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A mixture model to take into account the flow of small carbon dioxide bubbles dissolved in a liquid is presented.
The model describes the evolution of the velocity fields (mixture and gas), the pressure and the volume fraction
of gas. The system of equations is derived from mass and momentum conservation of the mixture and gas.

Well-posedness is proved for a simplified problem when the volume fraction of gas is known and small. A
priori error estimates are proved for a stabilized finite element approximation.

An industrial application pertaining to aluminium electrolysis is presented. Numerical results indicated that
the effect of gas bubbles on the flow cannot be neglected.

1. Introduction

According to [1], the carbon footprint of the aluminium production
industry is 1.7% of global emissions from all sources, therefore huge
efforts are done to enhance the process efficiency. In a Hall-Héroult
cell dedicated to aluminium electrolysis, multi-scale (from millime-
tres to metres) and multi-physics (electromagnetic fields, immiscible
fluids, gas bubbles of carbon dioxide, thermal gradients, alumina trans-
port, chemical reactions) processes are involved in extreme conditions
(high temperatures 950 °C, large currents 300 kA), so that numerical
modelling is unavoidable [2-5].

In this paper, we focus on modelling the mixture flow at the level
of the whole reduction cell. The effects of chemical reactions, thermal
gradients, alumina transport are disregarded, the global effect of gas
bubbles on the fluid flow is studied. Since the typical size of a gas
bubble is a few millimetres whereas the size of a whole cell is several
metres, a statistical averaged model is advocated, namely a dilute
dispersion of gas bubbles in the liquid bath [6-8]. Unlike [4], effects
such as nucleation or coalescence of bubbles are neglected, on the other
side, our model can be easily incorporated in industrial simulations, for
instance with the Alucell software [9-13].

The added value of this paper is twofold. First, well-posedness of a
simplified model is proved. Assuming that the volume fraction of gas is
prescribed, we analyse a modified Stokes problem with two velocities
(mixture and gas) and one pressure. Under a smallness assumption of
the volume fraction of gas, well-posedness can be proved, as well as
a priori error estimates for a stabilized finite element approximation.
Second, numerical results corresponding to the complete model are
presented for an industrial simulation. The effect of gas bubbles on the
average fluid flow for a whole reduction cell is discussed.

* Corresponding author.

The outline is the following. In Section 2, the complete mathemat-
ical model for the velocities (gas, bath and mixture), volume fraction
of gas and pressure is presented. In Section 3, well-posedness of a sim-
plified stationary problem in which the volume fraction of gas is given
and the viscous terms dominate is proved. In Section 4, convergence
of a stabilized finite element approximation is performed. Section 5 is
dedicated to numerical experiments, first for an academic problem to
confirm the theoretical predictions for the simplified model, second for
an industrial application pertaining to aluminium electrolysis.

2. The model

Let 2 Cc RY, d = 2,3, be the space domain occupied by the
electrolytic bath with constant density p, and the gas with constant
density p, < p,. As already mentioned, gas is considered as a dispersed
phase into the bath, a, being the volume fraction of gas and p, its
viscosity, similarly (1 - a,) is the volume fraction of electrolytic bath
and y, its viscosity.

Bath and gas are incompressible fluids with velocities u,, u, and the
same pressure p (the capillary pressure and surface tension forces are
neglected). As in [7] the bath-gas mixture has density p,, and velocity
u,, such that:

Pm = Agpg + (1 —ag)py, (@)
Pty = Agpgy + (1 — ay)p,uy. (@3]

Let F denote the electromagnetic force field and g the gravity acceler-
ation, then mass and momentum conservation of the bath—-gas mixture
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yields:
d . .
—(pmum) +div(p,,u,, ®u,)—dive,, =p,g+F, 3
00
a—m +div(p,u,,) = ()]
where
Vu,, + Vuz
=2p,,e(u,,) — —,um divu,, I — pI, and e(u,,) = — 5)

Here, for any vector field u, Vu denotes the tensor with components

(Vu);; = ou;/ox;, 1 <i,j <d and I the identity tensor. Momentum
conservation of the gas yields:
lé] . .
E(agpgug) +div(a,p,u, ®u,) =dive, —a,Vp+a,p,g+ Fp, 6)
where

2 .
T, =2 e(u,) — E”g divu,I, @)

with the drag forces F, = Da,(l — a,)(u, — u,), where D corresponds
to Stokes’ law, see Section 5.2 for details. Finally mass conservation of
gas leads to:
da,

6_ +div (a u ) div(kVe,) = &, 8
where k is a diffusion coefficient, &, is the prescribed gas production
per unit time due to the chemical reactions: it corresponds to alumina
and carbon combining at the anodes which generates bubbles of carbon
dioxide and pure aluminium:

2AL,0; + 3C => 3CO, + 4Al. ©)

Egs. (3) (4) (6) (8) can be combined to obtain a system of equations
where the unknowns are u,,, Py and a,

Remark 1. The viscosities y,, and u, are constant in this model. In
industrial applications [14], they follow a Smagorinski model, thus
depend on the modulus of e(u,,).

3. Mathematical results on a simplified model

In the frame of the industrial process, the goal is to find a stationary
solution as rapidly as possible. Numerical investigations have shown
that an efficient strategy is to perform one time step of (8) in order to
obtain a new a,, then to solve the stationary equations corresponding
to (3) (4) to obtain u,,, p and finally solve the stationary equation cor-
responding to (6) to obtain u,. We therefore study the well-posedness
of (3) (4) (6), @, being a known quantity, and put aside Eq. (8) in our
theoretical framework.

It is assumed that @ is an open bounded domain in R?, d =
2,3, with Lipschitz boundary 0. The convective terms div(p,u, ®
u,) and div(a,p,u, ® u,) in (3) and (6) are disregarded as diffusive
terms dominate in the electrolysis application; they could be treated as
perturbations as in [15] or incorporated in the analysis by making them
part of the stress definition as in [16]. Egs. (3) (4) (6) then simplify to:

—div(e,,) = p,8+ F, (10)
div(p,u,) = 0, an
—div(ty) = —a,Vp+ azp,g + Day(1 — a,)(u, —u,), (12)

where o,, and 7, are given by (5) and (7) respectively. For the sake
of simplicity we assume that y, and p,, are positive constants and set
u, =u, =0 on 0.

The notations for Sobolev spaces with their associated semi-norms
and norms are the following. Let K C £ be an open subdomain of 2
with Lipschitz boundary 0K. For a d-index s = (s;,s,) € N> if d = 2
or s = (s1,5,,53) € N if d = 3, and for a differentiable function
g : RY - R, we denote by |s| = Z?:l s; et D’g = d|s|g/(ﬂid:|0xfi).
Forl<p<ocand 0<m:

W™(K)={g e L*(K) : D°'g € LP(K), 1<|s|<m,},
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and in the case where m = 0, WO?(K) =

I8lnpk = (Y, 1D, )7 and liglly,k = (Y, IDEI, )"

|s|=m |s|<m

L?(K). We will also use

When p = 2 we will use the notations H"(K) = W"™2(K) and for g €
H™(K), the semi-norms |g|,, x = ||k and norms ||gll,x = lIgllmz.x-
When K = Q, H'(Q) will denote the closure of all C*® functions with
compact support D(2) in H"(£). In this space, semi-norm |.|,, , and
norm ||.||,, o are equivalent. If u € H™(R2), we will denote lulyo =
L, |u,-|,2m9)1/2 and [[ull,, 0 = (XL, |Ju; ||r2n,_(2)1/2' Finally, we will denote

L= {veLz(.Q) : / de:O}, and V = H}(Q)".
Q

When u,v € V, the tensorial product e(u) : e(v) is given by
d

Y ey, je@), ;.

ij=1

eu): e(v) =

and |e(u)| = (e(u) : e(u))!/2. The same notation is adopted for Vu.
The weak form of Egs. (10) and (11) is given by:

/ 2, (e (up) : e) - L giv u,, div v) dx — / pdivvdx
e} d Q
= / (pwg + F) .vdx, 13)
Q
/ div(p,u,,)gdx =0, Vv €V, Vg € L. 14)
e}

Remarking that a,Vp = V(a,p) — pVa, and u, = (p,u,,
) (see (2) and (1)), a weak form of (12) is

— A plg) /(P —
Ughg

1 .. . AP
2pg| e(uy): e(v) — — divu, divev )Jdx+ [ D u,.vdx
Q d Q Py

=/pVag.vdx+/agpdivvdx+/a (pg g+D—u )vdx,YveV. (15)
2 2

We are looking for u,, € V, p € L, u, € V satisfying (13) to (15).
We assume that g € RY, F € L*(@)? and o, € W3 (Q) n L™ (Q)
is known and is such that 0 < a, < 1. Using (1), it is obvious that
P €EW'3(Q) N L®(Q), Pg < P < pj, and

Om _ 9% (0, - 1)
ox;  0x; Pg=P)-
It should be noted that equations similar to (13) (14) have been
analysed in [17,18] when the density of the mixture is known. In this
paper, (15) is added to (13) (14) and the volume fraction of gas a, is
prescribed rather than the density of the mixture.
Lemma 1. Assume 0 < a, < | and a, € W'3(Q). The mapping
ueV - p,ucV (with p, given by (1)) is an isomorphism. There exists
two positive constants y,, y, such that for everyu eV :

|u|1,!) < }’1(1 + )ag| )lpmull,g s (16)

)ulyq- a7

1,3.2

ol < 720+ )ag|1,3,.o

Proof of Lemma 1. Let u be in V and let us compute the partial
derivatives of w = p,,u.

We verify that Vw = p, Vu + u®Vp,, with the notation (a ® b), ; =
a;b;.

By using (1) we have p, < p,, < p, and Vp,, = (p, — p}) Var,.

Holder inequalities imply [[Vwloo < p,[IVulloo + Cllullose
”Vag”w.g, where C is a constant independent of derivatives of the a,.

Since H(}(Q) < L%) with continuous embedding, we easily obtain
a7).
In order to obtain (16), we use the same technique with

1 1 1 1 1 1
u= —w,— < — < — andV—=——2(pg

-pp) Vea,. O
Pm Pb Pm Pg Pm P ) ¢
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Remark 2. The assumption a, € W'3(Q) in Lemma 1 is sufficient

for both dimensions d = 2,3. When d = 2, it can be improved: a, €
W2k (Q), with k > 0.

Lemma 2 (Korn Equality). We assume u € V. Then

/|e(u)|2dx= l/(|Vu|2+|divu|2)dx.
Q0 2 Q

Proof of Lemma 2. Let u,v € D(2)?. Then

d
ou, Ou; ov, Ov;
/e(u) : e(v)dx:/ 1 > <_”+_f> <ﬁ+_f>dx=
Q 941.’].:1 ox;  0x; ox; = 0x;
d
/1 3 (0_0_+0_0_ 2%%>dx,
_(241’1.:1 0x; 0x;  0x; 0x; 0x; 0x;

Integrating two times by part the last term, we obtain
2

a v;
x= _/
Q 0x;0x;
and

/e(u) ce(w)dx = 1 / Vu : Vvdx + 1 / divu dive dx.
Q 2 Ja 2Ja

To complete the proof of this lemma, it is enough to remark that D(2)?
is dense in V and taking v=u. []

In order to solve Egs. (13) and (14), we set w = p,,u,, and we define
two continuous bilinear formsa : VXV - Rand b : V X L — R by:

a(w,v) = / 2ﬂm<e <£> e () — L div <£> div(v))dx,
Q Pm d Pm

and b(w, q) = / divw qdx .
Q

du; an

o 0x; 0x;

o,

B _anj'd_x,

u;dx

18

19

(20)

Remark that the bilinear form a is not symmetric and depends on «,.
With the change of variables w = p,,u,,, problem (13)—(14) is equivalent
to find w € V and p € L satisfying

a(w,v) — b(v,p) = /Q(pmg + F)vdx, YveV, 2D
bw,q) =0 Vqe L. (22)
Notice that w belongs to the space:

Vo= (v eV : divw) =0}. (23)

In order to analyse Egs. (15), we define the continuous bilinear form
¢ :VxV >R by:

1 .. . agpm
£(u,v) = / 2u, <e(u): e(v)— =divu dlvv>dx+/ D uvdx. (24)
Q d Q P
We prove
Lemma 3. There exists ¢ > 0 such that if a, € W13(Q), ag|1 o S

and 0 < a, < 1, then the bilinear form a(.,.) is coercive on V ;.

Proof of Lemma 3. Using Lemma 1, then w = p,u, € V, and, if

‘ag)l o is bounded, there exist two positive constants f; < f, satisfying

B ”um”]Q < “w”],_() <p ”llm”l_(2 (25)

It is easy to verify that

w 1 1
2= —e(w) — —
e(m) me() 7,

when (b® ¢); ; = b;c;. It follows that for weV 4,

<me®w+w®me>,

Hm

2
a(w,w):/—
Q Pm

<e(w) D e(w) — % divw div w) dx

57
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—/’;—;"<(vpm®w+w®vpm) :e(w) >dx (26)
Q m
24,

+
/Q dp?,

By using Lemma 2 and the fact that div(w) = 0, there exists a constant
C independent of w and Va, such that

<w.me divw )dx.

u
atw)> 22 (1w, = € [Vl 0l 0110 )
4

It is sufficient to remark that H& (Q) & LO(Q) with continuous em-
bedding, that Vp,, = (p, — p,)Va,, that |.|| o is equivalent to ||.||; o
in Hé (£2), in order to prove that if ‘ag)l o

bilinear form a(.,.) is uniformly coercive on V ;.

is small enough, then the

O

Proposition 1. There exists £ > 0 such that if a, € W'3(Q),

% )1,3,.@ s¢€
and 0 < a, < 1, then Problem (13)-(14), in which p,, is defined by (1),
possesses a unique solution (um, p) € V x L. Moreover there exists a constant
C such that ||u,, |, o + llpllg.o < C.

Proof of Proposition 1. The usual inf-sup condition on 5(.,.), together
with the previous lemma implies (see [19] for instance) the existence
and uniqueness of (w,p) € V x L for Egs. (21) and (22). By setting
u, = w/p,, and using (25), we can conclude. []

Proposition 2. There exists ¢ > 0 such that if a, € W'3(Q), ag)l 1o S
and 0 < a, < 1, then Problem (15) possesses a unique solution u;e V.

Moreover there exists a constant C (independent of a,) such that “ugH] <
C.

Proof of Proposition 2. Clearly, using Lemma 2 and the hypotheses
of this Proposition, we show that the bilinear form ¢ defined by (24)
is coercive and continuous on V x V.

In order to finish the proof of this Proposition, it remains to prove
that the right-hand side of (15) is bounded for every v € H(% (),
ol =1.

By estimating the three integrals of the right-hand side of (15), using
Holder inequalities and hypotheses of this Proposition, we successively
obtain:

/ pVa,.vdx
Q

' / a pdivvdx
Q
AP
b

l / (ayp, g+ D
Q P
Using again the embedding Hé (2) & LO(R), we can conclude. []

<ellpllo.o llvllos.es

<lpllog vl o

u,).vdx| < (pg gl + D ||u,[lo.0) I0llo.c -

In this section we have therefore proved that if a, : 2 — R is given
such that 0 < a, < 1, ¢, € W!3(Q) with |ag‘| ‘o small enough,' then
Problem (13) to (15) has a unique solution.

4. Numerical approximation

Let us assume that Q is a polygonal (d = 2) or polyhedral domain
(d = 3). For any h > 0, let 7, be a conformal regular triangu-
lar/tetrahedral mesh of Q with triangles/tetrahedra K € 7, with

diameter hg < h.
W, = {q e’ (5) L q/x € Py(K),VK € T,), 27

where P;(K) denotes the set of polynomials of degree 1 on K. Let
Py, P,,...Py, be the nodes of the triangular/tetrahedral mesh 7;,, and
let @, @200, the finite element basis of W,.

! In 2D (d =2), if a, € W'(Q), s > 2 with |a,| , small enough.
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If ¢ € C°(Q) we denote by 7,4 its Lagrange interpolation on W, i.e

Np
g = Z q9(P)e;.
J=1

Now we define
V,=VnW¢ and L, = LnW,.
For a function v € C°(Q)? such that v = 0 on 002, we denote by IT,v

its interpolation on V, i.e.
Np
M= Z v(P)g;.
j=1
Recall the properties of the Lagrange interpolation (for instance [20]):
Vf € H%(), there is a constant ¢ such that:

Ilf =M, fll o <chlflyg, VA> 0.

An approximation of Problems (13) (14) and (15) will be: find
(Wpp»Protigy) € Vi X Ly x V), such that for every v € Vj, g € L,
we have

/ 24, (e(um,h) ce() - % divu,, , div v>dx
Q

(28)

- / ppdivvdx = /(pmg + F).vdx, (29)
Q Q
/ div (1T, (ptay)) qdx + ﬁhz/ Vp,.Vgdx =0, (30)
Q Q
. 1 .. . AgPpm
2pg| e(ug ) e) — 3 divu, ,dive Jdx + D u, j-vdx (31
Q Q Pb

. AgPm
= [ ppVagvdx+ [ a,p,divedx+ [ (azp, g+ D
Q Q Q Pb

The stabilization term ph? fQ Vp,.Vq dx in (30) is added for stability
purposes [21], in our simulations we have used f = p,/u,. Note that
in (30), we have replaced p,u,,, by II,(p,u, ;) to take into account
quadrature formula.

In order to analyse Egs. (29) (30), we proceed as in Lemma 1 by
introducing the variable

Uy, p)-vdx.

wy, = I, (p, ) (32)
Clearly we have
Upp = (W /p,), (33)

so that setting

a,(wy,v) = /Q 2y, (e(ﬂh(wh/pm)) ce(v) — % div({T,(wy,/p,,)) div v)dx,

problem (29) (30) is equivalent to find w, € V,, and p, € L,, such that
for every v € V,, and ¢ € L, we have

ah(wh,v)—b(v,ph)=/Q(pmg+F).vdx, (34)

b(wy,, q) + ph* / Vp,.Vgdx = 0. (35)
Q

In order to prove convergence of the solutions of (34) (35) towards that
of (21) (22), we establish three lemmas.

Lemma 4.
such that

Let p € W23(Q) N W1°(Q). Then there exists a constant C

g = zn(o9)||, o < Ch 14l o Vg € W, (36)

Proof of Lemma 4. Clearly, if p € W23(Q)nW1® (@) and g € W},, then
pq € H'(Q) and pg/x € H*(K), VK € T,. It is well known (see [20])
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that the following estimate holds:

loa = zuea)ll} o < CH* Y, 1pal} ¢ - 37)

KeT,

When g € W), then 9%q/0x;0x; = 0 on K and

Poq) _ _Op | 00 0g , 9 0g
dx;0x;  dx;0x; 0x; 0x;  Ox; 0x;
Consequently
2 2 2
At e ol
0x;0x; ||y« || 0%i0%; [l 5 ¢ 06K " 1 0x; llo ok || 9%, 0K
2
dp dq 2
+ — —
ox; O0.K ox; llg

< C (10BNl gk + 108 o lall ) -

Since ||qllp6.x < C llqll x, then (37) allows to conclude.

O

The equivalent discrete proposition of Lemma 1 can be stated.

Lemma 5. Assume 0 < a, < 1 and a, € W?*(Q) n W'*(Q). When p,,
is given by (1), the application T), : V), > V, defined by
Ty(®) = II,(p,®), Vo €V, (38)

is an isomorphism of V, uniformly in h, ie, there exist two positive
constants C, and C, such that
Ci ol o < ||Th(“’)|||,!2 <G ol g Vo eV, (39

Thus we have T, ' (u) = I, (p,'w), Yu € V.

Proof of Lemma 5. We have, using Lemma 4:

”Hh(/’m“’)”l,g < ||, (p@) — Pm“’”],g + ”/’m“’”l,g

< Chlolli o+ [Pl cq ll@le-

The same applies to p,! instead of p,. [

Lemma 6. Under the assumptions of Lemma 5, there exists a constant
C > 0 such that

la(@, w) — ap(@,y)| < Chll@lliollvll o Yo.w €V ).

Proof of Lemma 6. By bilinearity of a and a, we get Vo, y € V, :
la(@, w) — ay(@. w)| =

'2um/<€<£—"h <£>> :e(w)—ldi\/(ﬂ—nh <£>>div y/)dx
Q Pm Pm d Pm Pm

Using Lemma 4, there exists two constants C;, C, such that

(%4 4
la(, ) — a, (@, )| < C o H;.(p— lwll o
m m 11,2
<Ghlelholvwllie. O

Corollary 1. Assume 0 < a, < 1 and o, € W>(Q) n W (Q),
and let € > 0 be such as in Lemma 3. Then there exists hy, > 0 such
that if h < hy, Problem (34) (35) possesses a unique solution (w, p,) €
V, X L. Moreover there exists a constant C (independent of h) such that

lwilli o+ h[VPallo0 < C.

Proof of Corollary 1. Under these assumptions, Lemmas 6 and 3 imply
that the bilinear form a,(., .) is uniformly coercive on ¥, when h < h,
is small enough, i.e there exists ¥ > 0 such that if 7 < h,

2

a(@. @)z kol ,. Vo €V (40)
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Setting A((w, p); (v, q)) = aj,(w,v) — b(v, p) + b(w, q) + ph> f_Q Vp.Vqdx, it
follows that A : (V, x L,) x (V,x L,) — R is coercive on V;, x L,
provided with the norm |lwl|; o + 2 [|Vpllg g, i-e:

A(w, p);w, p) = k lwllf o + BR* IVPIG o, Y, p) €V iy X Ly,

The proof of this corollary is a consequence of the equivalence of
Problem (34) (35) with A((w,,, p,); (v, q)) = fg(pmg + F).vdx for every
w,geV,xL, O

We now derive error estimates between (w,p) and (wy, p,) and,
consequently, between u,, and u, ,. To do this we assume that the
solution of Problem (13) (14) satisfies

(u,,,p) € H*(Q)? x H'(Q). 41

Let us remark that if assumption (41) is true and if a, € W23(Q) n

Wh=(Q), then (w, p) € H*(2)? x H'(2) when w = p,u,,.
Proposition 3. Under the assumptions of Corollary 1 and (41), there exists
a constant C independent of h such that

| —umvh||17_(2+h)‘v (p—ph)”()’g <Ch. (42)

Proof of Proposition 3. By subtraction of (34) to (21), we obtain for
everyveV, .

aw — wy,v) - b, p — py) = ap(wy,v) — a(wy, v), (43)
and consequently:
aw —wy, w—wy) — b(w—w,,p—p;) (44)

=aw—-wy,w—-v)—bw—-v,p—p,)+a,w,,v—-—w,) —aw,,v—w,).
By subtraction of (35) to (22), we obtain for every g € L.

b(w — wy, q) = Bh* (Y, V4), o = O, (45)

where (Vp,,Vq),, = /o VpyVgdx denotes the scalar product in 12
(2)?. Consequently:

bw = wy.p—py) + 01 |V (p = 1) 3 (46)
= bw —wy,p— @)+ B (V.Y = pp))o o = BR (VP VO = D)

By adding (44), (46), and by taking into account Lemmas 3, 6 and
using:

|6 — v, p=pp)l < llw =vllg o V@ = pp)|lo.c

”V(ph)”o,g < ”V(P - ph)”o,g + ”VP”O,.Q B

we obtain the following estimate:

Jw=wylff g+ |7 (= 20)]|

< c<||w— Vg llw=whll, o+ lw=vlog |V (o= pa)| ,
+h|lwy|l o llv = whll, o+ l|w—whll, o llp=allog
+h2<||V<p = p)lloo (1 + IV = Dllg0) + IV - q>||o,g>),

for every (v,q) € V), X L.

Setting v = I,w, using (28) and ¢q = r,(p) (here r, : H' (Q) > L,
is a Clement’s interpolation type; see for instance [22], ||p = ry(0)||;. <
Ch'=%, s = 0,1) in this inequality and using the result of corollary 1,
we obtain.

lw - wh”ig +h ”V (p=pn) Hé,g

< Ch<||w— whll o +h”v(p_ph)“0,.rz +h>'

This inequality proves (42) when we set u, =
Hh (wh/pm) I:]

w/pm and Upp =
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In order to obtain an error estimate of ||p — p,||, o, We proceed by
duality like in [21].

Proposition 4. Under the assumptions of Corollary 1 and (41), there
exists a constant C such that

llp - Ph”o,_q < Ch. (47)

Proof of Proposition 4. We introduce the dual problem: find (W, Q) €
V X L satisfying

aw,W)—->b@w,Q) =0 YveV, (48)
bW.q) = (p= P d)gqo Ya €L (49)

Of course we have

IWlio+10loe <C|lp=pulloe- (50)

By taking ¢ = p — p;, in (49) we obtain
2
2= pullo.e = bW .0~ py) = 6(W—R,W,p—p) + b(R,W , p = py),

where R, W is a Clement’s interpolation of W on V, (|W—R,W ||, , <
Ch!=* |[W]l;o, s =0,1). So we have with an integration by part:

lp - Ph”(z)ﬂ <Ch HV (p- Ph)”oﬂ Wil o+ [6(R,W . p— pp)|
and by (50) and Proposition 3
llp - Ph||(2),.rz < Ch|lp=palloq + [6RW . p = pp)| - (51

It remains to estimate |b(R,W,p — p,)|.
Relation (43) with Lemma 6 implies

[b(R,W . p = pp)| <

|a(w — wy, R,W)| + ‘ah (wp, RW) —a (wh,RhW)|

IA

Cllw - wh”l,ﬂ [RW |, o +Ch ||wh||1,:2 ”RhW”l,Q

IA

ChiWliq-

This last estimate with (50) and (51) leads to the conclusion.

O

Remark 3. By the same procedure of duality, one can obtain an
estimate for ||u,, — u,, ||, o- However, this requires the uniqueness and
sufficient regularity on the solutions of a dual problem.

Proposition 5.  Under the hypothesis of Proposition 4, and if u, €
H?(Q)?, there exists a constant C independent of h < hy, such that

g =g, o < . (52)

Proof. Setting:
. 14
f(v):/pVag.vdx+/ agpdlv(v)dx+/(agpg g+ D—u).vdx,
Q Q Q P
and

. agp
fa (v):/p,,Vag.vdx+/ ayPp dlv(v)dx+/(agpg g+ D—"u,).vdx,
Q Q Q Pi

we have
l7@) = 14 @] < Clllp=pallo ||z, , o 1060
+ lp=pulloqvlia+llu—uloqlvloq} (53)
and a consequence of Propositions 3 and 4 is that
lf@) = fa@)| < Chlvll g YweV. (54)

Thanks to the continuous and bilinear form I(.,.)(24), we can write
Problems (15) and (31), as

l(ug,v)= f(v) WweV, (55)
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Fig. 1. Vertical cut of an electrolysis cell.

and
lugp,v) = fr(v) Yo E V), (56)

Of course we have I(u,

— U pv) = f@) - f, (), Vv € V,, and if
u, € H? (Q)*:

‘l(ug —Ugp,Ug — ug’h)l = ’l(ug —Ugp U — V) +1(Ug — Uy U= "g,h)‘

< ‘l(ug — Uy U, — v)‘ + ’f(v —ug )~ fu(v— ug,h)| . (57)
Taking v = I1,(u,) and using (54), we finally have

Hug —ug puy — Uy ;) < Ch(”ug - u“‘”l,.{z + ”Hhug - ug‘h“1ﬁ>.

With the coercivity of /(.,.) on ¥ x V we obtain the conclusion. []

5. Numerical experiments

In this section, we present two numerical experiments, the first
one is to check convergence of the finite element method (29) (30)
corresponding to the simplified problem in the unit cube, the density p,,
being prescribed. Second, we show an example of industrial application
pertaining to aluminium electrolysis, the complete model (3) (4) (6) (8)
being considered.

5.1. Convergence for the simplified problem

Egs. (10) (11) are solved with the finite element scheme (29) (30)
and implemented with Fenics [23]. The unit cube @ = (0,1)? is cut in
tetrahedrons with N x N x N vertices. The volume fraction of gas is
given by

ag(xl,xz,x3) = % (1 + tanh (y <x3 - %)))

We set p, = 1, thus when p, = | then the mixture density p,, defined
by (1) is constant and when p, = 0.5, then the mixture density varies
in Q. The mixture velocity is given by:

1

Pm(X1, X2, X3)

(4(2xyx3 = X5 — x3 + 1))(xy = Dxy(x) — 1)2(—x3 +xp)(x3 — 1)x%x3
—4(xy = 12(=x3 + x x50 = D@xyx3 = X1 — x5+ Dx3 — Dxyx3 |,
(40xy = D)Xy (=7 + x)(xp = D2x1x5 = X1 = %5 + D(x3 = 1)?x; 3

u,(x),xy,x3) =

60

Table 1

Convergence rates for the simplified model with constant density (p, = 1).
N eo(p) ro(p) e (u,) () Nier
10 2.1659e—03 - 1.4218e-03 - 16
20 8.6205e—04 1.33 7.6989e—04 0.89 33
40 4.8304e—04 0.841 4.2899e-04 0.84 74
80 2.0911e-04 1.21 2.0311e-04 1.08 185
160 7.4389e—05 1.49 8.9891e-05 1.18 497

Table 2

Convergence rates for the simplified model with variable density (p, = 0.5).
N y(p) ro(p) ey (u,) 7y () Niter
10 2.4480e—03 - 2.1377e—03 - 15
20 1.3048e-03 0.91 1.2394e-03 0.79 32
40 8.0283e—04 0.70 7.1062e—04 0.80 72
80 3.5774e—04 1.17 3.3891e-04 1.07 185
160 1.2689e-04 1.50 1.4733e-04 1.20 521

so that div(p,u,) = 0 and u,, = 0 on 042, the zero mean pressure is
defined by:

1
p(x1,x5,x3) =1 <x1x2x3 - §> , (58)

and we replace the right hand side of (10) by the appropriate force
term.

Convergence is checked by computing the errors and convergence
rates defined by:
log (ei(m)/éi(m)>

log(h/h)
where m is either the velocity or pressure, i € {0,1}, e and é denote
the errors computed on two consecutive meshes of size 7 and h. The
number of iterations required to solve the linear system with GMRES
is denoted as N;,,.. The results are reported in Tables 1 and 2 when
y = 10. The convergence rates seem to be slightly better than those
proved in Section 4, namely one. As expected, the number of GMRES
iterations is doubled when 4 is halved (N is doubled).

eim) = [lm—my|; o ri(m) =

5.2. Industrial application to an electrolysis cell

Our purpose is now to simulate the stationary mixture velocity in
an electrolysis cell. The unknowns are the velocity of the mixture u,,
the pressure p, the velocity of the gas u, and the gas distribution «,,
the equations are (3) (4) (6) (8). Numerical investigations have shown
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X Axis
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! 7 Axis

Fig. 2. Top: industrial cell (courtesy of Rio Tinto Aluminium?®) and bottom the corresponding mesh. The grey structure allows the electric current to reach the anodic blocks
(green) then the fluid domain @ (in red). The dimensions of @2 are about 14 [m] x4 [m] x 35 [cm].

XAxis ¢ 67 !
X 5

Y Axis
0

0
Y Axis

-1 76 5)(1{\xis

Fig. 3. Vertical cut at x = 0.5 [m]: the computational domain of the fluid is composed of the electrolytic bath £, (in blue), corresponding to a thin layer under the anodes, as
well as the volume in the different channels surrounding the anodic blocks, and the liquid aluminium £, (in red) beneath.

that an efficient strategy is to perform one time step of (8) in order to
obtain a new a,, then to solve the stationary equations corresponding
to (3) (4) (6) to obtain u,,, p and Uy, which is a well posed problem
provided a, is small enough. In practice, we solve (8) from time 0 to
100[s] with a Euler scheme and timestep 0.1[s], starting from a,=0. A

2 In “Cinquante ans de recherches sur la production d’aluminium au LRF”,
Mauve Carbonell, Ivan Grinberg and Maurice Laparra, 2012
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Smagorinski law [14,24] is used to model turbulence in the viscosities
Hms> Mg, and in the diffusivity coefficient k. Given the new a,, a few
Newton iterations then suffice to solve the nonlinearities in (3) (4) (6).
The coefficient modelling the drag force D corresponds to Stokes’ law,
i.e D = 18u,/d?, with d = 4 [mm] the average diameter of the gas
bubbles [25]. The generation of gas in the bath is modelled by the
source term ¢, in (8), which is computed from the total production

3
of CO, getting out of the cell. In standard conditions, &, = S,, where
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(a) Volume fraction of gas a4 in the middle of the bath (plane z = 0.216[m]) and in
a profile view (plane z = 0.5[m])

Distribution of gas agy
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(b) Velocity field uy, in the middle of the bath (z = 0.216[m]) and streamlines
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Fig. 4. Distribution of gas «, and velocity field u, when &, = S
S, corresponds to the production of CO, due to Faraday’s law on the During aluminium electrolysis, a two fluids interface problem is
whole cell: involved [3,9,26], the aluminium domain £, and the so-called elec-
trolytic bath domain £2,,, see Fig. 1 for notations. The chemical reaction
Jj-nMco, between alumina and carbon
/ Sodx = / —— s, (59)
o o0 4Fp 2A1,05 + 3C => 3CO, + 4Al

j being the current density [A/m?], Mcoz = 44.01 [g/mol] is carbon occurs in the electrolytic bath only, it produces bubbles of carbon diox-
dioxide molar mass and F is Faraday’s constant. In our simulations we ide. Here, the two fluids interface problem is disregarded, the interface
have considered that S|, is proportional to div j, where j is computed between 2, and £, is assumed to be flat. Strong electromagnetic
using the Alucell software [9,14]. Simulations are shown when i, = forces apply to these two domains, the force term F in (3). These forces
0,5y/2, Sy, 25y According to the existence and convergence theory of are again computed using the Alucell software [9,14].
Sections 3 and 4, if «, is small enough and if it remains in the [0, 1] The industrial cell and the corresponding mesh are shown in Fig. 2.
interval, then we expect that the velocities converge with respect to The domains £, and @,, are shown in Fig. 3. The electrolytic bath in
the mesh size. However, since we are using finite elements, there is blue consists of a thin layer of only 3.2 [cm] between the interface to the
no maximum principle for a,, moreover, we do not know what “small anodes, while the liquid aluminium in red represents a thicker layer of
enough” means in this industrial context. In this simulation, we have 20 [cm] beneath. The top of the electrolytic bath corresponds to 0£2,,, in
not been able to obtain stationary solutions when the source term &, is Fig. 1 and is located 18 [cm] above the interface. The blocks correspond
larger than 2.5),. to the anodes that are immersed in the bath.
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Fig. 5. Volume fraction of gas «, in the middle of the bath (plane z =0.216 [m]) with &, = 0.0, 5,/2, S, 25,.
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The mixture velocity u,, and the pressure p are solved in the whole
fluid domain £,,U€,,;, while the gas velocity u, and gas fraction a, are
assumed to be zero in the aluminium domain and are only solved in the
electrolytic bath £,,. The boundary condition for the volume fraction
of gas is:

6ag
k—= =0 on 00
on

el
those for the mixture velocity are slip boundary conditions:
u,-n=0and (6, -n)-1;,=0, i={1, 2} on (2, U KQ,),

those for the gas velocity u, are slip boundary condition, except zero
force on the top:

u,-n=0and (r,—pa, ) -n-1,=0, i={1, 2} on 02, \ 02
(rg—pagl) -n=0o0n9dQ,,

out>

Fig. 4 shows the volume fraction of gas a, and the velocity field u,,
corresponding a simulation with &, = S,. The gas clearly accumulates
under the anodes. Fig. 5 shows the volume fraction of gas «, in the
middle of the bath when ¢, = 0.0, S,/2, .S, and 25;,. The corresponding
velocity fields are shown in Fig. 6. The discrepancy of the mixture
velocity is computed when ¢, = 0 and &, = S. It is 14% in the
aluminium domain, 46% in the electrolytic bath below the anodes
and 95% in the channels between the anodes. We therefore conclude

that the bubbles of gas have a tremendous influence on the fluid
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flow in the channels between the anodes. This will certainly have
strong influences on alumina transport [27,28], therefore on the overall
process efficiency.

6. Conclusion

A model to take into account the influence of gas bubbles in alu-
minium electrolysis is presented. Since the gas bubbles (carbon dioxide)
are small (millimetres) and the electrolysis cell is large (metres), gas is
assumed to be a dilute dispersion in the liquid (the electrolytic bath).
The model has four unknowns, the mixture velocity, the gas velocity,
the pressure and the volume fraction of gas. The equations are derived
from mass and momentum conservation of the mixture and of the gas.

A simplified model is considered when the volume fraction of gas
is known. It is proved that, in the stationary case, when the convective
terms are disregarded and provided the volume fraction of gas is small
enough, the remaining set of equations is well posed. Convergence of
a finite element scheme is also proved.

Numerical results are reported for the simplified model and for the
complete model. Industrial simulations indicate that the effect of gas
on the mixture flow cannot be disregarded.

From the theoretical point of view, well-posedness of the complete
model should be investigated, so as well-posedness of the simplified
problem when the volume fraction is large. Adaptive methods should
also be investigated, since refinement in specific regions of the cell
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Fig. 6. Amplitude of the velocity field u,, obtained in the middle of the bath (plane z = 0.216 [m]) with &, = 0.0, 5,/2, Sy, 2S,.

seems to be unavoidable. From the industrial point of view, the cou-
pling of the presented model with electromagnetic and thermal effects
should be investigated.
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