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1. Introduction

A p-convolution operator T on a locally compact group G is a continuous linear operator of L¥ (G)
such that T commutes with left translations. The set of all p-convolution operators is denoted CV,(G).
If G is abelian, CV,(G) is isomorphic to Lw(a) ; moreover, CV,(G) € CV2(G). We show, using the
Figa-Talamanca Herz algebra A,(G), that the relation CV,(G) ¢ CV3(G) also holds for amenable G
(Theorem 17). A more general statement is obtained for non-amenable groups (Theorem 18).

Every bounded function on a LCA can be recovered from his spectrum (Corollary 4). To every
T € CV,(G), we associate a closed subset of G called the support of T. Then, using once again the
algebra A, (G), we show that T can be recovered from the support of T if G is amenable (Theorem 13).
We obtain therefore a kind of harmonic analysis of p-convolutions operators strongly similar to the
harmonic analysis of bounded functions on LCA.

2. Convolution Operators. The Fourier Transform of a Convolution Operator

In the following, G is a locally compact group. For ¢ : G — C, we put

P(x) = p(x7),
fora,b € G we also put
ap(x) = p(ax) and @y(x) = p(xb).

We choose a left invariant Haar measure mg on G. We recall that 1 is a positive Radon measure,
with mg #0,
mg(ap) = mc(p) = mg(pa)Bdg(a) = me(PAc)

for every ¢ € Cyo(G) and for every a € G. We set

ma(p) = fG P(x)dx.

Definition 1. Let G be a locally compact group and 1 < p < co. A bounded linear operator T of LP(G)
(T € L(LP(G)) such that T(,p) = T () for every ¢ € Coo(G) and for every a € G, is said to be a “p
-convolution operator of the group G”. The set of all p-convolution operators of G is denoted CV,(G).
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Let i be a bounded Radon measure on G (i € M!(G)). We put

A (e = o+ (ad" 1)

for every ¢ € Cgo(G), more explicitly

(o)) = [ otmac()Pduty)
for every x € G. Recall that 1/p + 1/p’ = 1 and that
fi(p) = (@)
for every ¢ € Coo(G). We have )\’é(y) € CVy(G) and
L, < lul,

where |T], denotes the norm of every T € L(LF(G)). Observe that

/\é(éa)(!) = (PaAG(a)l/p'
We also have
AL (6% 0p) = AL (8ap),

the map a — /\’é(éa) is a faithful representation of G into L¥(G). This representation is called the

right-regular representation of G, and is denoted /\é.
We have
AL (MN(Z)) # CVy(Z).

Consider indeed f : Z — R defined by f(n) = 1/n for n € Z\ {0} and with f(0) = 0. Then, the
map ¢ - f * ¢ belongs to CV,(Z) (see Titchmarsh [1] Theorem A page 321) but f ¢ M*(Z).
If a locally compact group G contains an infinite abelian subgroup, then

AZL(MY(G)) # CV,(G).

Let G be the Pontrjagin dual of a locally compact abelian group G. For y € M'(G), we put
) = [ Xt

For f € £L1(G), we set f: f/n?G ; more explicitly, for every x € G, we have
flo = [ s

There is a unique Haar measure on G, denoted mg, such that, for every f € L1(G) N C(G) with
fe Coo(a), we have

) = [_Fonedmg(n
for every x € G.

The map f — [ﬂ is a linear isometry of L!(G) N L?(G) into LZ(E) (= Lz(a,ma)). We denote by
F his continuous extension to L?(G). We recall (Plancherel theorem) that F is a Banach isometry of
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L2(G) onto L2(G). Precisely, for f : G — C, [f] denotes the set of all g : G — C with g(x) = f(x) almost
everywhere.

Observe that for G, an arbitrary locally compact group, CV,(G) with the composition of operators,
as a product, is a unital Banach algebra:

|ABI, < |Al, IBl,,
the identity operator I is the unit. Moreover, T — T* is an involution of CV,(G), we have |T*|, = |Tl,.

Theorem 1. Let G be a locally compact abelian group. We put for ¢ € L*(G)

Ag(9)(f) =F oF (f))

for every f € L*(G). Then, Ag is an involutive Banach algebra isometry of L (G) onto CV3(G).

The main difficulty is to verify that the above map is surjective. This is a consequence of
the following statement (spectral theorem): let Q) be a bounded linear map of L?(G) such that
Q(rf) = rQ(f) for every r € Cpo(G) and for every f € L?>(G), then there is ¢ € L*(G) such that
Q(f) = ¢f for every f € L2(G). For details, see [2] page 13.

Corollary 1. Let G be a locally compact abelian group. Then, CV,(G) is a commutative Banach algebra.

The following result is straightforward.
Let G be a general locally compact group (not necessarily commutative), 1 < p < oo and
T € L(LP(G)). Then, T € CV,(G) if and only if

T(f+p)=f=Te

for every f € L1(G) and for every ¢ € LP(G).
We are going to show that. for G, an abelian locally compact group, we have

CV,(G) c CV1(G)
(for every 1 < p < o0) and the corresponding inequality for the norms
ITh <171, .

Theorem 2. Let G be a locally compact abelian group, 1 < p < co and T € CV,(G). For every ¢ €
LP(G) N L2(G), we have T € L*(G) and

Tl < IT1, lipll
Proof. (1) For every ¢ € L'(G) NLP(G) NL¥ (G), we have To € L' (G) and

ITlly < 1Tl ll@llp -

Letting s € T, we verify that

fG s(x)w(x)dx| < llplly 1T, Ny (1)

for every ¢ € Coo(G).
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We have
[ st = s te) = (o= 1)

However, using strongly the commutativity of G, we get
To[y]"= [9]"+Tp = T([9] "+ ¢) = T(e* [¥]) = o T([]):

Therefore,
fG ()P (x)dx = (= T[] ")) o)

We choose now r € ¢ and t € T([¢] ) and obtain

(p=T([8]"))(e) = fc () () = f (),

G

which implies

< Ny (AN (£) = Il ITTY] "llp < liglly IT1, Ny ().

[ stopx

(2) It suffices to show that, for ¢ € { [7] ‘r € L1(G),r step function}, we have Te € L?(G) and

Tl < IT1, ligllz
Suppose p < 2. Put
_1/2-1/p
1/p-1/p
We have 1 1 1
S=(1-t)=+t-.
According to (1)

ITolly < 1Tl 1l
By Riesz-Thorin, we get To € L?(G) and

1—t+t
ITel < |To] ~ ligll2 -
For p > 2, we proceed similarly. O

Remark 1. Even though we use in a very strong way the commutativity of G, this theorem extends to arbitrary
locally compact amenable groups. This is shown in Section 5. We recall that a locally compact group G
is said to be amenable if there is a linear functional M on the vector space C*(G) of all continuous bounded
complex valued functions on G such that M(¢) > 0if ¢ >0, M(1g) = 1 and M(,¢) = M(¢) for every
a € G (see [3] Chapter 8 § 5).

Definition 2. The unique bounded operator S of L2(G) with Sp = Te for every ¢ € L?(G) NLP(G) is denoted
ay(T).

Theorem 3. Let G be a locally compact abelian group and 1 < p < co. Then, a, is a contractive monomorphism
of the Banach algebra CV,(G) into the Banach algebra CV(G). For every u € M(G), we have ay(u) = .

Definition 3. For every T € CV,(G), we put T = Aél (ap(T)), T is called the “Fourier Transform of T”.
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The Banach algebra CV),(R") is directly related to the L’-Theory of Fourier series of n variables.
Form = (mjy, ..., my,) € Z", we put

Xm (eiell — eiGn ) — eim1 01+...4+mu 0y )
Let K be a compact neighborhood of 0 in R". For f € L}(T") and A > 0, we put

SS\K)f: Z J?(m))(m
meZ"NAK

For f € LI(T) sl(\g_l’l]) f is the Fourier sum of order N.

Theorem 4. Let K be a compact convex neighborhood of 0 in R" and 1 < p < oo. The following statements
are equivalent.

(1) Ahg;ouf—s;“fnp = 0 for every f € LP(T").
(2)  Thereisa unique T € CV,(R") with T = [1k].

1,1

According to Marcel Riesz [4] Alim IIf - s(A ])f||p = 0forevery f € [’(T) and every 1 < p < co.

Consequently, for every interval I of R, there is T € CV,(T) with T = 1;. It is not difficult to deduce
from this that, for n > 1, for every convex polyhedral set C of R" and for every 1 < p < oo, there is
T € CV,(R") with T = [1].

Let D be the unit ball of R” for n > 1. According to Laurent Schwartz [5] and Charles Fefferman [6]
forevery 1 < p < co, withp # 2, thereisno T € CV,,(R") with T= [1p]. In [5] Schwartz proved that for

1<p< 21

n+1andforn_711<p<oo

there no T € CV,(R") with T = [1p].
For a detailed exposition of Fefferman’s result, see [7] Chap. 10, Section 10.1, pages 734-744.

3. The Figa-Talamanca Herz algebra A, (G), the dual of A,(G)

Definition 4. Let G be a locally compact group and 1 < p < co. We denote by A, (G) the set of all pairs
((kn), (1,)) where (k) is a sequence of LP(G) and (1) is a sequence of LV (G) with

Y Ny (k) Ny (1) < 0

n=1

Definition 5. We denote by A,(G) the set

{u 1G> C|there s ((kn), (In)) € Ay (G) with

u(x) = i (E*l;)(x) for every x € G}.

n=1

For u € Ap(G), we put

Y No (k) Ny (1) | (k). (1)) € 74,(G)

n=1

el Gy = inf{
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such that u = ZE*Z}}
=

=1
Theorem 5. Let G be a locally compact group and 1 < p < oo. Then:

(1) Ap(G) is a linear subspace of Co(G),
2) () is a norm on Ap(G), with respect to this norm Ay(G) is a Banach space. For every u € Ay(G),
we have

lulloo < llllg -
(3)  Ap(G)NCoo(G) is dense in Ay(G).

Definition 6. Let G be a abelian locally compact group. For every f € L! (E), we put

@500 = [ Fontoix
for every x € G.

Theorem 6. Let G be an abelian locally compact group. Then, A»(G) is a involutive Banach algebra for the
complex conjugation and the pointwise product. The map ® is an involutive isometric isomorphism of the

Banach algebra L! (E) onto A (G). For every u € Ay(G), there is k,1 € L2(G) with u = kI and
llulla, () = Na(k)Na (D).

Remark 2. The functions k, I are not unique. They are obtained in a canonical way, using the map ¥ of page 2
(see [2] page 40).

We present now a generalization of the first part of Theorem 6, to every 1 < p < oo and to every
locally compact group.

Theorem 7. Let G be a locally compact group and 1 < p < oo. For the pointwise product and the complex
conjugation, Ay(G) is an involutive Banach algebra.

Proof. Consider k,1,1,s € Coo(G). For every h € G put f(h) = kry, g(h) = Is;, and j(h) = f(h) = g(h)".
We have j € Coo(G; Ap(G)),

[ itman e 4,6

fG j(h)dn

L”j(h)”Ap(G)dhsLNP(krh)Np’(lsh)dh

and

< f (), 6y
) G

Ap(G

But

1/p

1/p’
s( fG N,,(krh)Pdh] [ j; Np/(lsh)’”'dh] :

1/p
[ fc Np(krh)pdh] = N, ()N, (r)

We have moreover
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and

1/p
[f NP’ (lSh)p,dh) = NP' (Z)Np/ (S)
G
and consequently

< Np(k)Np(r)Np (I)Ny (s).

f ()
C A,(G)

Let x € G. We know that 6, € A,(G)’, thus

a,{ [ j<h>dh]= [ sman

But for every I € G we have

j(h) :j(;k(xt)r(xth)l(t)s(th)dt

and therefore

v,

fG () (x)di = (k= D) () (F*8) ().

O

Remark 3. This result is due to Carl Herz. For details, generalizations and references, see ([2] pages 41-44).
This proof is based on the use of Bochner integral.

Definition 7. Let G be a locally compact group and 1 < p < oco. The involutive Banach algebra Ay(G)
(see Definitions 4 and 5; see also Theorems 5 and 7) is called the Figa—Talamanca Herz algebra of G.

We show that the dual of A;(G) is CV,(G) for a large class of locally compact groups G including
the amenable groups.

Definition 8. Let G be a locally compact group and 1 < p < co. The topology on L(LP(G)) associated to the
family of seminorms

with ((kn), (In)) € Ay(G) is called the “ultraweak topology”.
Remark 4. This topology is locally convex and Hausdorff.

Definition 9. Let G be a locally compact group and 1 < p < oo. The closure of )\E(Ml(G)) in
L(LP(G)), with respect to the ultraweak topology, is denoted PMy(G). Every element of PM,(G) is called
a “p-pseudomeasure”.

Remark 5. 1. PM,(G) € CV,(G) for every locally compact group G and for every 1 < p < oo.

2. PM;(G) = CV,(G) for every locally compact group G. This is a consequence of a deep result of Jacques
Dixmier (1952) [8]. We present a self-contained proof of this result for unimodular groups in [2] (Section 2.3
Theorem 5 page 32).

3. PMy(G) = CV,(G) for every amenable locally compact group G and for every 1 < p < co.

4. PMy(G) = CV,(G) for every 1 < p < oo, for a large class of nonamenable locally compact groups
including SO(1,n), SU(1,n) and S,(1,n) (Michael Cowling, (1998)).

5. It is unknown whether PM,(G) = CV(G) for every 1 < p < oo and for every locally compact group G.
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Lemma 1. Let G be a locally compact group, 1 < p < oo, T € PMy(G), ((kn), (1n)), ((ky,), (I,)) € A(G) with

n=1 n=1
Then,
Z <T[Tpkn]r [Tp’ln]>Lp(G) Lp’ (G) = 2 <T[Tpkn]' [Tp’ln]>Lp(G) Lp' (G),
n=1 n=1

where Typ(x) = p(x 1) Ag(x"H1/P.
This Lemma permits writing the following definition.

Definition 10. Let G be a locally compact group and 1 < p < co. For every T € PMy(G), we put

FL(T) () = Y (TTrpkal, [1p1a]),
n=1

for every u € Ay(G) and for every ((kn), (In)) € Ap(G) with

u:ia*l;.
n=1

We are now able to give a description of the dual of A,(G).

Theorem 8. (Eymard, Figa—Talamanca, Herz) Let G be a locally compact group and 1 < p < oo. Then:
1. ‘I”Z; is a conjugate linear isometry of PM,(G) onto Ap(G)’.

2. T;(Aé(ﬁ)) = i for every y € M' (G), where §(x) = p(x~1) and [i(p) = p(@).
3. Y is an homeomorphism of PM,(G), with the ultraweak topology, onto Ay (G)’, with the weak topology
G(AP(G)IIAP(G))-

See [2] Section 4.1 Theorem 6 pages 49-51.
We now define a pairing between A,(G) and PM,(G).

Definition 11. Let G be a locally compact group and 1 < p < co. For every T € PM,(G) and and for every
u € Ap(G), we put

o0

<”’ T>Ap(c),PMp(G) - Z <T[T7”k”]’ [TP'Z”D

n=1

for every ((kn), (In)) € Ayp(G) such that
u= Z kp#ly.
n=1

Remark 6. The map (u,T) +— <u, T> is a sesquilinear form on Ay (G) X PM,(G).

Ap(G),PM,(G)

Corollary 2. Let G be a locally compact abelian group. Then:

1. CV3(G) = PM;(G) see [2] Section 4.2 Theorem 1 page 52. This is obtained without using [8].

2. Forp =2, the pairing (u, T A is the concrete pairing < £ q,‘)>L1 @)L= The precise relation

2(G),PM2(G) ).L=(G)

between these pairings is

<”’ T>A2(G),PM2(G) - < él(u)’ﬂﬂ(@),m(a)
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for every u € Ay (G) and for every T € CV,(G).
3. Wealso get the following important complement to Theorem 1: the map Az is an homeomorphism of
L°°(§), with the topology o(L*™, L"), onto CV2(G) with the ultraweak topology.
4. Foreveryu € .E‘X’( ) there is a net (uy) of trigonometric polynomials such that im u, = u with respect
a

to the o(L®(G), L LG topology and such that |[ualle < |lulleo for every a.

5. Foreveryue L""( '), there is a net ( fo) of integrable functions on G such that limg fa = u with respect
to the U(L‘X’(G),Ll( )) topology and such that || falleo < |lt|leo for every a.

6. We finally obtain a complement to Theorem 3. For every 1 < p < oo, we have Ay(G) C Ap(G) and
||u||Ap < |lulla, for every u € A2(G). Moreover, for every T € CV,(G), we also have

(”’ T>AP,PM,, - <”’ a,,(T)>A2,PM2.

We give some hints for the proof of 6. (see [2] Section 4.2 Theorem 7 page 55).

Proof. Let u be an element of A»(G). According to Theorem 6, there is k, I € £2(G) with ||u| A2(G) =
N3 (k)N (1). For every F € Ay(G)’, we put

o®) = (o T ENF), e

Using the bounded weak topology (N. Dunford and J. T. Schwartz, Linear Operators. Part I,
page 428), we obtain the existence of v € A,(G) with w(F) = F(v) for every F € A,(G)’. This implies
v = u and therefore u € A,(G) with llulla, < llulla,- O

Proposition 1. Let G be a locally compact group, 1 < p < oo, u € Ay(G), a € G, U a neighborhood of a, a > 1
and € > 0. Then, there is v € Ap(G) N Coo(G) and V neighborhood of a such that:

0 <v(x) <1 forevery x € G.
v(x)=1onV.

Iolla, <.

suppo C U.

[|luv — u(a)UIIAp <e.

ARSI .

Remark 7. We refer to [2] Section 4.3 Proposition 3 page 58. For G abelian and p = 2 the classical proof uses
in a very strong way the amenability of G ([3] Chapter 5, Section 2. 3. (ii) page 114). Consequently, from point
of view of the Figa—Talamanca Herz algebra A,(G), every locally compact group is amenable! We are more
explicit below.

A consequence of this is the fact that holomorphic functions operate on A, (G).
Theorem 9. Let G be a locally compact group, 1 < p < oo, u € Ay(G), Ka compact subset of G,and F : U — C,
an holomorphic function on an open neighborhood U of u(K) in C. Then, thereis v € A, (G) with F(u(x)) = v(x)
for every x € K.

We need the following corollary.

Corollary 3. Let G be a locally compact group, 1 < p < oo, u € Ay(G) and K a compact subset of G. Suppose

that u(x) # 0 for every x € K. Then, there is v € A,(G) such that v(x) = ﬁfor every x € K.
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4. The Spectrum of a Bounded Function, the Support of a Convolution Operator
Definition 12. Let G be a locally compact abelian group. We denote by &g the canonical map of G into G.

Definition 13. Let G be a locally compact abelian group and u € L™ (6) We call “spectrum of u”the set of all
x € G such that ec(x) belongs to the closure of

n
26t

=

neN, c,...,cn €C, x1,..,Xn € 6}

in L (G) with respect to the topology o(L*, ). This set is denoted spu.

Using the bipolar theorem, it is not difficult to obtain the following two characterizations of the
spectrum of u.

Proposition 2. Let G be a locally compact abelian group, u € L*(G ) and x € G. Then, the following properties
are equivalent:

1. xe€espu.
2. Forevery f € LY(G) with f+u = Owehavef eg(x)) =0.
3. For every open neighborhood W of x there is h € L' (G) with supp(hoec) c Wand <h u>L1 (o F 0.

We intend to recover (“spectral synthesis problem”) every u € L* (E) from spu. The subject of
harmonic analysis of bounded functions is not very old, see A. Zygmund [9] vol. II page 335, Notes
of Chap. XVL For R, the above definition (property 2. of the Proposition 2) of the spectrum is from
1953 [10] .

In fact, we want to do much more.

Definition 14. Let G be an arbitrary locally compact group, 1 < p < co and T € CV(G). We call “support
of the convolution operator T”, the set of all x € G such that, for every neighborhood U of e and for every
neighborhood V of x, there is ¢, € Coo(G) with suppep c U suppyp C V and <T[(p], [IM> # 0. The support of
T is denoted suppT.

We try to recover every T € CV,(G) from suppT.

This set is closed. For yu € M!(G), we easily have supp /\]é(y),\: (suppu)~!. Using Condition 3
above, it is not difficult to verify that for G abelian (suppT)™! = spT for every T € CV,(G). Using the
duality of A, (G) with PM,(G) (Section 3, Theorem 8), we at first obtain a generalization of Property 3.

Theorem 10. Let G be an arbitrary locally compact group, 1 < p < oo, T € PMy(G) and x € G. Then,
x € suppT if and only if for every open neighborhood V of x there is u € Ay(G) with suppu C V and
<u,T >Ap,PMp¢ 0.

Proof. Suppose that for every open neighborhood Z of x there is u € Ay(G) with suppu C Z and
<u, T >y, pm,# 0. We prove that x € suppT. Let U, V open subsets of G withe € Uand x € V. Let W

an open neighborhood of x relatively compact with W ¢ V. Choose u € Ap(G) with suppu ¢ W,
| <u,T>|

. There is N € N such that
21T,

<u, T>#0and ((ky), (In)) € Ay(G) with u = Zk «[,. Put e

n=1

Z Ny (kn)Np (In) < £ There is also @ € Cpo(G) withp >0, f @(x)dx =1, suppep c U~! and
n=N+1 G
€

2-2"(14 Ny (ly))

Np(p*ky —ky) <
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for every 1 <n < N. Then, ((¢ *kn), (I1)) € Ay(G) and

o0

=" (@ *kn) *lalla, <.

n=1

[5)

From ¢ *u = Z (prky) * 1L, we get < @+u, T ># 0; consequently, <T[Tp(p], [Tprft]> # 0 with
n=1
supp 1p¢p C Uand supp it C V. O

It is also possible to generalize Property 2. To achieve this goal, we have to introduce on CV,(G) a
structure of left normed Ay, (G)-module: (u,T) + uT. We give some hints on the definition of uT.
Fork € £P(G),1 € LV (G) and T € CV,(G) there is a unique bounded operator of L”(G), denoted

v,

(k+I)T, such that

v,

gl 9] >= fc (Tles ()], L2 (D)t

~

< (E*

v,

for every @, 1 € Coo(G). We have (k+I)T € CV,(G). Then, for u € Ay(G), we put uT = Z (ky * I,) T for

n=1
[Se]

every ((ky), (In)) € Ay(G) such that u = Z(E* I). See [2] Chapter 5 for a detailed exposition.

n=1

If G is abelian for u € A>(G) and T € CV,(G), we have
ul = o2 (1) «T.

Consequently, uTisa smoothing of T. We can also consider uT as a non commutative smoothing
of T: for T € CV,(G) and u € A,(G) we always have uT € PM,(G) ([2] Section 5.2 Theorem 7 page 73).
Moreover, for every u,v € Ay(G) and T € PM,(G), we have < u,vT >=< uv, T >.

Using the Corollary 3 of Section 3 and this structure of left normed A, (G)-module on CV,(G), we
get the following statement ( [2] Section 6.2 Theorem 2 page 89).

Theorem 11. Let G be an arbitrary locally compact group, 1 < p < 0o, T € CV,(G) and u € Ay(G). Then, we
have {x € G|x € suppT, u(x) # 0} C suppuT C suppT N suppu.

Then, the following extension of Property 2. to all locally compact groups is verified.

Theorem 12. Let G be an arbitrary locally compact group, 1 < p < oo, T € CVy(G) and x € G. Then,
x € supp T if and only if for every u € Ay(G) with uT = 0, we have u(x) = 0.

We can now make Remark 7 of Section 3 more precise: there is always m € PM,(G)’ such that
m(uT) = u(e)T for every u € Ay(G) and every T € PM,(G). For L (G) of a locally compact amenable
group G, see [3] Ch. 8 §5.4. page 179.

Suppose G amenable. Then, every T € CV,(T) is thelimit of a concrete net of compact p-convolution

operators with respect to the ultraweak topology. For G abelian every ¢ € L*(G) is the weak * limit of
an explicit net of bounded functions having compact spectrum.

Theorem 13. Let G be a locally compact amenable group, 1 < p < oo, T € CV,(G) and U a neighborhood of
suppT. Then, there is a net (fn) of Coo(G) such that

1. lim /\’é (fa) = T ultraweakly.

2. I/\’é(fa)lp < ITl, for every a.
3. suppfa C U for every a.
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The proof of this result ([2] Section 6.5 Corollary 4 page 98) shows that the construction of the
approximating net is explicit.
We can now improve Assertion 5 of Corollary 2.

Corollary 4. Let G be a locally compact abelian group, ¢ € L= (G) and U a neighborhood of sp g. Then, there is
a net (fa) of Coo(G) such that

1. liLnﬁ = @ with respect to the topology (L, LY.
- Mfalles < liglleo for every a.
3. suppfa C U for every a.

For many locally compact groups including R", T", the group O(2) of symmetries of the plane
and the Heisenberg group of real 3 X 3 matrices, we can improve the Theorem 13 (and consequently
Corollary 4).

Theorem 14. Let G one the groups R" or T", 1 < p < 0o, T € CV,,(G) and U a neighborhood of suppT. Then,
there is a net (uy) of finitely supported measures on G such that

1. lim /\]é(ya) = T ultraweakly.

2. IAZ(”“)L < ITl, for every a.
3. suppua C U for every a.

For more on Theorem 14, see [11].

Remark 8. It is not possible to replace U by suppT in Theorem 13 and U by sp ¢ in Corollary 4. A similar
improvement is also excluded for Theorem 14.

5. CV,(G) as a Subspace of CV>(G)

We extend to amenable groups the relations CV,,(G) € CV3(G) (see Theorem 3) and A>(G) C A,(G)
(see point 6. of Corollary 2).

Let u be a positive Radon measure on a locally compact Hausdorff space X, H a complex Hilbert
spaceand 1 < p < co. To every T € L(LP(X, u)) we associate the unique bounded operator, denoted
Tqgq, of LZ{(X, ) such that Tg/(fv) = T(f)v for every f € LP(X, u) and every v € H.

Theorem 15. Let u be a positive Radon measure on a locally compact Hausdorff space X, H a nonzero complex
Hilbert space and 1 < p < oo. Then, the map T > Tqy is a linear isometry of L(LP (X, 1)) into .E(Lz{(X, w)-

For the proof and classical motivations, see [2] Chap. 8, Section 8.1, pages 145-150. Using Theorem
15, we obtain a generalization of Theorem 3 to all locally compact groups.

Theorem 16. Let G be a locally compact group, 1 < p < o0, u € Ay(G), T € CV,(G) and ¢ € L2(G) N LP(G).
Then:

1. 1p(uT(tpp)) € L2(G).
2. rp(uT (1) )il < 1Tl lllla, Ll

Proof. We need some notations.
For ¢ : G = C, we set ¢*(x) = @(x~1)Ag(x™1) for every x € G.
For F: GX G  C, we put (F)(x,y) = F(x,x 'y)for every x,y € G.
For F: GX G Cand x € G, we denote by w(F)(x) the map of G into C defined by y = F(x, y).
We denote by Nz the subspace of all maps f of G into L*(G) for which {x € G|f(x) # 0}
is negligible.
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For F € Coo(G x G), we finally denote by ®(F) the element of L7 (G;L?(G)) f + Ni2(G) where
f(x) = [w(F)(x)] for every x € G.
Consider k, 1, ¢, and a € Cgp(G). We have

(R D (A @)ool ervl) = (T2, _ aleE,ofx(E))

L2(G)

where F = (1pk) ® p and F’ = (1,7]) ® 1. We refer to [2] Section 8.2 Theorem 4 page 155 for the proof of
this relation. Theorem 15 implies that

(@), (G)wwm),w(f(m)}‘

< [ TAZ @)], N ()N (DN2(9)N2(v)

and, consequently,
(e D(TAL @ )iz [ 0| < ITAL @], Ny (INy (DN (@) N2 ()

Let ¢ > 0. There is a € Cyo(G) with o > 0,f a(y)dy = 1and
G

(o D (TAL @) )il L] = o DT, [ )| < e
and, therefore,
(DTl [e01)] < e+ 171, Np (N (DN ()N (9):

To finish the proof, it suffices to verify that, for T € CV,(G), u € A,(G) and @, € Cpo(G), we
have |((uT)[tp], [t ¥])| < 1Tl llulla, Na(@) N2 ().

Let € > 0. There exist sequences (k,) and (I,) of Coo(G) with u = Z kn * I, and

n=1
N &
Z o (k n) <llulla, + T 1T, Nalg)N2 ()
We finally obtain
()il (e w)] < XNP 1) IT1, Na(9)Na (9)

<e+ Nz((p)Nz(llJ)HM”Ap-

As a corollary, we get for amenable groups the inclusion of CV,(G) in CV5(G). This result is due
to Herz and Riviere [12].

Corollary 5. Let G be an amenable locally compact group, 1 < p < 0o, T € CV,(G) and ¢ € L*(G) N LP(G).
Then:

1. 1Tt € L2(G),
2. NltpTrpell < 171, llgll2-
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Proof. Let ¢ € Cyo(G) with N(1) <1 and ¢ > 0. Using the amenability of G, we can find (see [2]
Section 5.4 Lemma 1 page 80) k, [ € Coo(G) with N, (k) = Ny (I) = 1 and

| < (k=D)T[tp0), [ty ] > = < T[1p@)- [t y)] > | < e.

Using Theorem 16, we obtain

| <t Teplpl, [¥] > | < &+ ligy( (k= DT) Ty ]l

< & + [k +Iila, ITI, N2(9) < & +IT], Na(¢).

O

Definition 15. Let G be a locally compact group and 1 < p < co. We denote by Ep the set of all T € CV,(G)
such that:

1. 1, Ttpe € L2(G) for every ¢ € LP(G) N L2(G).
2. Thereis C > 0 with ||ty T,@ll2 < Cligllz for every ¢ € LP(G) N L*(G).

Lemma 2. Let G be a locally compact group and 1 < p < oo. Then:
1. E’;? is a sub algebra of CV,(G).

2. AM(MYG)) CE,.

3. Ay(G)CV,y(G) CEp.

Lemma 3. Let G be a locally compact group and 1 < p < co. For every T € Ep, there is a unique S € L(L*(G))
such that So = t,Tt,¢ for every ¢ € LF(G) N L?(G). We have 15515 € CV5(G).

Definition 16. Let G be a locally compact group, 1 < p < oo, T € E, and S as in Lemma 3. We put
ay(T) = 1257,.

Lemma 4. Let G be a locally compact group and 1 < p < co. Then:

1. ap is an injective homomorphism of the algebra E, into CV5(G).
2. (AL () = AZ(p) for every u € M1(G).

We now generalize Theorem 3 to the class of amenable groups.

Theorem 17. Let G be an amenable locally compact group and 1 < p < oo. Then:

1. ap is contractive Banach algebra monomorphism of CV,(G) into CV5(G).
2. I/\é(y)lz < I’Aé(y)llpfor every i € M'(G).

Remark 9. Even for a finite group, Statement 2 is not trivial |

Theorem 18. Let G be a locally compact group, 1 < p < oo, u € Ax(G) and v € Ay(G). Then, uv € Ay(G)
and [[uvlla, < l[ulla,llvlla,-

Proof. Let ((ky), (In)) € A2(G) with Z kn * I, = u. For every F € Ap(G)’, we put

n=1

(o)

w(F) = Y (ap (0(¥5) 1 (F))[12kn], [12lu])

n=1
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for ‘I’]é (see Definition 10). As in the proof of Point 6 of Corollary 2, we get the existence of w € A,(G)
such that w(F) = F(w) for every F € A,(G)’. This implies w = uv and consequently uv € A,(G). O

We finally generalize Point 6 of Corollary 2 to the class of amenable groups.

Theorem 19. Let G be an amenable locally compact group and 1 < p < oo. Then:

1. Ay (G) C A)(G).
2. Forevery u € Ay(G) one has llulla, <lulla, -

Proof. Let u be an element of A(G). Choose ((ks), (1)) € Ay(G) such that Z ky * I, = u. For every
n=1
F e Ay(G)’, we put

[ee)

w(F) = Y (ap ((¥2)71(F) 12k, [1al]).
n=1
There is v € Ay(G) such that w(F) = F(v) for every F € A,(G)’. This implies v = u and
consequently u € A,(G) with IIuIIAp < lulla, -
m

The inclusion of CV,(G) into CV;(G), for G abelian is a consequence of the relation

1eol, = @], )
for every u € M%:(G) and the Riesz-Thorin interpolation theorem. For the dihedral group Dy, there is
f:Dg — C[13] such that

5.0l = sl

Herz [14] obtained the same statement for every finite nonabelian group. We could prove this
for all locally compact groups containing such a subgroup. For specific non-amenable groups, more
precise results have been obtained. In [15], Lohoué constructed, for any 1 < p, < o0, a positive measure
on SLy(R), which convolves LP° but does not convolve any other L”. Consequently, for every 1 < p < oo
with p # 2, there is a positive measure which convolves L” but not L7,

To obtain the inclusion A;(G) C A,(G) for amenable nonabelian groups, we need substitutes to
the relation (*). Two results are necessary. The first is Theorem 15. This result seems to be an innocuous
Banach space property! This theorem requires the use of random variables. It is another formulation of
a result due to Marcinkiewics and Zygmund [16]. This permitted them to solve a famous problem
raised by Paley. Observe that, in the formulation of Theorem 15, random variables do not appear.
Nevertheless, the proof requires them!

The second tool, needed to prove the inclusion of A>(G) into A,(G) for amenable groups,
is Theorem 16. In fact, it permits to obtain much more. We put, for an arbitrary locally compact group
G, the following definition

473"

MAp(G) = {u: G — Cluv € Ay(G) for every v € Ay(G)}
and we also set for every u € MA,(G)

lallvia, () = suplliulla, )10 € Ap(G), livlly < 1.

Then, Theorem 18 implies that A>(G) € MA,(G) and that

lillga, ) < Iy,
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for every u € Ay(G). Hence, the coefficients of the regular representation in L?(G) and of the regular
representation in L (G) belong to MA,(G). Tt is a general fact: the coefficients of any bounded
representation of G in a Banach space P’ belong to MA,(G).

We finally improve Theorem 19, obtaining relations between A,(G) and A4(G) for arbitrary

p,q>1

Theorem 20. Let G be a locally compact unimodular amenable group and p,q € R. Suppose 1 <p < g <2or
2 <q <p. Then, CVy(G) € CV4(G) and Ay(G) C Ayp(G). Moreover, we have the following two inequalities:

(1) 1Tl < ITl, for every T € CVp(G).
(2) lulla,c) < IIuIIAq(G)for every u € Aq(G).

Proof. (1) We show that I/\qc(y)lq < MAZ(M)IIP for every u € Mi.(G).
Let S be the set {[r] 'r is a complex integrable step function} and M the set {[ f]‘ f:G -

C mc—measurable}. For every u € M{.(G) and every [p] € S, we have A?;(y)([(p]) = /\é(y)([cp]) =

A& (1)([p]) = [ » f1]. For every [p] € S, we put T([p]) = [¢* ]
Suppose that1 <p < g <2.

2(g —
Choosing t = M, we get

q(2-p)

Let ¢ € S, we have Tg € 7(G) N L2(G) with [T, < |§A’é(y)||p lplly and [IToll, < |AZ ()], llgll2.
Riesz-Thorin’s theorem implies T € L7(G) and

ITelly < el P2 el

Then, Theorem 17 implies

Tl < el e el

and, finally, I/\?;(‘u)lq < M)\’é( /”l)llp .If 2 < g < p, we proceed similarly.
(2) We have Ay (G) € Ay(G) and [lull4,(c) < llull,(c) for every u € Ay(G).
Suppose at first u € A»(G). We have u € Ay(G) and

lulls () = sup{lm(u)l] ﬂA’é(p))lp <1,u€ML(G))

and, consequently, ||”||A},(G) < ||”||A,,(G)~

Suppose now that u is an arbitrary element of A4(G).

There is a sequence (1) of A>(G) such that |[u — 1,]| 4,(G) = 0. The sequence (u,) is Cauchy in
Ap(G), the space A, (G) being complete, the function u belongs to A,(G) and IIuIIAp(G) < IIuIIAq(G) .

(3) We have CV,,(G) ¢ CV4(G) and ITl, < |Tl, for every T € CVy(G).

Let T be a convolution operator of CV),(G). For every u € A;(G), we put L(u) = <u, T>A (G).PMy(C)’
p(G).PMp

and we have |L(u)| < ||”||Ap(c) ITl, < IIuIIAq(G) ITl,- This implies T € CV,(G) with |T|, <IT|,. O
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