by Equation (3.26)

e 230 -
jou\ 9,9, ovi du
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Max Percent Error

% Error

Figure 3.6 Contour Plot of the percent error between approximation and the full model of the po-
tential function, as function of u; and u, Notice that the 5% zone error stretches as u; and u, de-
Creases.

The metric coefficient g3; and gy, being equal, we obtain

Hw(u’v)z_iimi(eﬂm(v)) (332)
joug,, ou ov

Taking the derivative of the exponential term leads to:

Lia(b(u) IR(v) & IR (3.33)
wug, ou ov

HW(U,V) =

The factor R(v) given by Equation (3.12) is the distance traveled by the wave
from the symmetry axis:

_Li oD (u) — JKR(V) 3.34
H,(u,v) = g, ou \/g_zze ( )

L 1 a(I)(U)erij(v)_

cquE ou

JH, V)= (3.39)
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Replacing Equation (3.26) into (3.35) yields
H,, (u,v) :\/%Eu(u,v) (3.36)

This equation corresponds to the typical relationship between the electric and
magnetic fields in TEM lines. If the interelectrodic space has & =y =1, the ex-
pression for the magnetic field is given by:

_ 120av, (cosh(2u)+cos(2v)) ~ u))g ] ey (3.37)
HW(UYV)_aklkzx/ix/oosh(ZU)—oos(Zv)kCOth(u) Iog(ksCOth(ijsnh(u) e

3.7. CHARACTERISTIC IMPEDANCE
The characteristic impedance of the RTL can be calculated as the ratio between
the incident voltage and current waves on the line:

zo(u,v)=Y§3'vvg (3.39)

The voltage can be obtained as the line integral of the electric field between the
electrodes. The path of integration can be defined along a curve of constant v:

VW) = [ B9, = [ E, (0 3yam0u=(0() - 0(u))e = =ye # (3:39)

While the current wave is obtained by integrating the magnetic field around the
inner conductor:

Lww) =§Hd, =THW(u,v)@dw=2nHw(u,v)@ (3.40)

Taking into account the magnetic field defined by Equation (3.35), the expres-
sion for the characteristic impedance reads:

u u
| E,aydu | oy du 340
Zy(u,V) = 52 = AT 1“28(1)(”) " '
H /s OW —————e " Jgdw
£ B { T NCH
Ve R (3.42)

Zy(u,v) =

e 1 0®(u) kR0
2, |[— — N -
Vuo, ou V7%
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_ 1 [uen Vv 3.43
Z,(u,v) 75\/£Fi 8<I>2u) ( )
Jou
Zo(uvv):i\/g\/g_zz kikz (344)

Ne™ {|og(k3C0th(%n5inh(U) - coth(U)]

Notice that the radial distance R, measured from the axis of symmetry to the
point (X, y, 2) is related to square root of the metric coefficient gass:

.R=«/x2+y2=ﬁaw=«/§@. (3.45)

cosh’ (u) —sin’(v)

Replacing this expression into Equation (3.44) permits to see the radial de-
pendence of the impedance of the transmission line:

o . (3.46)
S e ey

Finally, the analytical expression for the characteristic impedance of the RTL
can be written as:

: (3.47)
[Log [Coth[%} kgk]ks nh[u] - Coth[u]j

Z,(u,v) = 60,/Csc[v]® + Cschlu]®

Notice that this expression is independent from the scale factor a.

3.8. EXAMPLE
The derived analytical result is applied to the same example discussed in Chap-
ter 2, for which a set of 1PS electrodes was calculated. The inter electrodic spaceis
Jg5,=0.5 mm and the dimensions of the coaxial transmission line are r, =16.5 mm
and r;=17.5 mm, which correspond to a characteristic impedance for the coaxial
line of Ze,»=3.5 Q.
The constants defining the profiles are:

u, =1.10507,u, =1.05837,a=22.1783e—-3

The characteristic impedance, calculated along the trgjectory u=uz is shown in
Figure 3.7. Note that Z, tends smoothly to the characteristic impedance of the co-
axial line.
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Figure 3.7 Characteristic impedance of the IPS-RTL example vs. geodesic distance (R(v))

3.9. CONCLUSIONS

In this chapter, we derived analytical expressions for the harmonic electric and
magnetic fields within the IPS-RTL of the SWO.

A one-dimensiona approximation for the potential and the fields was derived.
This approximation was shown to be accurate for typical SWOs for which the
characteristic impedance of the coaxial lineisvery low (lower than 5 Ohms or so).

The one-dimensional approximation permits the treatment of the IPS-RTL as a
TEM transmission line, whose characteristic impedance was obtained in a closed-
form analytical expression.
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CHAPTER 4

ELECTRODYNAMIC ANALYSIS OF A
SWITCHED OSCILLATOR CONNECTED TO A
FREQUENCY DEPENDENT LOAD
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4.1. INTRODUCTION

We investigate in this chapter the behavior of a switched oscillator (SWO)
connected to an antenna with arbitrary frequency dependent response. The analy-
sis is performed using an approach based on the chain-parameter technique [1]%,
proposed by the author in [2].

The SWO is regarded as a frequency dependent two-port network, where the
input signal is the transient voltage generated at the spark gap (V«(f)) and the out-
put signal is the voltage at the input of the antenna (V(f)). The ratio between these
two quantities is the voltage transfer function of the SWO:

Va(f)

V(1) (4.1)

Too(f) =

In this chapter, we will describe the procedure to evaluate the transfer function
Tawo(f) starting from the geometry of the system and from the input impedance of
the antenna.

The radiated signal can also be calculated using a similar approach. The anten-
nais considered as a second two-port network, over which the transfer function of
the antenna (T(f)) is calculated as the ratio between the field radiated at certain
distance and direction from the antenna (E(f,r,8,¢)) and the voltage applied at the
input of the antenna (V(f)):

E(f,r,6,0)

TA(f)= V.(H)

(4.2)

The total transfer function of the system (T(f,r,8,9)), relating the radiated field
and the voltage produced at the spark gap can be therefore calculated as:

T(f,r,0,0)=T,(f,r,0,0)Tgo(f) (4.3)

4.2. BACKGROUND
Consider the geometry of the SWO proposed in Figure 4.1, consisting of a self-
breaking spark gap followed by a low-impedance coaxial transmission line, an
(optional) DC-blocking capacitor, and a frequency dependent antenna (in this case
amonopole).
An equivaent transmission line circuit diagram of this geometry is presented in
Figure 4.2.

1 Also known as transmission or ABCD parameters.
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HIRT:

Monopole
antenna

Charging
circuit

Re .

Ground C I \/\/\/_CE
Plane b ‘F—’—/ * T
Pressurised
Coaxial line

B

Radial line

S, --Spark gap
Figure 4.1 A monopole antennaintegrated into a SWO

For the case of the present work, the electrodes of the spark gap forming the
Radial Transmission Line (RTL) are designed using the Inverse Prolate Spheroid
(IPS) coordinate system, described in Chapter 2.

Vz(t) > Vz(f)

vi(t) €= Vi(f) e
—0 C O O O
( ~ Adapting Monopole
_ j RTL Coax Coax(s) Anterfma
Spark gap Zo Za1,Za2, Za(f)
etc
D O0——=0
-*+ >
L

Figure 4.2 Transmission line system representing the SWO

The effects of the RTL formed by the electrodes on the performance of the
SWO were considered by Giri et al. in [3], where the behavior of a coaxial SWO
connected to a helical antenna was presented. In their analysis, the RTL was mod-
eled using a series of cascaded uniform transmission lines. The response of the
system was obtained by simulations using traditional circuit codes. The model of
Giri et al. [3] yielded accurate results in predicting the central frequency and the
quality factor Q of the SWO. Note that in the analysis of Giri et al., the helical an-
tenna was represented by a constant, real impedance. A similar assumption was al-
so made by Armanious et al. in [4], when considering the connection of a mono-
cone antenna to an SWO. It is important to realize that this assumption is only
valid for a set of frequencies at which the input impedance of the broadband an-
tenna, such as helices or monocones exhibit a low reactance and an almost con-
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stant resistance. However, if a narrowband antenna is connected to an SWO, the
accurate simulation of the system requires taking into account the frequency de-
pendence of the input impedance of the antenna. Note that the work of Armanious
et al. [4] was based on a full-wave analysis in which the frequency dependence of
the antenna can in principle be taken into account.

4.3. CHAIN (ABCD) MATRIX REPRESENTATION OF THE SWO

The ABCD parameters of atwo-port network can be defined using the diagram
presented in Figure 4.3 [1].

|1 |2 +
+ —- —-
o A(f) B(f)
Vi(f) Zi | Vof)
S Cf) D(f) @]
Two-Port
Network

Figure 4.3 ABCD representation of a two-port network. Vi(f), 11(f) are, respectively, thein-
put voltage and current, V(f), () are respectively the output voltage and current, Z, (f) is the
load impedance. All the terms are frequency dependent

The input and output parameters of the network are related by the equation:

{vl(f)HA(f) B(f)}{vz(f)} (4.)
L(F)] [C(f) D(f)][I,(f)

where;

- Vi(f), 14(f) are, respectively, theinput voltage and current,
- V(). 15(f) are respectively the output voltage and current,
- Z, (f) isthe load impedance.

All the terms are frequency dependent.

The voltage at the output (V,(f)) and the voltage transfer function (Tsuo(f)) can
be obtained as:

Z (fwi(F)

_ Al (4.5)
Z (HA(f)+B(f)

Vo (1) =T (FVi(F) =

This approach can be advantageously applied to the analysis of the SWO. The
system (RTL + coaxial transmission line + antenna) is represented as a cascade of
two-port networks, each one characterized by its chain parameters, asillustrated in
Figure 4.4. On this diagram, Vs is the voltage produced by the spark gap, Z isthe
spark gap impedance, V, isthe input voltage on the antenna terminals, C, isa (op-
tional) blocking capacitor, Za(f) is the input impedance of the antenna, Ra(f) isthe
real part of the impedance of the antenna and X, (f) is the reactance of the antenna.
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After calculating the resulting overall ABCD matrix, Tewo(f) and V() can be
obtained from Equation (4.5). The time domain voltage at the entrance of the an-
tenna can then be obtained by an inverse Fourier transformation.

zg(f)  1y(p) cb . ()
—o - S
ArTL(f) BrrL(f) Acoax(f) Bcoax(f) Valf
Vse(f)( ) Can(f) Der(f)| | Cooax(f) Dcoal) a(f)
N RTL Coax Za(f)=Ra(f)+iXa(f)

Excitation voltage
(discharge at the gap)

Figure 4.4 Representation of the SWO using the cascade of the two-port networks character-
ized by their ABCD matrices.

4.3.1.ABCD PARAMETERS OF THE COAXIAL TRANSMISSION
LINE
The ABCD matrix of the coaxia transmission lineis given by [5]

cos(jAlew) 2., SNN(jBleo)

o (4.6)
% 00sh(j Blcea)

Aa(F) Boaa() ] _
Ceon ) Dewu( )]

where:

- Leoax, IS the length of the coaxial,
— =27V,

- f isthe frequency,

-V, is the propagation velocity.

4.3.2.ABCD PARAMETERS OF THE RTL
As discussed in Chapter 3, the IPS-RTL is a non-uniform transmission line
(NUTL), having a characteristic impedance:

Z,(u,,v) = 60/cscv]? + cschlu,]? kik, 4.7)
[In(COth[u—;)k3jsinh(u3)—coth(u3)]

where:
- ki ,k, and ks are constant terms;
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ooth(ulj 1
k =In 2 k=cosh(u)  k=—o" (4.8)
coth(u—zzj

- Uy, Uy, are the constants defining the profile of the electrodes,
- visthe angular parameter, see Chapter 2 for details.
- Zo(us,V) is calculated along a u-curve, lying in the mid-plane between the elec-
trodes, this corresponds to the u-coordinate: us=(u,+u,)/2

In order to calculate its ABCD parameters, the line is sub-divided into N seg-
ments, the impedance of each segment is considered constant and the overall
ABCD matrix is obtained by multiplying the cascaded ABCD matrices of the
segments. This is analogous to the procedure for the calculation of NUTL present-
ed by Protonotarios and Wing in [6].

The ABCD matrix of the n-th segment of the RTL is given by [1]:

Vh(f) B.(f) (4.9)

() (07| SMUAL o paL)

cosh(jBAL)  Z,,(f)sinh(jAAL)
} { Zon(1) ]

where;
-Zon(j SAL) is the characteristic impedance of the segment,
-AL isthe length of the segment?.

Theresulting ABCD matrix of the RTL is

A (F) B ()] _ [ A Bi(F)
{Cm(f) DRTL(f)i|_1n_‘!|:Cn(f) Dn(f)} (4.10)

where the matrix IT operator is defined as [6]:

ﬁ A B _TA() B FA(H) B(F)) AT B(f) (4.11)
C(f) DN [Cf) DN T[C() DF)] " [Cu(f) Dyu(f)

n=1

4.4. VOLTAGE TRANSFER FUNCTION OF THE SWO
The total ABCD matrix of the SWO can be calcul ated as:

Aua(f) Bua(D]_[1 Z,(0) (A BT [A(D) Bon(D) 1 i
Croa (1) Draa(f)] [0 1 (D) DD [Conl ) DeuD[0 1 | (419

n=1

where Zi=Rj+j Xy is the impedance of the spark gap®.

2 Note that it is not necessary for the segments to be equal; however, this facili-
tates the computation of the parameters.
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The last matrix corresponds to the blocking capacitor, an optional element in-
serted between the antenna and the SWO.

The relationship between the input and output voltages and currents can be
therefore calculated using:

Vs ()] [Aua () B (D VA [ Aga (F) Brg ()] Val) .19
les(F) ] [ Cram () Drgw (F) L 1A(f) | | Croa (F)  Drou (F) ]| 23 '

Za(f)

where the resulting ABCD parameters are:

(B (1) + D (1)Z)S0N(1Blow) (419
z

coax

Al'otal(f) = (A?TL( f)+ CRTLZg)COSh(jﬂLCOaX) +

BTotaI(f) =(BRTL(f)+ DRTL(f)Zg)COSh(jIBLcOax)

) ) (4.15)
+( Zee (A (F) + Cer ()Z,) ) SN BLcra )+ Zoc Aea (F)
Cra (1) = Con (1)008(] By ) + Lerl DI L) (416
D () = (ZacCon + %)cosh(jﬁLcW)+[%+cmzm]§nmmw) (417)
The voltage on the antenna can be determined as:
VA(f): ZA(f)Vss(f) (418)
Z(F) Argy (F) + Broy ()

The voltage transfer function of the SWO is defined by:

Tsxvo(f):VA(f)_ Z,(f) (4.19)

Vs (F) Za(F) Aga () + By ()

4.5. EIGENFREQUENCIES OF THE SWO

In [6], Protonotarios and Wing showed that the eigenfrequencies of a NUTL
are related to the zeros of its ABCD parameters. Note that we are referring to the
natural frequencies, or eigenfrequencies of the SWO, which are intrinsic proper-
ties of the device itself and are independent of the loads connected at the ends of

3 It is worth noting that nonlinear effects were disregarded in the analysis. In
Appendix 1, atime-domain model is presented in which such effects are included.
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the device (which in this case correspond to the antenna and the impedance of the
gap).

In particular, the eigenfrequencies of a NUTL terminated at one end by a short
circuit and at the other end by an open circuit, are the frequencies (fo, f1, fa,.... ,fn)
where the parameter A(f) vanishes.

At these frequencies we have:

Aa(fy)=0=
(Aqn(fN)wm(fN)zg)cosh[

Z

"coax

(4.20)
J. z”fNLCWJJr (Ben (fy) + Dm(fN)Zg)smh{j 2zszLCw]

P P

From which the eigenfrequencies can be cal culated as the roots of the equation:

jtan[zanLcoaX]‘i—zwax ARTL(fN)+CRTL(fN)Zg -0 (4.21)
p BRTL(fN)+DRTL(fN)Zg
If Zy= 0 we have:
T arctan{jz Am(fN)} Nz (4.22)
27 L e = Ben (fn)

where N is an integer.

If the losses in the system are negligible, the term B,(f) is an imaginary term
and Equation (4.22) resultsin areal number.

For a given first resonance frequency f,, the length of the coaxial line can be
calculated

Ly, = arctan[ iz, Am(fo)} (4.23)
27 f ™ Ber (o)

o

This eguation permits an initial dimensioning of L., during the design phase,
having in mind that the obtained value is an approximation and further adjustment
of the length of the coaxial line might be necessary.

If Z, is different from zero, the roots of Equation (4.21) are complex and the ei-
genfrequencies are complex, indicating than a dumping factor exists in the SWO,
even if ideal load conditions are considered.

Note that the natural frequency is not affected by the blocking capacitor.

It is worth noting that in the original idea presented by Baum in [7], the RTL
was considered to be infinitely short (A(f)=D.(f)=1, B(f)=C(f)=0) and Z, was con-
sidered to be zero. In that context, the SWO was considered as a quarter-wave de-
vice:
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. A 1 A
Looe = Br!lfglozﬁarctm{zcw B ( fo):| =2 (4.24)
4.6. SOURCE REPRESENTATION

As we mentioned in Section 4.5, the impedance of the spark gap influences the
resonance frequency and voltage transfer function of the SWO. However, the in-
tegration of a full electro-dynamic model of the spark into the ABCD equivalent
model requires taking into account the time-dependent spark gap resistance and
inductance, which isanon-trivial task (see e.g.[8]).

In this chapter, we use the source model proposed in [9], which consists of a
single source (Vss(f)) placed at the spark gap end of the SWO. The waveform of
Vss(f) presents along risetime (hundreds of nslong) simulating the charging phase
of the SWO, followed by afast decay time (hundreds of ps) representing the clos-
ing of the switch (see Figure 4.5 for details).

The source is connected in series to a constant resistance Ry and a constant in-
ductance L4 corresponding to the losses in the spark gap. The values of these pa-
rameters depend on the length of the gap, the electric field previous to the dis-
charge, the type of gas, and the pressure. We use here the values proposed by
Martinin [10].

Ze(f)  Isq(f) Ia(f)
] ATotaI(f) BTotaI(f) i
VSG(f)< > CTotaI(f) DTotaI(f) VA(f)
o5

Za(f)=Ra(f)+jXa(f)
Excitation Source SWO
Figure 4.5 Excitation source model

The waveform representing Vgs(f) was generated using a modified version of
the function presented by Giri in [11]:

(B+j2ntty)? i
Vely e‘wd} R (4.25)

VSG(”{(/mzzftd)

where:

- Vy isthe peak voltage,

- ty isthe closing time of the spark gap,

— fisaconstant related to the charging time,
- tsisthe time at which the switch closes,

- f isthe frequency,

and * isthe conjugate operator.
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Differently from other representations of double exponential signals, the time
domain equivalent of Equation (4.25) is continuous for all timet.

As an example, Figure 4.6 presents the frequency-domain and time-domain
representations of a wave with the following parameters:

B = 60e-3, t=1 ps, V= 40 kV, t=2000 ns

10" 10° h 500
frequency (MHz) time (ns)

(ns)
Figure 4.6 Example of excitation voltage in frequency domain (left) and time domain (right)

4.7. ANTENNA MODELING
We are interested in knowing the field radiated by the antenna at a certain dis-
tance and direction (E(r,¢,6)). Using numerical simulation, it's possible to estab-
lish the transfer function of the antenna (Ta(r, ¢, 6, f )), defined as the ratio be-
tween the radiated electric field and the voltage applied at the input of the antenna:

E(r.0,¢, 1)

Ta(r.0.0.1)=—7 )

(4.26)

where Vx(f) is an arbitrary voltage at the input of the antenna. Notice that the ra-
diated field in Equation (26) is not necessary the far field.

The field radiated by the antenna when connected to the SWO can then be cal-
culated as:

ESWO(r16!¢1f):TA(r!01¢!f)VA(f):TA(r!01¢!f)vxs(f)T(f) (427)
Eoo(r,0,0, ) =T,(r,0,0, T Ve (1) Za(1) (4.28)
e TR A()Z,(F) + B(F) '

where: V(f) is calculated using Equation (4.18) and Z(f) is the input impedance
of the antenna.
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4.8. APPLICATION EXAMPLE

4.8.1.ABCD PARAMETERS
In this section we will illustrate the implementation of the proposed modeling
approach to the design of an SWO that uses the RTL formed by the IPS electrodes
derived in previous chapter.
The details of the design are:

Intended resonance frequency: f,=433 MHz

Inter electrodic space: dg,=0.5 mm

Coaxia impedance: Z,»=3.5 2.

Radiuses of the Coaxial transmission line: r, =16.5 mm and r;=17.5
mm

_| Outer
Conductor
p

z (mm)

X (mm)
Figure 4.7 Profile of the electrodes proposed as example

The constants defining the profiles are:

u, =1.10507,u, =1.05837,a = 22.1783e—- 3

The profile of the electrodes corresponding to this design are presented in Fig-
ure4.7

The length of the coaxial transmission line can be calculated from Equation
(4.23). However, it is first necessary to segment the line and calculate the ABCD
parameters of the resulting IPS-RTL.

The segmentation of the line implies finding the points vs =(v4,.., Vn.1), divid-
ing the total length of the line into N segments of equal length AL.

The length of a segment of a u-curve, between the points v, and vi is:
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‘e e sinh(u)2+sin(v)2
R(U; V. Vg) = [ /00 = /ﬁd 4.29
(Us Vo Vo) VJ; 92 v[a cosh(u)” —sin(v) . (4:29)

Thetotal length of the u-curve of the exampleis:

72 | & 2.4 2
RluagZ )= [E0hW)+sn(vV)” 4, — 243
(Us,o 3] ! oh(0?—SN()? 3(mm) (4.30)

The line was segmented into N=50, segments, the length of each one being:

AL = 0.4866(mm) (4.31)

This segmentation is done numericaly, as the integral (4.29) does not possess
analytical solution.
The segmented IPS-RTL can be seen in Figure 4.8.

0

z (mm)

-10

-12

-14

X (mm)

Figure 4.8 Segmented IPS-RTL

The variation of the impedance against the geodesic distance can be seen in
Figure 4.9.
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Characteristic Impedance (Q)

Geodesic distance (mm)

Figure 4.9 Characteristic impedance vs geodesic distance from the axis of symmetry

The Ax7(f) and Bry (f) parameters of the IPS RTL vs. frequency can be seen
in Figure 4.10.
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Figure 4.10 Magnitude of the A and B parameters of the IPS-RTL

Replacing the results obtained for the Agy(f) and Bgr(f) parameters in Equa-
tion (4.22), the length of the coaxial line can be obtained:

Loy, =123.4(mm) (4.32)

The resulting ABCD parameters of the ensemble RTL + coaxial line can be
seenin Figure 4.11.
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Figure 4.11 ABCD parameters of the RTL+coaxial line. notice the resonance frequency at
433 MHz.

4.8.2.Monopole Antenna

As explained in the introduction of this Chapter, the objective is to explore the
response of an SWO connected to a frequency dependent antenna. We consider
here the case of a monopole over a finite ground plane, as described in Figure
4.12. The monopol e was dimensioned to be resonant at f,, the resonance frequency
of the SWO. The dimensions of the antenna for this case are: L,=159 mm, D=5
mm, R,=200 mm.

An electromagnetic simulation was performed in CST Microwave Studio®. A
coaxial transmission line was connected at the entrance of the coaxial port of the
antenna and a coaxial port was defined at the entrance of thisline.

Re "
Figure 4.12 Model of the monopole over finite ground plane antenna simulated in CST. The di-
mensions of the antenna La=159 mm, Da=5 mm, R,=200 mm.
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The impedance measured at the coaxial port was calculated and multiplied by
the de-embedding factor of the transmission line, obtaining the value of the input
impedance of the monopole, shown in Figure 4.13.

Antenna Impedance

—Real part |

-----Reactive part|!

""" Magnitude |!
T

Impedance Q

ofb——————=——T_ / T i |

| 171 | 3 | | | ra (Y | |

| A I Vo | e I 1y I I

Y [ e e e S e H el R A

| S | Vo | Ja | RN | |

100 | A | Ll | v | 1N | |
0 200 433 600 800 1'000 1'200 1'400 1'600 1'800 2'000

frequency (MHz)

Figure 4.13 Input impedance of the monopole. Real part (black), imaginary part (dashed), abso-
|ute value (red). Notice the resonance frequency at 433 MHz.
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Figure 4.14 Voltage transfer function of the SWO using the monopole antenna shown in Figure
4.12 (solid line). Voltage transfer function using a constant load of 36 Ohms (dashed line).

The voltage transfer function (Tg,,(f)), calculated according to Equation (4.19)
isplotted in Figure 4.14. Asit can be seen from the figure, the resonance frequen-
cy is not the intended frequency. Indeed, there is a dip at the exact frequency of
resonance. As comparison, the voltage transfer function was calculated consider-
ing areal, constant load corresponding to the value of the input impedance of the
monopole at the resonance frequency. This is shown in the same figure (Figure
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4.14) where it can be seen a clear resonance at 433 MHz. Notice that both func-
tions are equa at the resonance frequency. Note also the occurrence of a reso-
nance at the second harmonic of the intended frequency.

A double exponential voltage wave with slow-rise and fast-decay time was ap-
plied as excitation, as explained in Section 4.6. The peak voltage is 10 kV. The
risetime is 100 ns and the decay time is 500 ps. In afirst attempt, the losses at the
spark gap were considered to be zero. The source voltage in frequency domain
(Vss(f)) can be seen in Figure 4.15 . On the same figure, the output voltage at the
antennais also shown. The resulting time-domain voltage on the antennais plotted
in Figure 4.16.
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Figure 4.15 Voltage on the antenna (black) and source voltage (red)
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Figure 4.16 Voltage on the antennain time domain

The dip at the resonance frequency (fy) can be explained as follows: Xa(f) is ze-
ro at the resonance frequency, however it grows (and hence Z4(f) grows) rapidly as
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we move either above or below the resonance frequency. As a consequence, the
mismatch between the antenna and the SWO at f, will be smaller than the mis-
match at neighboring frequencies.

4.8.3.Energy balance
The validity of the model can be tested at this point by calculating the energy
balance of the system, as follows. Before the discharge, the SWO can be assumed
as a capacitance that gets charged by the source and acquires an amount of elec-
trostatic energy (Upc) given by:

V 2
= IS Pek (4.33)
2Csro

DC

where:
Vss_peak 1S the maximum voltage at which the SWO is charged
Caswo isthe capacitance of the SWO

After the discharge, al this energy is dissipated by the antenna, if the losses in
the spark-gap are zero.

Thetotal capacitance of the SWO was calculated in Comsol® 2D-axis-symetric
module;

Cono =134pF (4.34)

The electrostatic energy stored on the SWO previous to the dischargeis:

V2 .C
- 733-%; S0 _ 6.7m) (4.35)

USNO

Fromt > 350 ns the antenna starts radiating and, assuming that the spark is as-
sumed lossless, al the radiated energy can be obtained as follows:

s = 2| P (1)
N _ (4.36)
U _J'VAD(f)VAD(f)Cf

Radiated — : RA(f)

where Vp(f) is the Fourier transform of the voltage on the antenna after the dis-
charge, in our case t > 350 ns, Va(f)is the complex conjugate of Vap(f) and
Pap(f) isthe power on the antenna after the discharge. Vap(f) and Pap(f) are shown
in Figure 4.17.
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The result of the evaluation of the integral shown in Equation (4.36) is:

U =61mJ (4.37)

Radiated

which is in agreement with Equation (4.35). From this result it can be said that,
from the point of view of the energy balance, the method presented for the calcu-

lation of the voltage on the antennais valid.
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Figure 4.17 Voltage on the antenna after the discharge (top) and power on the antenna after of the dis-
charge (bottom) vs. frequency. Notice that most of the frequency content is near the resonance.
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Figure 4.18 Antenna transfer function Ta(f). Relationship between the vertical component of the
far field and the voltage applied to the antenna. The field was computed at coordinates
(6=0°, 8=90°, r=1m). See Figure 4.12 for reference.

4.8.4.Radiated field

The vertical component of the far field radiated by the antenna was cal cul ated
in CST Microwave Studio and the transfer function of the antenna (Ta(f)) was es-
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tablished as the ratio between the far field and the voltage applied to the entrance
of the antenna. The far field component was calculated at coordinates
(¢=0° 6=90° r=1m), see Figure 4.12 for reference. The resulting transfer func-
tion is shown in Figure 4.18.

The radiated field in the frequency domain and in the time domain are present-
ed in Figure 4.19 and Figure 4.20 respectively.
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Figure 4.19 Radiated Electric field in the frequency domain at ¢=0°, 6=90°, r=1 m. The spark gap is
supposed to be lossless. Notice a vestigial resonance at the second harmonic of the fundamental fre-
quency
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Figure 4.20 Radiated field in the time domain at coordinates ¢=0°, 6=90°, r=1 m. The spark gap is
supposed to be lossless.

The methodology presented in this chapter permits to study the effects of the
impedance of the spark gap on the radiated signal. For the case of the present ex-
ample, the spark gap resistance was varied between 0 and 0.5 Ohms and the result-
ing electric field was calculated in both frequency and time domains.
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The results in the frequency domain are presented in Figure 4.21. Asit can be
seen, the peak amplitude of the radiated signal reduces greetly as R, increases.

The results in the time domain are presented in Figure 4.22. The amplitude of
the first peak is amost identical for &l the considered values of R;. However, due
to the losses in the switch the amplitude of the subsequent signal reduces with the
increasing of Ry. The number of cycles also reduces with the increasing of R,
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Figure 4.21 Radiated Electric field in frequency domain for different values of the spark gap re-
sistance
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Figure 4.22 Radiated field at coordinates ¢=0°, 6=90°, r=1 m, for different values of the spark
gap resistance.

The model here presented only takes into account the static behavior of the
spark gap. In order to include the dynamic variation of the impedance of the arc,
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i.e. the closing time and the changes in the residual resistance, a time domain
model might be preferable. In Appendix 1, we derive time domain equations for
the calculation of an SWO connected to a spark gap at one end and to a frequency
domain antenna at the other end.

4.9. CONCLUSIONS

We have presented in this chapter a methodology permitting the analysis and
modeling of an SWO. The methodology permits the estimation of the response of
the SWO, the resonance frequency, bandwidth and amplitude of the radiated sig-
nal connected to an antenna of arbitrary behavior in the frequency domain.

The proposed methodology was applied to the design of an SWO connected to
amonopol e antenna.

The voltage at the output of the SWO was calculated using as load the input
impedance of a monopole antenna whose reactive part was zero at the intended
resonance frequency of the SWO. For comparison, the same calculation was re-
peated using as load a pure resistor of the same value of the antenna at the intend-
ed resonance frequency. Inthe case of the resistive load, it was found that the sys-
tem was resonant at the eigenfrequency of the SWO, namely the intended
frequency.

The methodology here presented permitted to show that, in the case of the
monopole antenna, the resonance frequency of the produced voltage was different
from the intended resonance frequency, this in spite the fact that both the SWO
and the monopole antenna were resonant at the same frequency.

The influence of the losses of the spark gap on the radiated signal was studied
and discussed. It was shown that small changes in the resistance of the spark gap
can reduce the amplitude of the radiated signal as well as the number of cycles.
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5.1.INTRODUCTION

We present in this chapter the design and realization of a coaxial Switched Os-
cillator (SWO).

The design is based on the developments presented in Chapters 2 through 4, in-
cluding the proposed profile for the electrodes (IPS - Inverse Prolate Spheroidal).

The performance of the realized SWO has been experimentally characterized
and the experimental data are used to test the theoretical models presented in the
previous chapters.

The chapter is organized as follows. In Sections 5.2 and 5.3, we describe the
mechanical design of the prototype. The experimental setup is described in Sec-
tion 5.4. Section 5.5 presents the experimental characterization, which comprises
the breakdown voltage of the SWO and the radiated electric fields for different
types of connected antennas, which are compared with simulation results. In Sec-
tion 5.6, we present a time-frequency analysis of the radiated signals using wave-
lets. Conclusions and discussion are presented in Section 5.7.

5.2. MECHANICAL DESIGN
The target frequency of the prototype is fo= 433 MHz, which is the central fre-
guency of one of the Industrial, Scientific and Medical (ISM) radio bands, used
for several services, for instance Short-Range Device radio (SRD), Remote Key-
less Entry Systems (RKE), among others.
The dimensions of the design are the same as the example presented in Chapter
4. We present here a short summary of the requirements of the design.

e Inter electrodic space: dg=0.5 mm

e Radiuses of the coaxial transmission line: outer radius, r, =16.5 mm,
inner radius, r;=17.5 mm

e Coaxid lineimpedance: Z,,»=3.5 2.

The electrodes of the SWO were fabricated using the IPS profile, proposed in
Chapter 2. The gap distance on the axis is half of the distance between the inner
and outer conductor of the coaxial. This means that the discharge is more likely to
occur on the symmetry axis rather than between the conductors of the coaxial. A
way of quantify thisis using the safety factor S defined in [1] as the ratio between
the electric field on the gap and the maximum electric field on the coaxial:

Egap
S-= (5.1)

"coax

Using the results of Chapter 2,
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A smaller value of d increases the factor S However a value d=0.5 mm, is the
minimum distance that the EPFL mechanical workshop can fabricate with an ac-
ceptable tolerance.

The profile of the electrodes was obtained using the Inverse of Prolate Spheroi-
dal system and is presented in Figure 5.1.

Inner 1_,
Conductor
I

Outer
Conductor
4

z (mm)

Figure 5.1 Profile of the electrodes
The calculated length of the coaxia lineis:
Leoax =123.4(mm) (5.3)

The IPS profiles were calculated in Matlab® and imported in Solidworks®.
The resulting curves were loaded into a CNC machine and the electrodes were
fabricated in stainless steel. A second version of the electrodes with Copper-
Tungsten (80%-20%) alloy is planned for manufacturing.

The inner and outer conductors of the main coaxia section were custom ma-
chined in aluminum using a CNC lathe. The gas inlets were installed on the walls
of the outer conductor.

In order to support the inner and outer conductors in a proper place, adielectric
ring made of Ultem ® (amorphous thermoplastic polyetherimide PEI) was insert-
ed at the end of the main coaxial line. This section constitutes a secondary coaxial
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section inserted between the SWO and the antenna. We will show in the next sec-
tion how to evaluate the effects of this section in the output signal.

A 2-D view of the SWO detailing all its partsis presented in Figure 5.2. A sim-
ilar 2-D view, indicating the sizes of the parts can be seenin Figure 5.3. A view of
the SWO with the monopole and the ground plane is shown in Figure 5.4. Pictures
of the finished prototype can be seen in Figure 5.5, Figure 5.6 and Figure 5.7

The mechanical design and specification of each one the parts of the SWO and
the antenna were performed by the author of this work. The parts were manufac-
tured at the I SIC mechanical workshop at EPFL.

Monopole Ground Plane
Conection point Conection point
Secondary
coaxial line { Ultem rin
Gasinlet Cas inlet
Coaxial inner Coaxial outer
Conductor conductor
Inner
Electrode gg::eﬂrode

Figure 5.2 2-D cut view of the SWO. Notice the electrodes, the main coaxial line and the sec-
ondary coaxial sections.
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Figure 5.3 2-D cut view of the SWO. The unitsarein mm.

@800

i D Antenna
L Antenna

Figure 5.4 Side view of the SWO with the ground plane and the monopole antenna (lft).
Isometric view (right). Unitsarein mm.
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Figure 5.5 The realized prototype with the external electrode removed. Notice the inner elec-
trode and part of the inner conductor of the main coaxia line. Notice also the sealing O-ring and
the supports for the gasinlets in the wall of the coaxial line.

Figure 5.6 The assembled SWO. Notice the outer electrode, the outer coaxial conductor with
the two gasinlets and the outer conductor of the secondary coaxial line.
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Figure 5.7 View of the SWO. Notice the point of connection of the monopole antenna. Addi-
tional insulation was added after manufacturing, in order to prevent flashover from the inner
conductor to the ground plane

5.3.GAS TYPE

The experiments here reported were performed using SF6 as insulating gas.
SF6 is used regularly in high voltage facilities and equipment and in pulse power
applications. This gas presents one of the highest dielectric strengths among the
gases available in the market.

The realized SWO was tested to a maximum pressure of 40 bars with no de-
tectable leakage of gas.

The breakdown voltage in a gap pressurized in SF6 depends on the pressure,
the gap distance and the electric field in the interelectrodic space. If the field is
uniform, the breakdown voltage (Vyg) is[2]:

V,,,=0.65+8.85pd,,, (kV) (5.4)

where:
p isthe SF6 pressurein bar
dgep is the inter-electrode distance in mm

We saw in Chapter 2 that the field distribution is not uniform between the
electrodes, having a maximum on the axis of symmetry, which is the most likely
location for the discharge to occur. However, on the axis of symmetry the electric
field is aimost constant and its value coincides with the value of the electric field



84  Design, Realization and Experimental Characterization of a Coaxial SWO

on a uniform gap; therefore we consider valid the value of Equation (5.4) in our
case.

It's worth noticing that SF6 is a greenhouse effect gas. It has been estimated
that SF6 has a Global Warming Potential (GWP) 22600 times higher than that of
CO2 [3]. It also has been mentioned that toxic byproducts are produced when high
energy discharges occursin SF6 [4].

5.4 EXPERIMENTAL SETUP

The experimental setup is described in Figure 5.8. The SWO is charged using a
constant-current, high-voltage source Model HCE 35. This source, conceived orig-
inally as a capacitor charger, can deliver up to 10 mA of current and a maximum
voltage of 35 kV. In order to prevent high frequency signals transmitted to the
source, a blocking coil was placed between the SWO and the source. The source
was controlled using an external trigger generator. A picture of the setup is pre-
sented in Figure 5.9.

The gas was connected to the SWO using a dielectric, rigid pipe; this means
that there is not galvanic connection between the SWO, the gas bottle and the
ground. The gas bottle was installed horizontally on the floor of the anechoic
chamber, in to prevent unwanted reflections of the signals.

Fo. D-dot
Receiver F.O.
F.O. Transmitter
° 249
S -
. X
Oscilloscope \\’q; Anechoic Chamber

Figure 5.8 Experimental setup. The SWO was installed inside an anechoic chamber. A constant
current source charges the SWO. The radiated field was measured with a D-dot sensor. The radi-
ated signal was relayed to the oscilloscope outside the chamber using a fiber optic link.
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: f Wity ek 2k
Figure 5.9 Experimental setup. Notice the SWO on the left and the D-dot connected to the fiber
optic transducer on the right. On this picture the sensor is 1.2 m above the ground floor, which is

20 cm higher than the actual height of the sensor during the measurements.

The signal was measured using a Thales-Melopée D-dot E-1602 sensor. The
signal measured by the D-dot sensor was integrated by an analog integrator and
relayed outside the chamber using afiber optic link. The receiver of the fiber optic
link was connected to a 1.5 GHz, 10 GS/s L ecroy-9362 oscill oscope.

The SWO and the D-dot sensor were mounted on dielectric supports. The dis-
tance between the ground plane of the monopole antenna and the floor of the
chamber was 1 m. The D-dot sensor was placed at a distance of 1.5 m from the
monopole antenna and 1 m height above the ground floor of the chamber.

5.5.MEASUREMENTS

5.5.1. BREAKDOWN VOLTAGE

The breakdown voltage of the SWO versus the applied pressure of SF6 was
measured using a P6015A Tektronix high voltage probe, for voltages up to 20 kV.
For voltages higher than 20 kV, the meter of the current source was used. Figure
5.10 presents the measured values vs. theoretical values predicted by Equation
(5.4). For each value of the pressure, three measurements were carried out and the
breakdown voltage was measured. As it can be seen, additional to the typical vari-
ation of the breakdown voltage in a spark gap, the results suggest that the actual
inter-electrodic gap distance is smaller than the expected value. A linear regres-
sion on the measured values indicates that the actual gap distance is dg,=0.47 mm,
instead of 0.5 mm.

Figure 5.11 shows the state of the electrodes after being in use. The marks pro-
duced on the metallic surface of the electrode by the discharges are visible on the
picture. As it can be seen, most of the erosion is concentrated around the axis of
the electrode. However, a few traces appear off axis, indicating that misfire oc-
curs. However, this happened only in the region near axis and never in the regions
near the coaxial section.
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Figure 5.10 Theoretical breakdown voltage (continuous line), measured breakdown voltage
(dots). Three values of the breakdown voltage per applied pressure were taken.
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Figure 5.11 IPS electrode after being in use. Notice a high percentage the traces of the discharges
near the center of the electrode. A small percentage of off-axistraces are visible.

5.5.2. Ultem Gasket Section
In chapter 4, the SWO was represented using the system depicted in Figure
5.12.
The equation relating the radiated electric field at specific coordinates of the
space (E(f,r,6,¢)) and the voltage applied at the discharge point Vss(f) was estab-
lished as:
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E(r,0,¢,f):TA(r,0,¢,f)V$(f)ﬁ (5.5)

where:

Za(f) isthe impedance of the antenna

Vg(f) isthe excitation voltage at the spark gap

A(f) and B(f) are the total A and B parameters of the SWO

V(f) isthe voltage at the input of the antenna

Ta(f) isthe electric field to applied voltage transfer function of the antenna, cal-
culated as:

_E(f,r,0,9) 5.6
WO==0 (5.6)
=LA Ia(f)
| A 0ax! f B oax! f 7
Vse(f) el B poonl) Dol Valf) = Ta(E5,0.0) - =E(6r,0.0)

/ C —
T RTL Coax ZA(f)=Ra(f)+jXa(f)

Excitation voltage
(discharge at the gap)

Figure 5.12 Representation of the SWO using a cascaded two-port networks characterized by
their ABCD matrices (see Chapter 4).

The actual geometry of the realized SWO, however, has an additional transmis-
sion line between the main coaxial line and the antenna, corresponding to the re-
gion where the Ultem ring is inserted (see Figure 5.3). Figure 5.13 presents a mod-
ified version of the system presented in Figure 5.12.

2l Ia(f)
— —
Vsa(f) " Aru(f) Brm(f)| | Acoax(f) Bcoax(f) Avten(f) Buten(f)| | | \a(f) —» | Talf,r,0,0)| —> E(fr,0,0)
Crru(f) Drnu(f)| | Cooax(f) Dcoax(f) Cutten(f) Duten(f)
T RTL Coax 2alf)

Excitation voltage
(discharge at the gap)

Figure 5.13 Modified version of the model presented in Chapter 4. Now the SWO sees a load
impedance composed by the Ultem line terminated on the radiating antenna.

The ABCD parameters of the Ultem line were calculated via numerical simula-
tion and included in the model in order to obtain a new set of ABCD parameters
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for the SWO. The new A(f) and B(f) parameters can be included in Equation (5.5)
and the resulting E field can be cal cul ated.

5.5.3. Monopole Antennas

The SWO was connected to two different monopole antennas. The dimensions
of the monopoles are presented in Table I. Note that the resonance frequency of
the first antenna coincides that of the SWO. The input impedance and the antennas
are presented respectively in Figure 5.14(a) and Figure 5.15(a). The transfer func-
tion of each monopoles at coordinates (r=1.5 m, 6= 90°, ¢= 0°) are presented re-
spectively in Figure 5.14(b) and Figure 5.15(b). All these results were obtained by
numerical simulations (for the configuration shown in Figure 5.8).

Table 1 Dimensions of the monopoles.
Antenna Diameter Length Ground Plane 1% Resonance frequency
Diameter (Computed in CST)
| 8 mm 159 mm 800 mm 433 MHz
I 8 mm 260 mm 800 mm 262 MHz
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Figure 5.14 (a) Impedance of Antenna |. Notice the first resonance frequency at =433 MHz. (b)
Magnitude of the Transfer function of Antenna | at coordinates r=1.5 m, 6= 90°, ¢= 0°. Notice
the peak at 433 MHz. The dimensions of the antenna are Lo=159 mm, da= 8 mm. Both results
were obtained by simulation.
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Figure 5.15 (a) Smulated impedance of Antenna Il. Notice the first resonance frequency at
f=262 MHz. (b) Magnitude of the Transfer function of Antenna Il at coordinates r=1.5 m, 6=
90°, ¢= 0°. Notice the peak at 262 MHz. The dimensions of the antenna are La=260 mm, da= 8
mm. Both results were obtained by simulation.

5.5.3.1. Field radiated by Antennal

The eectric field measured with the D-dot sensor (after integration) is present-
ed in Figure 5.16 (). The signa exhibits a modulated Gaussian waveform, fol-
lowed by a series of residual ripples. The measured peak amplitude is Egea=10
kV/m. The corresponding signal obtained by the proposed theoretical approach is
shown in the same figure (lower panel). Notice that most of the energy of the sig-
nal is contained in the time interval betweent =5nstot = 16 ns, in which thereis
avery good agreement between the measured and the computed signals.

The Power Spectrum Densities (PSD) of the measured and computed signals
are plotted in Figure 5.17. The PSDs were evaluated using the Yule-Walker's
method [5]. As it can be seen from the graphs, the resonance frequency is 370
MHz. The maximum amplitude of the PSD of the theoretical signal is 10% higher
than that of the measured signal. Nevertheless, the proposed theoretical model is
able to reproduce reasonably well the measured results.

It is interesting to observe that the resonance frequency of the radiated field is
different from the intended resonance frequency (433 MHz), despite the fact that
both the SWO and the monopol e antenna were resonant at this same frequency.
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Electric field (kV/m)

Electric field (kV/m)

b) Time (ns)
Figure 5.16Measured (a) and computed (b) electric field radiated by the SWO connected to An-
tennal, at 1.5 m distance. The applied pressureis 7 bar of SF6. The peak amplitude is 10 kV/m.
Notice the presence of some reflections on the measurement after 15 ns. The time t=0 corre-
sponds to the closing of the switch in the SWO.
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Figure 5.17 Power Spectrum Density (PSD) of the measured electric field (a) and that of the
computed electric field (b). Field radiated by the SWO connected to Antennal, at 1.5 m distance.
The applied pressureis 7 bar of SF6. The resonance frequency is 370 MHz.

5.5.3.2. Field radiated by Antenna ll

The dimensions of this antenna are: d.=5 (mm), L,=260 (mm). The diame-
ter of the ground plane is d,;=800 (mm).

The measured electric field at 1.5 m distance and an applied pressure of 7
bars of SF6 is shown in Figure 5.18. As it can be seen, the peak amplitude is al-
most -6 kVV/m. It can also be noticed that the late-time response of the measured
field (beyond about 23 ns) suffers afaster attenuation than the theoretical one.



92 Design, Realization and Experimental Characterization of a Coaxial SWO

Electric field (kV/m)

Electric field (kV/m)

b) Time (ns)
Figure 5.18 Radiated electric field at 1.5 m distance by the SWO connected to Antenna |l. The
applied pressure is 7 bar of SF6. The peak amplitude is -6 kV/m. Notice that beyond 23 ns, the
measured signal attenuates faster than the theoretical wave. The time t=0 corresponds to the clos-
ing of the switch in the SWO.

An estimation of the PSD of the signal, evaluated using the Y ule-Walker method
is presented in Figure 5.19. Two resonance frequencies can be distinguished, the
first one at 240 MHz and the second one at 400 MHz. The two frequencies are
clearly discernible in both, measured and theoretical signals. Note that the first
resonance freguency is close to the resonance frequency of the antenna, while the
second resonance frequency is close to the resonance frequency of the SWO.
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Figure 5.19 Power Spectrum Density estimation of the electric field radiated at 1.5 m distance by
the SWO connected to Antenna I1. Notice a first resonance of the signal at 240 MHz and a sec-
ond resonance near 400 MHz

5.6. TIME-FREQUENCY ANALYSIS OF THE RADIATED
SIGNAL
In this section, the time evolution of the frequency content of the radiated wave
will be analyzed. Instead of classical algorithms such as the Short Fourier Trans-
form (SFT), amore efficient [6] approach based on Wavelets will be applied.
The coefficients of the Continuous Wavelet Transform (CWT) of the radiated
field E(t) can be calculated as[7]:
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CWT (a6 EQ), ¥() = | % E(t)con] (‘I‘(t;b]] it (5.7)

where:
a >0 is the scale parameter,
b isthe trandational value,
W(t) isthe mother wavelet, in this case a fourth-order Gaussian wavelet.
conj( ) isthe conjugate operator

The frequency at which the magnitude of the spectrum of the wavelet maxim-
izesis called f.. The pseudo-frequencies of the wavelet (f,) are then defined as:

fofe (5.8)

where f; is the sampling frequency of the signal E(t)

Using these definitions, we can re-write Equation (5.7) and express CWT in
terms of its pseudo-frequencies:

CWTF ( f,,b;E(t), ¥(t)) = ‘%T E(t)con [\P[‘;a(t - b)Ddt (5.9

Using Equation (5.9), a 2-D time-frequency diagram of the CWTF can be
drawn. The horizontal axisisthe time (t), the vertical axis is the pseudo-frequency
axis (f;). A color-coded scale represents the normalized amplitude of the coeffi-
cients of the CWTF.

Figure 5.20 shows the CWTF applied to the electric field radiated by Antenna
I. Figure 5.21 presents the same analysis applied to the simulated signal. Asit can
be seen, the CWTF graphs show that most of the energy content of the signal isin
the region originally intended, 433 MHz. The result of the CWTF applied to the
signal calculated with the theoretical model coincides to a great extent to the result
of the CWTF applied to the measured signal.
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Figure 5.20 (a) Time domain signal radiated by Antenna |. (b) Normalized Continuous Wavel et
Transform in terms of Frequency. The CWTF shows that most of the energy of the signal is con-
centrated around the second positive peak and has frequency components between 400-500
MHz. The ripples afterwards contain energy in the 350-400 MHz region.
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Figure 5.21 (a) Simulated Time domain signal radiated by Antenna I. (b) Normalized Continuous
Wavelet Transform in terms of Frequency. The computed CWTF agrees quite well with the ex-
perimental results shown in Figure 5.20

Figure 5.22 shows the CWTF applied to the electric field radiated by Antenna
I1. Figure 5.23 presents the same analysis applied to the simulated signal. Asit can
be seen, the CWTF graph shows that most of the energy content of the signal is
concentrated between 250-400 MHz. The result of the CWTF applied to the signal
calculated with the theoretical model agrees to a great extent to the result of the
CWTF applied to the measured signal.
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Figure 5.22 (a) Time domain signal radiated by Antenna Il. (b) Normalized Continuous Wavelet
Transform in terms of Frequency. The CWTF shows that most of the energy of the signal is con-
centrated around the first negative peak and has frequency components between 250 — 400 MHz.
The ripples afterwards contain energy in the 250 MHz region, in agreement with Figure 5.19 (a)
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Figure 5.23 (a) Smulated Time domain signal radiated by Antenna 1. (b) Normalized Continu-
ous Wavelet Transform in terms of Frequency. The computed CWTF agrees well with the exper-
imental results shown in Figure 5.21.

The presented analysis using wavelet transform permitted to characterize the
time evolution of the frequency content of the radiated wave.

The measured and theoretical signals present some differences in their late
time. However, it was shown that the frequency content of the most energetic
parts of the measured and theoretical signals are in good agreement.
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5.7.CONCLUSIONS

We reported in this chapter on the construction and test of a prototype coaxial
quarter-wave switched oscillator.

The SWO integrates electrodes fabricated using the Inverse of Prolate Spheroi-
dal profile presented in Chapters 2 and 3. The erosion produced on the surface of
the electrodes by the discharges showed that a high percentage of the discharges
occur near the axis of symmetry. This validates the design of the electrode, in spite
the fact that a minor percentage of the traces appears off axis.

The breakdown voltage of the SWO was measured and compared with the theo-
retical values. It was concluded that the actual interelectrodic distance is 4.7 mm
instead of the intended 5 mm.

The prototype was used for testing the validity of the model for the analysis of
SWOs connected to frequency dependent antennas, proposed in Chapter 4. In par-
ticular, monopole antennas were connected to the SWO and the radiated field was
measured and compared with theoretical calculations.

It was shown that the theoretical model was able to reproduce with an accepta-
ble accuracy the behavior of the SWO connected to a frequency dependent load.

A continuous wavelet transform analysis was carried out on the measured and
simulated signals, showing that the frequency content of the most energetic parts
of the measured and simulated signals are in agreement.

The methodology permitted to show that, in the case of a monopole antenna,
the resonance frequency of the radiated field is different from the intended reso-
nance frequency, despite the fact that both the SWO and the monopole antenna
were resonant at the same intended frequency.

Even though only monopole antennas were considered in this study, it is worth
noting that the realized prototype can be used in conjunction with other types of
antennas, such as directive antennas. Preliminary work for connecting a Half Im-
pulse Radiating Antennato the SWO has already been carried out by the author.

Finally, the base design of the prototype can easily be modified, in order to
reach higher breakdown voltages. The resulting prototype can be used for produc-
ing high power, resonant, illuminating fieldsin IEMI testing.
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100 Conclusions

The research work presented in this thesis was devoted to the design and analy-
sis of coaxia quarter-wave Switched Oscillators (SWO). This chapter highlights
the main original contributions and conclusions of this work.

6.1 ELECTROSTATIC DESIGN OF SWOs

The main requirements for the electrostatic design of a Switched Oscillator
(SWO) were presented. A new profile for the electrodes of the SWO was pro-
posed. The profile is based on a curvilinear coordinate system called Inverse Pro-
late Spheroidal (IPS) coordinate system. Design equations were derived for pro-
ducing the electrodes, starting from the basic geometric requirements of spark gap
distance and radii of the coaxial transmission line. It was shown that the proposed
IPS profile results in an optimal distribution of the electric field, with a peak am-
plitude occurring on the axis of symmetry of the SWO, and a smooth, monotonic
decrease as one moves away from the discharge point towards the coaxia trans-
mission line. The Laplace equation was solved on this curvilinear space and ana-
Iytical expressions for the electrostatic field and potential were obtained.

Electrostatic numerical simulations were performed for an illustrative example.
The resulting distributions of the electric field and potential were presented and
discussed. It was shown that the derived analytical expressions are in excellent
agreement with finite-element numerical simulations, especialy for SWOs having
alow impedance coaxial line.

6.2 ELECTRODYNAMIC DESIGN OF SWOs

Analytical expressions for the electric and magnetic fields within the radial
transmission line formed by the IPS electrodes were derived. A one-dimensional
approximation for the potential and the fields was proposed. This approximation
was shown to be accurate for typical SWOs for which the characteristic imped-
ance of the coaxia lineis very low (lower than 5 Ohms or o).

It was analytically demonstrated that the radial transmission line (RTL) of an
SWO can be treated as a non-uniform transmission line. For the first time, an ana-
Iytical expression for the characteristic impedance of the RTL of SWOs was de-
rived.

An original approach based on the chain matrix parameters was developed for
the analysis and modeling of an SWO connected to a frequency dependent anten-
na. The developed methodology permits the estimation of the electric field radiat-
ed by an SWO connected to an antenna of arbitrary behavior in the frequency do-
main.

The presented approach permitted to explain why in the case of a monopole an-
tenna, the resonance frequency of the produced wave is different from the intend-
ed resonance frequency, in spite the fact that both the SWO and the monopole an-
tenna were resonant at the same frequency.



Conclusions 101

The influence of the losses of the spark gap on the radiated signal was studied
and discussed. It was shown that small changes in the resistance of the spark gap
can reduce the amplitude of the radiated signal as well as the number of cycles.

The general principles for developing a time domain model for the SWO were
also presented and devel oped.

6.3 APPLICATION OF THE PROPOSED DESIGN METHODOLOGY

The developed models were used to design a prototype of a 433 MHz coaxial,
quarter-wave SWO. The SWO integrates electrodes fabricated using the proposed
IPS (Inverse of Prolate Spheroidal) profile. The erosion produced on the surface of
the electrodes by the discharges showed that the majority of the discharges occur
near the axis of symmetry, validating the electrostatic considerations developed in
this work.

The prototype was used for testing the validity of the electrodynamic model for
the analysis of SWOs connected to frequency dependent antennas. Different mon-
opole antennas were connected to the SWO and the radiated fields were measured
and compared with theoretical calculations.

It was shown that the theoretical model was able to reproduce, with an accepta-
ble accuracy, the behavior of the SWO connected to a frequency dependent anten-
na

It is worth noting that the designed SWO can be connected in a straightforward
way to more directive antennas. Preliminary work for connecting a Half Impulse
Radiating Antenna (HIRA) to the SWO has already been performed by the author.

The base design of the prototype can easily be modified, in order to reach high-
er breakdown voltages.

The prototype realized in the framework of this research study and the resulting
modified prototype will be used for producing illuminating fields for IEMI testing
and assessments. Furthermore, they are also applied to research activities related
to humanitarian demining and clearance operations in Colombia, carried out with-
in the framework of an international collaboration involving the EMC laboratory
of EPFL and the EMC group of the National University of Colombia and co-
funded by the EPFL Centre Cooperation & Development (CODEV) ant the Swiss
Agency for Development and Cooperation (SDC).
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APPENDIX 1
A TIME DOMAIN MODEL OF THE SWO

The dynamic behavior of the spark gap discharge and its effects on the SWO
cannot be fully characterized by the linear model presented in Chapter 4. We pre-
sent in this Appendix the basis of atime domain model for the analysis of SWOs.

In[1] Santamaria et. a. presented a model for the calculation of the SWO using
atime domain simulation in Alternative Transients Program (ATP). However the
code works only for constant impedance antennas. The model we present on this
section includes frequency dependent antennas.

The starting point of the proposed approach is the two-port network mode! dis-
cussed in Chapter 4 and presented in Figure 1.

R [1(f) —»
e +A(f) B(f)

VC\ Ig(f)‘? -G. Vl(f)_ C(f) D(f)

SWO ABCD equivalent
Figure 1 Two-port representation of the SWO

2(f) >

Z>(f) | | Va(f)

|

In this figure, V is the charging voltage, R is the high impedance charging re-
sistor, SG isthe spark gap, and Z, (f) is the input impedance of the antenna.

Notice that in this model we placed the charging voltage (V) on the left side of
the two port network. This topology, even though not corresponding to the real
situation in the SWO, can be considered as equivalent from a modeling point of
view.

We can calculate the input impedance of the two-port network seen by the SG,
namely the impedance seen at the input of the ABCD two-port network.

By definition:
Vi(F)] [ACF) B(F)][Va(f)
L(F) | [ C(f) D(f)][1,(f)

From which the input impedance can be calculated as:

N

A+

= (2

C+

Nlm

Z,(f)=

Vi
I,

Njo
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The equivalent circuit of Figure 1 can therefore be reduced to the one shown in
Figure 2.

[ R I1
—> —>
Ig

MWV

O +
vo S.G.CP 21[] Va(f)
Il

Figure 2 Equivalent circuit seen by the spark gap

Notice that V and R are assumed to be constant in time and independent of fre-
quency.

This circuit can be transformed into a time domain equivalent circuit where the
spark gap is represented by atime-varying resistor (see Figure 3).

i . ix(t)
= A

*ig(t) +
Vo Rsa(t) zi()| | va(t)

Figure 4 Time domain equivalent of the circuit at the spark gap

In this figure, z(t) is the inverse Fourier transform of the impedance Z,(f) and
Rss(t) isthe time varying impedance of the spark gap.

Several equivalent models for the behavior of the spark gap exists [2]. As an
example we will the Toepler model [3], according to which the impedance of the

spark gap is:
K ig ()

Ro®=1 [t
Ryor if Vg <V,

it Vg 2V,

©)

where Vy, is a threshold voltage, k is a constant and Ryt is the open circuit re-
sistance of the spark gap, typicaly in the order of several Giga-Ohms.

With these elements, the following equations can be established for the circuit
of Figure 2:

V=R +i0)* () @
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This can be transformed into:

V =R (1) +Ri,(t) +i,(t) * z,(t) (5)

where * denotes the convolution operator
The second equation issimply:

W) =ix(0)* () = v, (1) (6)
If vi(t) < Vy,, Equation (6) can be written as:

(")

If vi(t) > Vy,, Equation (6) can be written as:

LD 2(0) =k, ) 8
jolg(t)dt

Equations (5) and (7)-(8) can be solved for i(t), from which vy(t) can be ob-
tained and the output of the two-port network can be obtained either convolving
vy(t) with the time-domain transfer function of the SWO or by Fourier transform-
ing v4(t) into frequency domain and multiplying it by the frequency domain trans-
fer function of the SWO.

The equations can be discretized and solved as follows:

The discrete convol ution operator is defined as:

X(t)* yt) = AtIZX(tk)y(ti—k) (9)
Theintegral appearing in Equation (8) can be discretized as:

[li,(at = Atzi:ig(tk) (10)

0

The system is calculated at discrete timest;=0, At, 2At, ..., iAt.

During times t; ,i=2n, where n is a positive integer, iq(t;) is considered to be
constant and i(t;) is calculated,

During times t; i=2n+1, where n is a positive integer, i4(t;) is considered to be
constant and ig(t;) is calculated, as follows:

At timesti,, where n is a positive integer, we can calculate i (t;) assuming that
Ig(t)= Tg(ti-0):
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V=R (6)+ R (1) + A (6) 2t )

(11)

This equation can be solved using the time marching approach proposed by

Teschein [4]
V =Ri (t)+Ri(t)+ Atiil(tk)zl(t‘,k) +A ()7 (t)
and i(t;) can be calculated as:

V=R, (1) - A (4) 2 (4
Atzl(t:;:— R

il(ti ) =

At times ti—y(n+1), Where n is a positive integer, it can be assumed that
i1(t)= i1(ti.1), and ig(t) can be calculated:

If vg(t) < Vi

MY ()2 (1)
()= —F
Rgoff

I vglt) > Vi,

(1) =30 0) 30 DAY (1)
Equation (15) can be solved using:

L) =K )2 ) 35, 0)+10)|

k=0

ig (tl ) = kOAthOil(tk ) Zl(tlfk)Atgig (tk ) + ig (tl ) kOAtg)il (tk ) Zl(t\fk)

i-1

) A (1)2(0,02 (1)

k=0

ig (%) ;
1- koAth::,)il(tk )z(t)

The procedure can be repeated iteratively.

(12)

(13)

(14

(15

(16)

(17)

(18)
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SINGULARITIES INTRODUCED BY CAPACITIVE LOADS

If the load of the SWO, Z,(f), is an open circuit at f=0 (for example if the an-
tennais a dipole or a monopole), the impedance Z;(f) will also be singular at f=0.
Thiswill be proven in what follows.

Thetotal ABCD parameters of the SWO (including only the RTL and the coax-
ial line) are calculated as the chain product of the ABCD parameters of multiple
ABCD matrices:

{fm(f) Bm(f)}:[ u [/x(f) Bn(f)DX[Amax(f) Ba,ax(f)} (19)
Croa () Drga(f)] nal Co(f) Du(f)]) [ Coaa(f) Dsu(F)
where A(f), By(f), Cy(f), and D,(f) are the ABCD parameters of the nth segment of
the RTL and Acoax(f), Beoax (), Ceoax (), Deoax (f) are the ABCD parameters of the
coaxial line.

By definition, the ABCD parameters of alossless transmission line of length L

and characteristic impedance Z, are;

cosh(jBAL)  Z,sinh(jSAL)
[A(f) B(f)}: sinh(jAL) . (20)
C(f) D(f)] |=—— cosh(ipaL)
At frequency f=0:
A0 B(O)] [1 0 21)
C(0) D) |0 1

And Equation (19) becomes:

[Am 0 By (0)} _[1 0} (22)

CTolaJ (0) DTo!aJ (0) - 01

From Equation (2) and knowing that Ifi ng Z,(f)=c0,wehave

B(f)

imz. (1) =1 Z,(1) _ i A _ (23)
lImz,(f)=lim—2 = =lim——~=co

f-0 vHOC(f)+ D(f) f-0C(f)

Z,()

AT+

This singularity forbids the direct computation of the inverse Fourier transform
of Z,(f). Thisdiscontinuity can be avoided using the following approach:
If the singularity is of the type 1/f, we can express the input impedance as.
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-1 24
Z(f) jzﬁfZM(f) (24)
leading to:
1
- e 25
z(t)=F"[Z(f)]=F {12 me(f)} (25)

where F~1[ ] istheinverse Fourier transform operator
2) = [[F[Z,0(F)]dt = [z, (et (26)
Therefore, Equation (5) becomes:
V =Ri(0)+ Riy(O) +i,()* [ 240t (27)
which can be transformed into:
V =Ri,(0) + R, 0+ [[i,)* 2,0dt (28)

Taking the first derivative at both sides:

Vi) = R% + R% +iy(t)* Z,A() (29)
Equation (6) becomes:
vi(t) =V, (t) (30)
If vg(t) < Vi, we have
[ (1,0)* 2Ot =i, OR o (31)
If vg(t) > Vi
JL(6©* 2 ©)dt = k2. (32)

[lig et

Equations (29), (30) can be solved iteratively, using the procedure presented in
the previous section.
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Using the discrete time definition for the convolution, Equation (29) becomes:

Vo) =R

(il(ti) _il(ti—l)) 4 R(ig(ti) _ig(tifl))
At At

The convolution sum can be split to give

(il(tn) - i1(t|-1)) + R(ig(t‘)—ig(t‘,l))
At

V(L) =R
(t) A

Therefore, for times t;=,, the current i4(t) can be calculated as:

V() + ruos) Atiil(tk)zm(tifk) -R
iy(t) = At = Al

+At§iji1(tk)21A(t.fk)

FACST )2t )+ AL (1) 2,0

(ig(t) —ig(t 1))

R
E +Atz, (to)

For i=2n.
il(t|) = il(tl—l)
Fori=2n+1

The current ig(t) can be calculated using:
If vg(t) < Vin

Atzzi:il(tk)zm(ti-k)

ig(t) =—"=° +ig(ty)
Ryor

If vg(t) > Vin

J“(il(t)* Z1A(t))dt =k tig(ti)
' [, @t

K i?(ti) :AtZI:AtZJ:il(tk)ZlA(tj,k)

ALY ig(t) ke
n=h

ig(ti) :AtZi:Ath:il(tk)ziA(t]*k)

k i-1
ALY i (1) + At (t) =0 k=0
n=h

(33)

(34)

(35)

(36)

(37)

(38)

(39)

(40)
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AF'Z[Xil(tk>zlA(tj_k)]§ig(tn>

. _ =0\ k=0
Ig(ti)_ j

K= AEY i (6) 2, )

i=0k=0

(41)

Equations (35) and (41) can be solved for iy(t), from which vy(t) can be ob-
tained. The output of the two-port network can be obtained either by convolving
v, (t) with the time-domain transfer function of the SWO or by Fourier transform-
ing v4(t) into the frequency domain
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