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Abstract

This thesis focuses on designing spectral tools for graph clustering in sublinear time. With the
emergence of big data, many traditional polynomial time, and even linear time algorithms have
become prohibitively expensive. Processing modern datasets requires a new set of algorithms
for computing with extremely constrained resources, i.e., sublinear algorithms. Clustering
is one of the well-known techniques for solving large-scale optimization problems in a wide
variety of domains, including machine learning, data science, and graph analysis [ABM16,
RAK*16, GLMY11]. Efficient sublinear solutions for fundamental graph clustering problems
require going well beyond classic techniques.

In this thesis, we present an optimal sublinear-time algorithm for festing k-clusterability prob-
lem, i.e., quickly determining whether the graph can be partitioned into at most k expanders,
or is far from any such graph. This is a generalization of a well-studied problem of testing
graph expansion. The classic results on testing k-clusterability either consider the testing
expansion problem (i.e, k = 1vs k = 2) [KS11, NS10], or address the problem for larger values of
k under the assumption that the gap between conductances of accepted and rejected graphs is
at least logarithmic in the size of the graph [CPS15]. We overcome these barriers by developing
novel spectral techniques based on analyzing the spectrum of the Gram matrix of random
walk transition probabilities. We complement our algorithm with a matching lower bound
on the query complexity of testing k-clusterability, which improves upon the long-standing
previous lower bound for testing graph expansion.

Furthermore, we extend our previous result from the property testing framework to an efficient
clustering algorithm in the local computation algorithm (LCA) model. We focus on a popular
variant of graph clustering where the input graph can be partitioned into k expanders with
outer conductance bounded by e. We construct a small space data structure that allows
quickly classifying vertices of G according to the cluster they belong to in sublinear time.
Our spectral clustering oracle provides O(elogk) error per cluster for any € <« 1/logk. Our
main contribution is a sublinear time oracle that provides dot product access to the spectral
embedding of the graph. We estimate dot products with high precision using an appropriate
linear transformation of the Gram matrix of random walk transition probabilities. Finally,
using dot product access to the spectral embedding we design a spectral clustering oracle. At
a high level, our approach amounts to hyperplane partitioning in the spectral embedding of
the graph but crucially operates on a nested sequence of carefully defined subspaces in the
spectral embedding to achieve per cluster recovery guarantees.
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Zusammenfassung

Diese Arbeit konzentriert sich auf die Entwicklung von spektralen Werkzeugen fiir das Cluste-
ring von Graphen in sublinearer Zeit. Mit dem Aufkommen von Big Data sind viele traditionelle
Algorithmen mit polynomialer Zeit und sogar linearer Zeit unerschwinglich geworden. Die
Verarbeitung moderner Datensédtze erfordert einen neuen Satz von Algorithmen fiir das Rech-
nen mit extrem eingeschriankten Ressourcen, d. h. sublineare Algorithmen. Clustering ist
eine der bekannten Techniken zur Losung grofler Optimierungsprobleme in einer Vielzahl
von Dominen, einschlielllich maschinelles Lernen, Datenwissenschaft und Graphenanaly-
se [ABM16, RAK*16, GLMY11]. Effiziente sublineare Losungen fiir fundamentale Graphen-
Clustering-Probleme erfordern es, weit tiber klassische Techniken hinauszugehen.

In dieser Arbeit stellen wir einen optimalen Algorithmus mit sublinearer Zeit fiir das k-
Clusterbarkeitsproblem vor, d. h. die schnelle Bestimmung, ob der Graph in héchstens k
Expander partitioniert werden kann oder weit von einem solchen Graphen entfernt ist. Dies ist
eine Verallgemeinerung eines gut untersuchten Problems der Priifung der Graphenexpansion.
Die klassischen Ergebnisse zum Testen der k-Clusterbarkeit betrachten entweder das Problem
des Testens der Expansion (d.h. k =1 vs. k = 2) [KS11, NS10], oder behandeln das Problem
fiir gréBere Werte von k unter der Annahme, dass der Abstand zwischen den Leitwerten von
akzeptierten und verworfenen Graphen mindestens logarithmisch in der GréRe des Graphen
ist [CPS15]. Wir iiberwinden diese Barrieren durch die Entwicklung neuartiger spektraler
Techniken, die auf der Analyse des Spektrums der Gram-Matrix von Ubergangswahrschein-
lichkeiten des Random Walk. Wir ergidnzen unseren Algorithmus mit einer passenden unteren
Schranke fiir die Abfragekomplexitédt des Testens von k-Clusterbarkeit, die die seit langem
bestehende untere Schranke fiir das Testen von Graphenexpansion verbessert.

Dariiber hinaus erweitern wir unser vorheriges Ergebnis aus dem Eigenschaftstest-Rahmen auf
einen effizienten Clustering-Algorithmus im lokalen Berechnungsalgorithmus (LCA) Modell.
Wir konzentrieren uns auf eine populdre Variante des Graphenclustering, bei der der Einga-
begraph in k Expander partitioniert werden kann, deren dulSerer Leitwert durch € begrenzt
ist. Wir konstruieren eine kleinrdumige Datenstruktur, die es erlaubt, Scheitelpunkte von G
schnell und in sublinearer Zeit nach dem Cluster zu klassifizieren, dem sie angehoren. Unser
spektrales Clustering-Orakel liefert O(elog k) Fehler pro Cluster fiir jedes € < 1/1log k. Unser
Hauptbeitrag ist ein Orakel mit sublinearer Zeit, das Punktprodukt-Zugriff auf die spektrale
Einbettung des Graphen bietet. Wir schédtzen Punktprodukte mit hoher Genauigkeit, indem wir
eine geeignete lineare Transformation der Gram-Matrix der Ubergangswahrscheinlichkeiten
des Random Walk verwenden. Schliellich entwerfen wir unter Verwendung des Punktpro-



Zusammenfassung

duktzugriffs auf die spektrale Einbettung ein spektrales Clustering-Orakel. Auf hohem Niveau
lauft unser Ansatz auf eine Hyperebenen-Partitionierung in der spektralen Einbettung des
Graphen hinaus, operiert aber auf einer verschachtelten Sequenz von sorgfiltig definierten
Unterrdumen in der spektralen Einbettung, um Wiederherstellungsgarantien pro Cluster zu
erreichen.

Schliisselworter: Sublineare Algorithmen, Graphen-Clustering, Spektrale Methoden, Pro-
perty Testing Framework, Lokale Berechnungsalgorithmen
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|§ Introduction

The growth of modern datasets, coming from diverse sources such as social networks, sensor
networks, and video streams, prompt us to reconsider the efficiency of traditional algorithms.
In many modern scenarios, the input is so large that it does not fit on a single machine. It
is often challenging to partition the data (and process it in parallel) in a communication-
efficient manner. As a result, classic polynomial time/space algorithms are prohibitively
expensive, and often even linear algorithms are too slow. Hence, more efficient solutions, i.e.,
sublinear time/space algorithms are needed. Sublinear algorithms require resources that are
substantially smaller than the size of the input: Such algorithms often return a solution after
inspecting only a minuscule fraction of the data (sublinear-time algorithms), or scan the input
data stream while maintaining a small but accurate summary of the data, and compute the
answer based on that (sketching algorithms).

Sublinear algorithms for basic statistical estimation problems, such as finding the most fre-
quent items in data streams, are now routinely used in the practice of massive data analysis
(e.g., HYPERLOGLOG and COUNTSKETCH [HNH13]). However, modern data analysis needs
techniques for answering more complex queries on inputs that often come in the form of
large graphs or matrices: For example, given a large graph (e.g., a nearest-neighbor graph),
to quickly retrieve an approximate clustering of the graph, or to maintain a small summary
of a dynamically updated graph (e.g., the Twitter network) that enables retrieval of spectral
properties of the graph (e.g., random walks, or personalized PageRank needed for recommen-
dation engines). Efficient sublinear solutions to these fundamental questions require going
well beyond classic techniques.

Clustering is one of the well-known problems in discrete optimization and clustering tech-
niques are widely used for solving large-scale optimization problems in many areas, including
machine learning, data analysis, social sciences, and statistics. Clustering methods have vari-
ous applications: for example graph partitioning in Google Maps driving directions [ABM16],
finding treatment groups for experimental design [RAK*16], and community detection for
topic discovery on YouTube [GLMY11].



Introduction

Clustering is the task of partitioning data points into several groups, called clusters, such that
the data points in the same group are similar to each other and dissimilar to the points in other
groups. One way of representing the data points is in the form of a similarity graph, where we
connect two data points (vertices) by an edge if they are similar. There are several constructions
of the similarity graph for modeling the local neighborhood relationships between the data
points (e.g., e-neighborhood graph, k-nearest neighbor graph). The goal of graph clustering is
to partition the vertices of a graph (e.g., the similarity graph) into disjoint subgraphs based on
the well-connectivity of the vertices. One well-studied measure to evaluate the quality of a
cluster is conductance [KVV04a]. The conductance of a cluster assesses the well-connectivity
of the vertices inside a cluster and leads to a natural graph clustering objective, i.e., partitioning
the vertices of a graph into clusters with high internal conductance and sparse boundaries.

One of the most popular graph-clustering techniques is spectral clustering; it is broadly used
in practice due to its simple implementation by linear-algebra methods. Spectral clustering
algorithms significantly outperform traditional clustering algorithms such as k-means or
single linkage [VL07, Jail0]. These techniques make use of the few bottom eigenvectors of
graph Laplacian to define a feature vector for data points, and to perform dimensionality
reduction. Spectral clustering has various applications in a wide range of problems, for
example, image segmentation [SMO00], speech separation [BJ06], and clustering of protein
sequences [PCS06]. Conductance is closely related to the spectral properties of the graph,
behaviour of random walks, and connectivity. The focus of this thesis is to understand the
power of spectral algorithms in discovering the cluster structure of graphs in sublinear time.

Following this, we summarize the contributions of this thesis and give a general outline of the
remaining chapters.

1.1 Overview of our contributions

In this section, we give an overview of our results and techniques. First, we define the notion
of conductance, and then we formulate our main contributions using Definition 1.1.

Definition 1.1 (Internal and external conductance). Let G = (V, E) be a graph. Let deg(x) be
the degree of vertex x. For aset S< V, let vol(S) = }_ ;s deg(x) denote the volume of set S. For
asetScCcV,let E(S,C\S) be the set of edges with one endpoint in S and the otherin C\ S.
The conductance of a set S within C is (/)2(8) = % The external-conductance of set C is

defined to be (,D‘G,(C) = % The internal-conductance of set C < V, denoted by ¢>G(C), is

minSgC,o<vol(S)s% ¢g(5) if |C| > 1 and one otherwise.

Intuitively, the inner conductance of a cluster measures the strength of connections across
any cut inside the cluster relative to the strength of connections inside the smaller of the cut.
Roughly speaking, vertices of a set with large inner conductance are well-connected, and a set
with small outer conductance has few connections to the outside. The conductance measure
leads to a natural graph clustering objective, which is to partition the vertices of a graph

2



1.1. Overview of our contributions

into clusters with large inner conductance and small outer conductance. Oveis Gharan and
Trevisan [GT14a] and Zhu et al. [ZLM13] proposed to combine both and inner conductance
and outer conductance for characterizing a cluster. Inspired by this, we consider a popular
version of the spectral clustering problem where one assumes the existence of a planted
solution, namely that the input graph can be partitioned into a disjoint union of k induced
expanders with outer conductance bounded by € « 1 (Definition 1.2).

Definition 1.2 ((k, p,€)-clustering). Let G = (V, E) be a graph. A (k, ¢,€)-clustering of G is
a partition of vertices V into disjoint subsets Cy,...,Cy such that for all i € [k], $©(C;) = o,
gbg(Ci) <e. Graph G is called (k, ¢, €)-clusterable if there exists a (k, ¢, €)-clustering for G.

An average-case version of this problem where the clusters induce Erdos-Renyi graphs has
been studied in the literature on the stochastic block model (SBM) [Abb18]. We study the worst-
case version of the problem and the goal is to recover clusters with small misclassification
error. Towards this objective, many graph clustering algorithms have been developed [KVV04b,
NJW02, SM00, VL07]. Any algorithm that outputs such a partition necessarily requires Q(n)
time even to output the solution, where n denote the number of vertices in the input graph.
However, on very large-scale graphs, even linear time algorithms might be too slow and
consequently, there has been considerable recent interest in learning the cluster structure of
graphs in sublinear time.

The most basic question towards understanding the cluster structure is quickly determining
the number of clusters in the graph (i.e., k). Formally, we would like to test whether the
input graph can be partitioned into at most k clusters with inner conductance at least ¢ (i.e.,
(k, p)-clusterable), or is far from any such graph. First, in Chapter 2, we present a sublinear
algorithm for testing graph-clusterability in the property testing framework. For testing (k, ¢)-
clusterable graphs, we do not require the outer conductance of clusters to be small. Next, in
Chapter 3, we extend the testing result to an efficient local computation algorithm that given a
(k,p,€)-clusterable graph, recovers the clusters up to a small error.

In the following subsection, we briefly outline the recent results on festing graph properties
and present our main contributions on testing graph clusterability.

1.1.1 Testing graph clusterability

Goldreich and Ron [GR02] initiated the framework of testing graph properties. In this frame-
work, the algorithm is given oracle access to the graph and has to decide whether the graph
has a certain property (YES case) or is far from having that property (NO case). Here the
notion of e-far means that one needs to modify at least an e-fraction of edges to convert
one graph into another. There has been an extensive line of work on testing various graph
properties in the framework of Goldreich and Ron. Several properties known to be testable
in this model such as bipartiteness [GR99], degree distribution moments [ERS17b], number
of triangles [ELRS17], and number of k-cliques [ERS17a]. Czumaj et al. designed algorithms
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for testing several properties including cycle-freeness [CGR*14]. Newman et al. develop
algorithms to test hyperfinite properties [NS13], whereas Eden et al. designed algorithms to
test arboricity [ELR18]. In our study, we use a standard graph exploration model for sublinear
algorithms which allows us to perform neighbor queries to the graph. Using this model one
can perform various graph exploration processes on the graph such as running random walks.

We study the problem of testing k-clusterability where the goal is to distinguish graphs that
are (k, @)-clusterable from graphs that are e-far from admitting such clustering. This is a
generalization of a well-studied problem of testing graph expansion, in which the task is to
distinguish an expander (k = 1), from a graph having a sparse cut (k = 2). Goldreich and
Ron [GR02] showed that Q(y/n) queries are necessary to differentiate between expanders and
graphs that are far from expanders. Then [KS11, NS10] developed algorithms to distinguish an
expander with inner conductance at least ¢ from a graph that is far from having expansion
y-¢? in time n!'/2*00), The problem of testing k-clusterability for k > 1 has recently been
considered in the literature and a recent work of [CPS15] gave an ingenious sublinear time

/2. O Their algorithm implicitly embeds

algorithm for testing k-clusterability in time O(n
arandom sample of vertices into Euclidean space, and then partition the samples into clusters
based on Euclidean distances between the points. This yields a very efficient testing algorithm,
but only works if the cluster structure is very pronounced: it is necessary to assume that the
gap between conductances of graphs in YES case and NO case is at least logarithmic in the size
of the graph G. In particular, the algorithm requires that the accepted be (k, ¢)-clusterable,
while the rejected graphs are e-far from being (k, ¢?/log n)-clusterable. Thus the quality of

clusters in the NO case has to be weakened by factor log n.

In Chapter 2, we develop an optimal sublinear-time algorithm for this problem that can differ-
ntiate (k, ¢)-clusterable graphs from graphs that are far from from being (k,y - (pz)-clusterable

1/2+00) | Our tester works even when the separation between the conductance of

in time n
accepted and rejected graphs i.e y is a sufficiently large constant which is a considerable

improvement comparing to [CPS15] that requires y < Our algorithm works based

1
poly(k,logn) *
on the singular value decomposition of a Gram matrix of the random walk transition proba-
bilities from a small sample of seed nodes. Instead of classifying vertices based on pairwise
Euclidean distances, our tester decides to accept or reject the graph by estimating the (k+1)-th

eigenvalue of the Gram matrix which turns out to be a more robust tester.

We complemented our algorithm with a matching lower-bound of n!/2+2®

on the query
complexity of testing k-clusterability, which improves upon the long-standing previous lower-
bound of Q(n!/?) for testing graph expansion (i.e., k = 1 vs k = 2). Our lower bound is based on
anovel property testing problem, which we analyze using Fourier analytic tools. As a byproduct
of our techniques, we also achieve new lower bounds for the problem of approximating MAX-

CUT value in sublinear time.



1.1. Overview of our contributions

1.1.2 Sublinear time clustering oracles

In Chapter 3, we extend our previous result from the property testing framework to an efficient
clustering algorithm in the Local Computation Algorithms (LCA) model. Local computation
algorithms proposed by Ronitt et al. [RTVX11] are used to model sublinear algorithms. In
many modern scenarios, the input and the output solution are so large that even writing the
entire output is prohibitively expensive. However, at any point in time, only a small portion
of the output is required to be queried. In this model, the algorithm should answer all the
queries to the output solution consistently. In particular, a local computation algorithm for
graph clustering should provide consistent query access with respect to a certain partition of
the graph and to determine the cluster membership for the set of queried vertices.

We study a popular version of the problem where the input graph admits a (k, ¢, €)-clustering
(Definition 1.2) and the goal is to recover every cluster up to an O(e) misclassification error. We
construct a small space data structure that allows quickly classifying vertices of G according
to the cluster they belong to in sublinear time. We refer to this data structure as a spectral
clustering oracle.

Spectral clustering techniques often first compute the spectral embedding of vertices and
then partition the vertices according to their embedding. Since computing the singular value
decomposition on very large graphs is computationally expensive, this approach seems to be
highly non-local. Our main contribution in this work is a sublinear time oracle that provides
query access to dot products in the spectral embedding of G. Our dot product oracle has
nl/2+0@© preprocessing time and query time. Using this data structure we develop a sublinear
time spectral clustering oracle with k°0 - n1/2+0@ query time and 20(1/e-k"10g’k) . ;;1/2+0(e)

preprocessing time that guarantees O(elog k) misclassification error per cluster for any € <«
1

logk*

long as the product is about n!*9©, This, in particular, gives a nearly linear time primitive for

We show that the query time can be reduced by increasing the preprocessing time as

spectral clustering.

Our dot product oracle works based on estimating distributions of random walks from few
sampled vertices in G. The distributions themselves provide a poor approximation to the
spectral embedding, but we use an appropriate linear transformation to achieve high precision
dot product access. We analyze this estimator by spectral perturbation bounds and novel tail
bounds on the spectral embedding of a k-clusterable graph. Our spectral clustering oracle
performs hyperplane partitioning in the spectral embedding of G, and it crucially operates on
anested sequence of carefully defined subspaces in the spectral embedding to achieve per
cluster recovery guarantees.

Organization:The remaining chapters of the thesis contain the full results. We present our
results in separate self-contained chapters that can be read independently. Each chapter
has its own introduction that covers the prior work and a detailed discussion on the new
techniques we develop.






¥4 Testing Graph Clusterability:
Algorithms and Lower Bounds

This chapter is based on a joint work with Ashish Chiplunkar, Michael Kapralov, Sanjeev
Khanna and Yuval Peres. It has been accepted to the 59th Annual IEEE Symposium on Foun-
dation of Computer (FOCS’18)[CKK*18].

2.1 Introduction

Graph clustering is the problem of partitioning vertices of a graph based on the connectivity
structure of the graph. It is a fundamental problem in many application domains where
one wishes to identify groups of closely related objects, for instance, communities in a social
network. The clustering problem is, thus, to partition a graph into vertex-disjoint subgraphs,
namely clusters, such that each cluster contains vertices that are more similar to each other
than the rest of the graph. There are many natural measures that have been proposed to
assess the quality of a cluster; one particularly well-studied and well-motivated measure for
graph clustering is conductance of a cluster [KVV04a]. Roughly speaking, conductance of a
graph measures the strength of connections across any partition of vertices relative to the
strength of connections inside the smaller of the two parts. The higher the conductance inside
a cluster, the harder it is to split it into non-trivial pieces. The conductance measure lends
itself to a natural graph clustering objective, namely, partition the vertices of a graph into a
small number of clusters such that each cluster has large conductance in the graph induced
by it (the inner conductance of the cluster). Towards this objective, many efficient graph
partitioning algorithms have been developed that partition vertices of a graph into a specified
number of clusters with approximately high conductance (when possible). Any algorithm
that outputs such a partition necessarily requires Q(n) time — simply to output the solution,
and usually Q(m) time, where n and m respectively denote the number of vertices and edges
in the input graph. On very large-scale graphs, even linear-time algorithms may prove to be
computationally prohibitive, and consequently, there has been considerable recent interest in
understanding the cluster structure of a graph in sublinear time. Specifically, given a target
number of clusters, say k, and a measure ¢ of desired cluster quality, how much exploration
of the input graph is needed to distinguish between graphs that can be partitioned into at



Chapter 2. Testing Graph Clusterability:
Algorithms and Lower Bounds

most k clusters with inner conductance at least ¢ from graphs that are far from admitting
such clustering? The focus of this paper is to understand the power of sublinear algorithms in
discovering the cluster structure of a graph.

In our study, we use by now a standard model of graph exploration for sublinear algorithms,
where at any step, the algorithm can either sample a uniformly at random vertex, query the
degree d(u) of a vertex u, or specify a pair (u,7) and recover the jth neighbor of u for any
i € [1..d(w)]. For any positive € > 0, we say a pair of graphs is e-far if one needs to modify at
least an e-fraction of edges to convert one graph into another.

The simplest form of the cluster structure problem is the case k = 1: how many queries to the
graph are needed to distinguish between graphs that are expanders (YES case) from graphs
that are Q(1)-far from being expanders (NO case)? A formal study of this basic question was
initiated in the work of Goldreich and Ron [GR02] where they showed that even on bounded de-
gree graphs, Q(y/n) queries to the input graph are necessary to distinguish between expanders
and graphs that are far from expanders. On the positive side, it is known that a bounded
degree expander graph with conductance at least ¢ can be distinguished from a graph that is
Q(1)-far from a graph with conductance y x ¢p? for some positive constant y, using only n2+om
queries [KS11, NS10]. Thus, even the simplest setting of the graph clustering problem is not
completely understood — the known algorithmic results require additional separation in the
conductance requirements of YES and NO instances. Furthermore, even with this separation
in conductance requirements, the best algorithmic result requires polynomially more queries
than suggested by the lower bound.

Lifting algorithmic results above for the case k =1 to larger values of k turned out to be a
challenging task. A breakthrough was made by Czumaj, Peng, and Sohler [CPS15] who de-
signed an algorithm that differentiates between bounded degree graphs that can be clustered
into k clusters with good inner conductance (YES case) from graphs that are far from such
graphs (NO case), using only O(n%poly(k)) queries. This striking progress, however, required
an even stronger separation between YES and NO instances of the problem. In particular, the
algorithm requires that in the YES case, the graph can be partitioned into k clusters with inner
conductance at least ¢b, while in the NO case, the graph is e-far from admitting k clusters with
conductance ¢?/logn. Thus the cluster quality in the NO case needs to be weakened by a
factor that now depends on the size of the input graph.

The current state of the art raises several natural questions on both algorithmic and lower
bound fronts. On the algorithmic front, does sublinear testing of cluster structure of a graph
fundamentally require such strong separation between the cluster structures of YES and NO
cases? On the lower bound front, is there a stronger barrier than the current Q(y/n) threshold
for differentiating between the YES and NO cases? Even for the case of distinguishing an
expander for a graph that is far from expander, the known algorithmic results require nz QM)
queries when the conductance guarantees of YES and NO cases are separated by only a

constant factor.
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In this work, we make progress on both questions above. On the algorithmic side, we present
anew sublinear testing algorithm that considerably weakens the separation required between
the conductance of YES and NO instances. In particular, for any fixed k, our algorithm can
distinguish between instances that can be partitioned into k clusters with conductance at
least ¢ from instances that are Q(1)-far from admitting k clusters with conductance y¢?, using
nztom queries. This generalizes the results of [KS11, NS10] for k = 1 to any fixed k and
arbitrary graphs. Similar to [CPS15] our algorithm is based on sampling a small number of
vertices and gathering information about the transition probabilities of suitably long random
walks from the sampled points. However, instead of classifying points as pairwise similar or
dissimilar based on ¢, similarity between the transition probability vectors, our approach is
based on analyzing the structure of the Gram matrix of these transition probability vectors,
which turns out to be a more robust mechanism for separating the YES and NO cases.

On the lower bound side, we show that arguably the simplest question in this setting, namely,
differentiating a bounded degree expander graph with conductance Q(1) from a graph that
is Q(1)-far from a graph with conductance y for some positive constant y, already requires
nztem queries. This improves upon the long-standing previous lower bound of Q(n%). Going
past the n? threshold requires us to introduce new ideas to handle non-trivial dependencies
that manifest due to unavoidable emergence of cycles once an a)(n%)-sized component is
uncovered in an expander. We use a Fourier analytic approach to handle emergence of cycles

1
and create a distribution where nz 2%

queries are necessary to distinguish between YES and
NO cases. We believe our lower bound techniques are of independent interest and will quite
likely find applications to other problems. As one illustrative application, we show that our

. 1
approach yields an n2 @M

query complexity lower bound for the problem of approximating
the max-cut value in graph to within a factor better than 2, improving the previous best lower

bound on(n%).

In what follows, we formally define our clustering problem, present our main results, and give
an overview of our techniques.

2.1.1 Problem statement

We start by introducing basic definitions, then proceed to define the problems that we design
algorithms for (namely PartitionTesting and testing clusterability) in Section 2.1.2, and
finally discuss the communication game that we use to derive query complexity lower bounds
(namely the NoisyParities game) and state our results on lower bounds in Section 2.1.3.

Definition 2.1 (Internal and external conductance). Let G = (V;, Eg) be a graph. Let deg(v)
be the degree of vertex v. For a set S < Vg, let vol(S) = }_ s deg(v) denote the volume of set
S. For aset S < C < Vg, the conductance of S within C, denoted by ¢g(8), is the number of
edges with one endpoint in S and the other in C\ S divided by vol(S). Equivalently, (/)8(8) is
the probability that a uniformly random neighbor, of a vertex in S selected with probability
proportional to degree, is in C\ S. The internal conductance of C, denoted by ¢°(C), is defined

9



Chapter 2. Testing Graph Clusterability:
Algorithms and Lower Bounds

to be ming_c 4_vo16s) <wi@ (/)g(S) if |C| > 1 and one otherwise. The external conductance of C is
G
defined to be ¢y, ().

Based on the conductance parameters, clusterability and unclusterability of graphs is defined
as follows.

Definition 2.2 (Graph clusterability). Graph G = (V, E) is defined to be (k, ¢)-clusterable
if V can be partitioned into Cy,..., Cy, for some h < k such that forall i = 1,..., h, ¢©(C;) = ¢.
Graph G is defined to be (k, ¢, B) -unclusterable if Vi contains k + 1 pairwise disjoint subsets

Ci,...,Crs1 such thatforalli=1,...,k+1, vol(C;) = ﬁ-%, and gb‘c,;G(Ci) <.

The following algorithmic problem was implicitly defined in [CPS15]:
Definition 2.3. PartitionTesting (k, @in, Pour, B) is the problem of distinguishing between the
following two types of graphs.

1. The YES case: graphs which are (k, ¢i,)-clusterable

2. The NO case: graphs which are (k, ¢out, B)-unclusterable

The ultimate problem that we would like to solve is the Clusterability problem, defined below:

Definition 2.4. Clusterability(k, ¢, k', ¢’,€) is the problem of distinguishing between the fol-
lowing two types of graphs.

1. The YES case: graphs which are (k, ¢)-clusterable

2. The NO case: graphs which are e-far from (k’, ¢')-clusterable.
Here, a graph G = (V,E) is e-far from (k/, ¢’)-clusterable if there does not exist a (k’,¢’)-

clusterable graph G’ = (V, E') such that |E @ E'| < € -|E| (& denotes the symmetric difference,
or equivalently, the Hamming distance).

Note that in the clusterability problem considered by Czumaj et al. [CPS15], the YES instances
were required to have clusters with small outer conductance, whereas we have no such
requirement.

Queries and Complexity. We assume that the algorithm has access to graph G via the follow-
ing queries.

1. Vertex query: returns a uniformly random vertex v € Vg

2. Degree query: outputs degree deg(v) of a given v € V.

10
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3. Neighbor query: given a vertex v € Vi, and i € [n], returns the i-th neighbor of v if
i < deg(v), and returns fail otherwise.

The complexity of the algorithm is measured by number of access queries.

2.1.2 Algorithmic results

Theorem 2.1. Suppose @ oyr < ﬁ(p?n. Then there exists a randomized algorithm for Partition-
Testing (k, Qin, Pour, B) Which gives the correct answer with probability at least 2/3, and which
makes poly(1/ ;) - poly(k) - poly(1/ B) - polylog(m) - m'/2+O0Waul93) queries on graphs with m
edges.

Observe that even when the average degree of the vertices of the graph is constant, the
dependence of query complexity on n, the number of vertices, is O(nl/2+0@ou/ ‘Pizn)). We also
note that our current analysis of the tester is probably somewhat loose: the tester likely
requires no more than O(n!/2+0@ou/ 9%) for graphs of arbitrary volume (specifically, the
variance bound provided by Lemma 2.19 can probably be improved).

Theorem 2.1 allows us to obtain the following result on testing clusterability, which removes
the logarithmic gap assumption required for the results in [CPS15] in the property testing
framework.

Theorem 2.2. Suppose ¢' < ayse, (for the constant ay s = O(min(d !, k™)) from Lemma 4.5
of [CPS15], where d denotes the maximum degree), and ¢’ < c'€??1k? for some small constant
c'. Then there exists a randomized algorithm for Clusterability(k, ¢, k, @', €) problem on degree
d-bounded graphs that gives the correct answer with probability at least 2/3, and which makes
poly(1/¢) - poly(k) - poly(1/€) - poly(d) - polylog(n) - n*/?>+ 0
vertices.

-21.2 2 . .
k=" 1¢9%) queries on graphs with n

The proof of the theorem follows by combining Theorem 2.1 and Lemma 4.5 of [CPS15]. The
details of the proof are provided in Section 2.5.

Furthermore, we strengthen Lemma 4.5 of [CPS15] to reduce the dependence of the gap

between inner and outer conductance to logarithmic in k, albeit at the expense of a bicriteria

approximation. This gives us the following theorem, whose proof is provided in Section 2.5.
Cexp Cexp €

1 / i
Theorem 2.3. Let0<e¢ < ;. Suppose ¢’ < a, (for a = min{57, Wg(l%k)}’ where d denotes

the maximum degree), and ¢' < c-€>@?/ log(?’i—k) for some small constant c. Then there exists a
randomized algorithm for Clusterability(k, ¢, 2k, ¢, €) problem on degree d-bounded graphs
that gives the correct answer with probability at least 2/3, and which makes poly(1/ ) - poly(k) -
poly(1/¢€) - poly(d) - polylog(n) - n*/ 2+0(e 10g(F5)-¢'19%) queries on graphs with n vertices.
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2.1.3 Lower bound results

Our lower bounds are based on the following communication problem that we refer to as the
NoisyParities (d, €):

Definition 2.5. NoisyParities (d, €) is the problem with parameters d = 3 and € < 1/2 defined
as follows. An adversary samples a random d-regular graph G = (V, E) from the distribution
induced by the configuration model of Bollobds [Bol80]. The adversary chooses to be in the
YES case or the NO case with probability 1/2, and generates a vector of binary edge labels
Y €10, 1}£ as follows:

YES case: The vector Y is chosen uniformly at random from {0, 1}£, that is, the labels Y (e) for
all edges e € E are independently 0 or 1 with probability 1/2;

y

NO case: A vector X € {0,1}V is sampled uniformly at random. Independently, a “noise’
vector Z € {0, 1} is sampled such that all the Z(e)’s are independent Bernoulli random
variables which are 1 with probability € and 0 with probability 1 — . The label of an edge
e=(u,v)e Eisgivenby Y(e) = X(u) + X(v) + Z(e).

The algorithm can query vertices g € V in an adaptive manner deterministically. Upon
querying a vertex g € V, the algorithm gets the edges incident on g together with their labels
as a response to the query, and must ultimately determine whether the adversary was in the
YES or the NO case.

Our main result is a tight lower bound on the query complexity of NoisyParities . Before stating
our lower bound we note that it is easy to see that unless the set of edges that the algorithm has
discovered contains a cycle, the algorithm cannot get any advantage over random guessing.
Indeed, if the set of discovered edges were a path P = (ey,...,er) where e; = (v;_1,v;), the
label Y (e;) = X(v1) + X(vi—1) + Z(e;) of e; in the NO case is uniform and independent of the
labels of ey,...,e;_1, because X(v;) is uniform and independent of Y (e;)..., Y(e;—1). A similar
argument holds when the set of discovered edges is a forest. Thus, the analysis must, at the
very least, prove that Q(y/n) queries are needed in our model for the algorithm to discover
a cycle in the underlying graph G. In the noisy case (i.e. when € > 0) detecting a single cycle
does not suffice. Indeed, a natural test would be to add up the labels over the edges of a cycle
C, that is, consider }_.c¢ Y (e). In the YES case, this is uniformly 0 or 1, whereas in the NO case,
itis equal to }_.cc Z(e), which is 0 with probability (1/2)-(1+(1— 2¢)!¢h and 1 with probability
(1/2)- (1 - (1 —2¢)!€l). Thus, the deviation of the distribution of Y ecc Y (e) from uniform is
n~9@ even in the NO case, if |C| = O(logn).

Theorem 2.4. Any deterministic algorithm that solves the NoisyParities problem correctly with

1/2+Q(e

probability at least 2/3 must make at least n ) queries on n-vertex graphs, for constant d.

We note that this lower bound is tight up to constant factors multiplying ¢ in the exponent.

O O(¢)

For example, it suffices to find n®© disjoint cycles. This can be done as follows. Sample n
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vertices in G uniformly at random, and run ~ y/n random walks from each of them. With
at least constant probability, for most of the seed nodes the walks will intersect. Then for
each cycle C;, compute {; =Y .cc, Y (e). In the YES case, this is uniformly 0 and 1, whereas
in the NO case, it is n~®®-far from uniform. Furthermore, since the cycles are disjoint,
{i’s are independent. The Chernoff bound implies that, with a constant probability, less
than (1/2) - (1 + n~9®/2) fraction of the {;’s will be zero in the YES case, and more than
(1/2)- (1 + n~9@/2) fraction of the (;’s will be zero in the NO case.

As a consequence of Theorem 2.4 and appropriate reductions, we derive the following lower
bounds.

Theorem 2.5. Any algorithm that distinguishes between a (1, ;) -clusterable graph (that is,
a pin-expander) and a (2, our 1) -unclusterable graph on n vertices (in other words, solves
PartitionTesting(1, @in, @our, 1)) correctly with probability at least 2/3 must make at least
nV2t Q%o gueries, even when the input is restricted to regular graphs, for constant ¢,

Theorem 2.6. Any algorithm that approximates the maxcut of n-vertex graphs within a factor

1/2+Q(€'/1og(1/€")

2 — &' with probability at least 2/3 must make at least n queries.

Remark 2.1. After posting our paper on arXiv, we learnt that the above result was already
known due to Yoshida (Theorem 1.2 of [Yos11]; the proof appears in the full version [Yos10]). We
note, however, that our proof is very different from Yoshida’s proof, and may be of independent
interest.

2.1.4 Our techniques

In this section we give an overview of the new techniques involved in our algorithm and lower
bounds.

Algorithms

We start by giving an outline the approach of [CPS15], outline the major challenges in design-
ing robust tester of graph cluster structure, and then describe our approach.

As [CPS15] show, the task of distinguishing between (k, ¢)-clusterable graphs and graphs that
are e-far from (k, ¢')-clusterable reduces to PartitionTesting (k, @in, Pout, B), where = poly(e).
In this problem we are given query access to a graph G, and would like to distinguish between
two cases: either the graph can be partitioned into at most k clusters with inner conductance at
least ¢, (the YES case, or ‘clusterable’ graphs) or there exists at least k + 1 subsets Cy, ..., Cx4+1
with outer conductance at most ¢y, and containing nontrivial (i.e. no smaller than fn/(k+1))
number of nodes (the NO case, or ‘non-clusterable’ graphs). Here @i, = ¢, and @y is a
function of the conductance ¢’, the number of nodes k, and the precision parameter e.

A very natural approach to PartitionTesting (k, ¢in, Pout, B) is to sample 10k nodes, say, run
random walks of appropriate length from the sampled nodes, and compare the resulting
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distributions: if a pair of nodes is in the same cluster, then the distributions of random walks
should be ‘close’, and if the nodes are in different clusters, the distributions of random walks
should be ‘far’. The work of [CPS15] shows that this high level approach can indeed be made to
work: if one compares distributions in ¢, norm, then for an appropriate separation between
@in and @qy: random walks whose distributions are closer than a threshold 8 in ¢, sense will
indicate that the starting nodes are in the same cluster, and if the distributions are further
than 20 apart in ¢», say, then the starting points must have been in different clusters. Using an
ingenious analysis [CPS15] show that one can construct a graph on the sampled nodes where
‘close’ nodes are connected by an edge, and the original graph is clusterable if and only if the
graph on the sampled nodes is a union of at most k connected components. The question of
estimating ¢, norm distance between distributions remains, but this can be done in about
v/n time by estimating collision probabilities (by the birthday paradox), or by using existing
results in the literature. The right threshold 6 turns out to be = 1//n.

The main challenge.While very beautiful, the above approach unfortunately does not work
unless the cluster structure in our instances is very pronounced. Specifically, the analysis
of [CPS15] is based on arguing that random walks of O(log ) length from sampled nodes that
come from the same cluster mostly don’t leave the cluster, and this is true only if the outer
conductance of the cluster is no larger than 1/log n. This makes the approach unsuitable for
handling gaps between conductances that are smaller than log 7 (it is not hard to see that the
walk length must be at least logarithmic in the size of the input graph, so shortening the walk
will not help).

One could think that this is a question of designing of a more refined analysis of the algorithm
of [CPS15], but the problem is deeper: it is, in general, not possible to choose a threshold 6 that
will work even if the gap between conductances is constant, and even if we want to distinguish
between 2-clusterable and far from 2-clusterable graphs (such a choice is, in fact, possible for
k =1). The following simple example illustrates the issue. First consider a d-regular graph G
composed of two Q(1)-expanders A and B, each of size 7. Further, suppose that the outer
conductance of both A and B is upper bounded by ﬁ, i.e. at most one quarter of the nodes
in each of the clusters have connections to nodes on the other side. Let t = Clogn for a
constant C > 0, and let p, denote the probability distribution of ¢-step random walk starting
from vertex u. Lemma C.1 of [CPS15] implies that for at least one of these two clusters (say
A), ||pf, - pfjl l, = Q(d~2n"Y2) for all u, v in some large subset A of A. Thus, any tester that
considers two sampled vertices close when their Euclidean distance is at most 8 must use
6 > d~?n~12. On the other hand, consider the following 3-clusterable instance.

Fixe € (0,1), and let C be regular graph with degree % -3, inner conductance Q(1) and size .
Let G’ = (V, E) be a 1/e-regular graph composed of three copies of C (say Cy, C,, C3), where for
each vertex u € C, its three copies in C;, C,, Cs are pairwise connected (i.e. form a triangle),
and each vertex has a self-loop. We say that an edge is bad if it is a triangle edge or self-loop,
otherwise we call it good. Notice that at any step the random walk takes a bad edge with
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probability 3¢, and takes an edge inside one of the copies with probability 1 —3e. We can think
that at any step, the random walk first decides to take a good edge or a bad edge, and then
takes a random edge accordingly. With probability (1 —3¢)’ the random walk never decides to
take a bad edge and mixes inside the starting copy. On the other hand, if the random walk does
decide to take a bad edge, it is thereafter equally likely to be in any of the three copies of any
vertex of C. Let ¢ = clogn for a constant ¢ > 0, and let p/, denote the probability distribution
of t-step random walk starting from vertex u. We are interested in bounding ||Pf, - pf,l |, for a
pair of nodes u, v in different clusters (say u € C; and v € Cy). Forue Cyand a€ V, let qZ(a)
denote the probability that a ¢'-step random walk in C; starting from u ends up in the copy
of a in C;. Notice that since C; is constant-expander, if ¢ = ©(¢), then for every a we have
qz (a) = ﬁ Consider a t-step random walk from u in G, and let ¢’ denote the number good
edges taken. Notice that ¢’ is binomially distributed with parameters (z,3¢), so that ¢’ = ¢(1-3¢)
with high probability. Now, for a € C;, we have,

1 ,
pl(a)=Q1-3¢)"-q(a)+ Fa-a- 36)HEr(q, (@)t > 01 =3n~ 173+ (1-n3¢) n7!,

while for b ¢ C1, we have p/,(b) = 1 (1- (1 -3¢))Ey[q), ()¢ > 0] = (1 - n3¢) n~1. A symmetric
argument holds for v. Hence we have ||p/, — p!| |§ < @(n~175%), Therefore for a pair of nodes

172 for constant d and e.

u, v in different clusters one has ||p}, — p!ll» < n7 12790 « d=2n~
Thus, in order to ensure that vertices in different clusters will be considered far, one must
take the threshold 6 to be smaller than d~2n~1/2. Thus, no tester that uses a fixed threshold
can distinguish between the two cases correctly. To summarize, euclidean distance between
distributions is no longer a reliable metric if one would like to operate in a regime close to

theoretical optimum, and a new proxy for clusterability is needed.

Our main algorithmic ideas.Our main algorithmic contribution is a more geometric approach
to analyzing the proximity of the sampled points: instead of comparing ¢, distances between
points, our tester considers the Gram matrix of the random walk transition probabilities of the
points, estimates this matrix entry-wise to a precision that depends on the gap between ¢,
and gy in the instance of PartitionTesting (k, @in, Your, B) that we would like to solve, and
computes the (k + 1)-st largest eigenvalue of the matrix. This quantity turns out to be a more
robust metric, yielding a tester that operates close to the theoretical optimum, i.e. able to
solve PartitionTesting (k, @in, Qout, B) as long as the gap @out/ (pizn is smaller than an absolute
constant.} Specifically, our tester (see Algorithms 1 and 2 in Section 2.3.1 for the most basic
version) samples a multiset S of s = poly(k)log n vertices of the graph G independently and
with probability proportional to the degree distribution (this can be achieved in = y/n time
per sample using the result of Eden and Rosenbaum [ER18]), and computes the matrix

A:=D 2 M S$)T (D2 M!S), @2.1)

INote that our runtime depends on Yout/ <pi2n as opposed to @out/ @iy due to a loss in parameters incurred
through Cheeger’s inequality. This loss is quite common for spectral algorithms.
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where M is the random walk transition matrix of the graph G, and D is the diagonal matrix
of degrees. Note that this is the Gram matrix of the ¢-step distributions of random walks
from the sampled nodes in G, for a logarithmic number of steps walk. Intuitively, the matrix
A captures pairwise collision probabilities of random walks from sampled nodes, weighted
by inverse degree. The algorithm accepts the graph if the (k + 1)-st largest eigenvalue of the
matrix A is below a threshold, and rejects otherwise. Specifically, the algorithm accepts if
Ui+1(A) < vol(VG)‘l‘e(‘/’out/ #%) and rejects otherwise. Before outlining the proof of correct-
ness for the tester, we note that, of course, the tester above cannot be directly implemented
in sublinear time, as computing the matrix A exactly is expensive. The actual sublinear
time tester approximately computes the entries of the matrix A to additive precision about
mvol(VG)_l_G(%“‘/ ¢i) and uses the eigenvalues of the approximately computed matrix
to decide whether to accept or reject. Such an approximation can be computed in about
vol(Vg) 2 +0@ou/9}) queries by rather standard techniques (see Section 2.3.2).

We now outline the proof of correctness of the tester above (the detailed proof is presented in
Section 2.3.1). It turns out to be not too hard to show that the tester accepts graphs that are
(k, pin)-clusterable. One first observes that Cheeger’s inequality together with the assumption
that each of the k clusters is a ¢j-expander implies that the (k + 1)-st eigenvalue of the
normalized Laplacian of G is at least (pizn/ 2 (Lemma 2.10). It follows that the matrix M’ of
t-step random walk transition probabilities, for our choice of ¢ = (C/ (pizn) logn, is very close to
a matrix of rank at most k, and thus the (k + 1)-st eigenvalue of the matrix A above (see (2.1))
is smaller than 1/7?, say. The challenging part is to show that the tester rejects graphs that
are (k, @out, B)-unclusterable, since in this case we do not have any assumptions on the inner
structure of the clusters Cy, ..., Ci+1. The clusters Cy, ..., Cr+; could either be good expanders,
or, for instance, unions of small disconnected components. The random walks from nodes
in those clusters behave very differently in these two cases, but the analysis needs to handle
both. Our main idea is to consider a carefully defined k + 1-dimensional subspace of the
eigenspace of the normalized Laplacian of G that corresponds to small (smaller than O(@ouc))
eigenvalues, and show that our random sample of points is likely to have a well-concentrated
projection onto this subspace. We then show that this fact implies that the matrix A in (2.1)
has a large (k +1)-st eigenvalue with high probability. The details of the argument are provided
in Section 2.3.1: the definition of matrix U and projection operator Pj, at the beginning of
Section 2.3.1 yield the (k + 1)-dimensional subspace in question (this subspace is the span
of the columns of U projected onto the first i eigenvectors of the normalized Laplacian of
G), and a central claims about the subspace in question are provided by Lemmas 2.13, 2.14
and 2.15. The assumption that vertices in S are sampled with probabilities proportional to
their degrees is crucial to making the proof work for general (sparse) graphs.

One consequence of the fact that our algorithm for PartitionTesting (k, @in, Qout, ) estimates
the entries of the Gram matrix referred to above to additive precision =~ p~1=®@ou/ o) is
that the runtime ~ n!/2+*@@ou/ 9)_ If ¢ < @Z /logn, then we recover the ~ /n runtime
of [CPS15], but for any constant gap between gy, and (pizn our runtime is polynomially larger
than /n. Our main contribution on the lower bound side is to show that this dependence is
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necessary. We outline our main ideas in that part of the paper now.

The lower bound

We show that the n!*®@ou/?}) runtime is necessary for PartitionTesting (k, @in, @out, §) prob-
lem, thereby proving that our runtime is essentially best possible for constant k. More precisely,
we show that even distinguishing between an expander and a graph that contains a cut of
sparsity e for e € (0,1/2) requires n'**© adaptive queries, giving a lower bound for the query
complexity (and hence runtime) of PartitionTesting (1,Q(1),€,1) that matches our algorithm’s
performance.

The NoisyParities problem.Our main tool in proving the lower bound is a new communica-
tion complexity problem (the NoisyParities problem) that we define and analyze: an adversary
chooses aregular graph G = (V, E) and a hidden binary string X € {0, 1}V, which can be thought
of as encoding a hidden bipartition of G. The algorithm can repeatedly (and adaptively) query
vertices of G. Upon querying a vertex v, the algorithm receives the edges incident on v and a bi-
nary label Y (e) on each edge e. In the NO case the labels Y (e) satisfy Y (e) = X (u) + X(v) + Z(e),
where Z(e) is an independent Bernoulli random variable with expectation € (i.e. the algorithm
is told whether the edge crosses the hidden bipartition, but the answer is noisy). In the YES
case each label Y (e) is uniformly random in {0, 1}. The task of the algorithm is to distinguish
between the two cases using the smallest possible number of queries to the graph G.

It is easy to see that if € = 0, then the algorithm can get a constant advantage over random
guessing as long as it can query all edges along a cycle in G. If G is a random d-regular
graph unknown to the algorithm, one can show that this will take at least Q(y/n) queries,
recovering the lower bound for expansion testing due to Goldreich and Ron [GR02]. In the
noisy setting, however, detecting a single cycle is not enough, as cycles that the algorithm can
locate in a random regular graph using few queries are generally of logarithmic length, and the
noise added to each edge compounds over the length of the cycle, leading to only advantage

~0€ gver random guessing that one can obtain from a single cycle. Intuitively.

of about n
this suggests that the algorithm should find at least n*© cycles in order to get a constant
advantage. Detecting a single cycle in an unknown sparse random graphs requires about
V1 queries, which together leads to the n'/2*2 Jower bound. Turning this intuition into
a proof is challenging, however, as (a) the algorithm may base its decisions on labels that it
observes on its adaptively queried subgraph of G and (b) the algorithm does not have to base
its decision on observed parities over cycles. We circumvent these difficulties by analyzing
the distribution of labels on the edges of the subgraph that the algorithm queries in the NO
case and proving that this distribution is close to uniformly random in total variation distance,
with high probability over the queries of the algorithm. We analyze this distribution using a
Fourier analytic approach, which we outline now.

Suppose that we are in the NO case, i.e. the edge labels presented to the algorithm are an
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e-noisy version of parities of the hidden boolean vector X € {0,1}", and suppose that the
algorithm has discovered a subset Equery S E of edges of the graph G (recall that the graph
G, crucially, is not known to the algorithm) together with their labels. The central question
that our analysis needs to answer in this situation turns out to be the following: given the
observed labels on edges in Equery and an edge e = (a, b) € Eg what is the posterior distribution
of X(a) + X (b) given the information that the algorithm observed so far? For example, if Equery
does not contain any cycles (i.e. is a forest), then X(a) + X (b) is a uniformly random Bernoulli
variable with expectation 1/2 if the edge (a, b) does not close a cycle when added to Equery. If
it does close a cycle but Equery is still a forest, then one can show that if the distance in Equery
from a to b is large (at least Q(logn)), then the posterior distribution of X (a) + X (b) is still
n~2® close, in total variation distance, to a Bernoulli random variable with expectation 1/2.
Our analysis needs to upper bound this distance to uniformity for a ‘typical’ subset Egyery that
arises throughout the interaction process of the algorithm with the adversary, and contains
two main ideas. First, we show using Fourier analytic tools (see Theorem 2.12 in Section 2.4.3)
that for ‘typical’ subset of queried edges Equery and any setting of observed labels, one has that
the bias of X (a) + X(b), i.e. the absolute deviation of the expectation of this Bernoulli random
variable from 1/2, satisfies

bias(X (@) + X (b)) < Y (1-2¢)F, (2.2)

E'SEgyery s-t. E'U{a,b} is Eulerian

Note that for the special case of Equery being a tree, the right hand side is exactly the (1 -
2¢)ist@b) \where dist(a, b) stands for the shortest path distance from a to b in T. Since
‘typical’ cycles that the algorithm will discover will be of Q(logn) length due to the fact that
G is a constant degree random regular graph, this is n~2@ ag required. Of course, the main
challenge in proving our lower bound is to analyze settings where the set of queried edges
Equery is quite far from being a tree, and generally contains many cycles, and control the sum
in (2.2). In other words, we need to bound the weight distribution of Eulerian subgraphs of
Equery- The main insight here is the following structural claim about ‘typical’ sets of queried
edges Equery: We show that for typical interaction scenarios between the algorithm and the
adversary one can decompose Equery 8s Equery = F U R, where F is a forest and R is a small
(about n°© size) set of ‘off-forest’ edges that further satisfies the property that the endpoints
of edges in R are Q(log n)-far from each other in the shortest path metric induced by F. This
analysis relies on basic properties of random graphs with constant degrees and is presented in
Section 2.4.3. Once such a decomposition of Equery = T U F is established, we get a convenient
basis for the cycle space of Eqyery, which lets us control the right hand side in (2.2) as required
(see Section 2.4.3). The details of the lower bound analysis are presented in Section 2.4.3.

Finally, our lower bound on the query complexity of NoisyParities yields a lower bound for
PartitionTesting (1,Q2(1),€,1) (Theorem 2.5), as well as a lower bound for better than factor
2 approximation to MAX-CUT value in sublinear time (Theorem 2.6). Both reductions are
presented in Section 2.4.2. The reduction to MAX-CUT follows using rather standard tech-
niques (e.g. is very similar to [KKSV17]; see Section 2.4.2). The reduction to PartitionTesting
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(1,Q(1),€,1) is more delicate and novel: the difficulty is that we need to ensure that the in-
troduction of random noise Z, on the edge labels produces graphs that have the expansion
property (in contrast, the MAX-CUT reduction produces graphs with a linear fraction of
isolated nodes). This reduction is presented in Section 2.4.2.

2.1.5 Related work

Goldreich and Ron [GR02] initiated the framework of testing graph properties via neighbor-
hood queries. In this framework, the goal is to separate graphs having a certain property
from graphs which are “far” from having that property, in the sense that they need many edge
additions and deletions to satisfy the property. The line of work closest to this paper is the one
on testing expansion of graphs [GR00, NS10, CS10a, KS11] which proves that expansion testing
can be done in about O(\/ﬁ) queries, and Q(y/n) queries are indeed necessary. Going beyond
expansion (that is, 1-clusterability), Kannan et al. [KVV04a] introduced (internal) conductance
as a measure of how well a set of vertices form a cluster. In order to measure the quality of a
clustering, that is, a partition of vertices into clusters, Zhu et al. [ALM13a] and Oveis Gharan
and Trevisan [GT14b] proposed bi-criteria measures which take into account the (minimum)
internal conductance and the (maximum) external conductance of the clusters. Considering
this measure, Czumaj et al. [CPS15] defined the notion of clusterable graphs parameterized
requirements on the minimum internal expansion and by the maximum external expansion,
and gave an algorithm for testing clusterability.

There has been an extensive work on testing many other graph properties in the framework of
Goldreich and Ron. For instance, Czumaj et al. [CGR* 14] give algorithms for testing several
properties including cycle-freeness, whereas Eden et al. [ELR18] design algorithms to test
arboricity. Estimation of graph parameters such as degree distribution moments [ERS17b],
number of triangles [ELRS17], and more generally, number of k-cliques [ERS17a] has also
received attention recently.

A closely related model of property testing is the one where the graph arrives as a random
order stream and the property testing algorithm is required to use sublinear space. Although
this appears to be a less powerful model because the algorithm no longer has the ability to
execute whatever queries it wants, interestingly, Peng and Sohler [PS18] show that sublinear
property testing algorithms give rise to sublinear space algorithms for random order streams.

Other graph property testing models include extension to dense graphs [GR10, GR11a] where
the algorithm queries the entries of the adjacency matrix of the graph, and the non-deterministic
property testing model [LV13, GS13], where the algorithm queries the graph and a certificate,
and must decide whether the graph satisfies the property. We refer the reader to [CPS15] for a
more comprehensive survey of the related work.
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2.2 Preliminaries

Let G = (V, Eg) be a graph and let A be its adjacency matrix.

1

Definition 2.6. The normalized adjacency matrix A of G is D2 AD™2, where D is the diagonal
matrix of the degrees. The normalized Laplacian of Gis L=1- A.

Definition 2.7. The random walk associated with G is defined to be the random walk with

I+AD™!
2

transition matrix M = . Equivalently, from any vertex v, this random walk takes every

edge of G incident on v with probability m, and stays on v with probability % We can

11— 1 _—
write the transition matrixas M = D2MD™ 2, where M =1 — %

To see the equivalence of the two definitions of M above, observe that the transition matrix is

M= 14D _ (DEA Dl and M =T-L = 44 = p~3(2t4) D=3 Hence, M = Dz MD"-.

Our algorithm and analysis use spectral techniques, and therefore, we setup the following
notation.

0=<A; =...< A, =2 are the eigenvalues of L, the normalized Laplacean of G. A is the
diagonal matrix of these eigenvalues in ascending order.

* (vy,...,Vy) is an orthonormal basis of eigenvectors of L, with Lv; = A;v; foralli. V e
RYe*[" is the matrix whose columns are the orthonormal eigenvectors of L arranged in
increasing order of eigenvalues. Thus, LV = VA.

« Observe that each v; is also an eigenvector of M, with eigenvalue 1— % 2 is the diagonal
matrix of the eigenvalues of M in descending order. Then £ =I—A/2and MV = VZ.

* Foravertex a€ Vg, 1, € R"6 denotes the indicator of a, that is, the vector which is 1 at a
and 0 elsewhere. Fix some total order on V. For a (multi) set S = {a;,..., as} of vertices
from Vi where ay, ..., as are sorted, we abuse notation and also denote by S the Vi x s
matrix whose i" columnis 1.

¢ For a symmetric matrix B, yy(B) (resp. tmax(B) tmin(B)) denotes the h™ largest (resp.
maximum, minimum) eigenvalue of B.

Claim 2.1. Let V € RVe*!" be the matrix whose columns are the orthonormal eigenvectors of M
arranged in descending order of eigenvalues. Let X denote the diagonal matrix of the eigenvalues
of M. Then
T -1 T ~—1 T ~—1 _1
ViD 2:M=2V'D 2and, M D 2V=D"2VZX.

Proof. Notice that for each v;, we can write viTD‘%M as viTD‘%(D%MD‘%) = vl.T]\_/ID‘% =
(1- %) vl.T D™2. Hence, vl.TD_% is a left eigenvector of M with eigenvalue 1 - % Similarly,
D~z v; is aright eigenvector of M7 with eigenvalue 1 — % Thenwe have VID: M=3VD"2
and MTD 2V =D"2Vs. O
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We will use the following standard results on matrix norms and eigenvalues.

Lemma 2.1. Frobenius norm ||-||r (resp. spectral norm pimax(+)) is submultiplicative on all (resp.
positive semidefinite) matrices. That is, for any two m x m (positive semidefinite) matrices A
and B, |ABlr < | All- I B] (resp. Umax(AB) < max(A) * Umax(B)).

The following is a result from [HJ90] (Theorem 1.3.20 on page 53).

Lemma 2.2. For any m x n matrix A and any n x m matrix B, the multisets of nonzero eigen-
values of AB and BA are equal. In particular, if one of AB and B A is positive semidefinite, then
Hn(AB) = pp(BA).

Lemma 2.3 (Weyl’s Inequality). Let A and E be symmetric m x m matrices. Then for all
i=1,...,m, i (A) + min(E) < pi(A+ E) < i (A) + fmax (E).
The next linear algebraic lemma will be useful in our analysis. The (simple) proof is given in

Appendix A.1.
Lemma2.4. Let A be an m x n matrix, V be a m x p matrix with orthonormal columns, and U
be a n x q matrix with orthonormal columns. Then forallh=1,...,n,
1 un(ATA) = up(ATvvT A).
2. up(ATA) = up(UT AT AU).
Lemma 2.5 (Courant-Fischer). Let A be a symmetric n x n matrix with eigenvalues 1, = 1, =

... = Ay If V. denotes the set of subspaces of R" of dimension k, then

. xT Ax
Ar=max min .
wel xeW,w#0 xT x

Lemma 2.6 (Gershgorin Circle Theorem). Let Q be a n x n matrix, with entries q;j. Fori € [n],
let Ri =3 j+i1qij| be the sum of the absolute values of the non-diagonal entries in the i-th row.
Let D(qi;, R;) be the closed disc centered at q;; with radius R;. Such a disc is called a Gershgorin
disc. Every eigenvalue of Q lies within at least one of the Gershgorin discs D(q;;, R;).

2.3 Algorithm for partition testing

The goal of this section is to present an algorithm for the PartitionTesting problem, analyze it,
and hence, prove Theorem 2.1. We restate this theorem here for the reader’s convenience, and
its proof appears at the end of Section 2.3.2.

Theorem 2.1 (restated). Suppose @ou; < ﬁ(pfn. Then there exists a randomized algorithm
for PartitionTesting (k, ¢in, Your, B) Which gives the correct answer with probability at least
2/3, and which makes poly(1/¢iy) - poly(k) - poly(1/ ) - polylog(m) - m1/2+0@ou/9%) queries on
graphs with m edges.
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Towards proving this theorem, we first make the following simplifying assumption. We assume
that we have the following oracle at our disposal: the oracle takes a vertex a as input, and
returns D~ M 1., where D is the diagonal matrix of the vertex degrees, M is the transition
matrix of the lazy random walk associated with the input graph, and 1 is the indicator vector
of a. We first present and analyze, in Section 2.3.1, an algorithm for PartitionTesting which
makes use of this oracle. Following this, in Section 2.3.2, we show how the oracle can be
(approximately) simulated, and thereby, get an algorithm for PartitionTesting.

We remark that our algorithms use the value of vol(V;;), which is not available directly through
the access model described in Section 2.1.1. However, by the result of [Ses15], it is possible to
approximate the value of vol(V;) with an arbitrarily small multiplicative error using O(v/TVgI)
queries.

2.3.1 The algorithm under an oracle assumption

Let G = (Vg, Eg) be a graph and let A be its adjacency matrix. Recall that in Definition 2.7 we
associated with such a graph the random walk given by the transition matrix M = %D_l. That
is, from any vertex, the walk takes each edge incident on the vertex with probability m,
and stays at the same vertex with probability % Fix ¢, the length of the random walk. For
this section, we assume that we have the following oracle at our disposal: the oracle takes a
vertex a € V; as input, and returns Dz M! 1. Our algorithm for PartitionTesting is given by
Algorithm 2 called PARTITIONTEST. The goal of this section is to prove guarantees about this
algorithm, as stated in the following theorem.

Theorem 2.7. Suppose (pfn > 480¢ ;. For every graph G, integer k=1, and € (0,1),

1. IfG is (k,@;n) -clusterable (YES case), then PARTITIONTEST (G, k, Qin, P oun B) accepts.

2. If G is (k, @ oun B) -unclusterable (NO case), then PARTITIONTEST (G, k, Qin, Qour, B) rejects
with probability at least %

Algorithm 1 ESTIMATE(G, k, s, £,1)

1: Sample s vertices from V; independently and with probability proportional to the degree
of the vertices at random with replacement using sampler(G,n) (See Lemma 2.7). Let S be
the multiset of sampled vertices.

2: Compute D :M'S using the oracle.

3: Return g1 (D2 M'8)T(D™2 M'S)).

Algorithm PARTITIONTEST calls the procedure ESTIMATE given by Algorithm 1, compares the
value returned with a threshold, and then decides whether to accept or reject. Procedure
ESTIMATE needs to draw several samples of vertices, where each vertex of the input graph is
sampled with probability proportional to its degree. This, by itself, is not allowed in the query
model under consideration defined in Section 2.1.1. Therefore, procedure ESTIMATE makes
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Algorithm 2 PARTITIONTEST(G, k, Yin, Pout, B) > Need: ¢F > 48090y

1: n:=0.5.
2: s:=1600(k+1)?-In(12(k + 1)) - In(vol(Vg))/ (B(1 — ).
3 c:= ;—9, t:= cln(vol(Vg)) > Observe: ¢ > 0.

4 Hehres = %.8(k+lﬁ)3.la(}$]§k+l)) x vol(Vg) 1 120¢0out
5: if ESTIMATE(G, k, $, t,1) < thres then

6: Accept G.

7: else

8: Reject G.

in

use of the following result by Eden and Rosenbaum to (approximately) sample vertices with
probabilities proportional to degree.

Lemma 2.7 (Corollary 1.5 of [ER18]). Let G = (V, Eg) be an arbitrary graph, andn > 0. Let
2 denote the degree distribution of G (i.e., 2(v) = iﬁ%’; ). Then there exists an algorithm,
denoted by sampler(G,n), that with probability at least% produces a vertex v sampled from a

distribution 22 over Vg, and outputs “Fail” otherwise. The distribution 22 is such that for all

ve Vg,
[22(v) -2 ()| =n-D(V).

Vel
n-vol(Vg)

The algorithm uses O ( ) vertex, degree and neighbor queries.

The proof of Theorem 2.7 relies on the following guarantees about the behavior of the algorithm
in the YES case, and the NO case respectively, whose proofs are given in Section 2.3.1 and
Section 2.3.1 respectively.

Theorem 2.8. Let ¢;, > 0 and integer k = 1. Then for every (k,@;,)-clusterable graph G =
(Vi, Eg) (see definition 2.2), with min ey, deg(v) = 1 the following holds:

2 \2t
ESTIMATE(G, k, s, £,1) < 5 - (1 - %) )

Theorem 2.9. Let @y, >0, B€(0,1), and integer k = 1. Let
s=1600(k+1)%-In(12(k + 1)) ‘In(vol(Ve))/ (B- (1 —n)).

Then for every (k, @ our, B) -unclusterable graph G = (Vg, Eg) (see definition 2.2), withmin ey, deg(v) =
1, the following holds with probability at least %
8(k+1)In(12(k+1))

ESTIMATE(G, k, s, t,1) = x (1 =30,y
=T A= volVe) Wour
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Proof of Theorem 2.7. Let t = cIn(vol(Vg)) for ¢ = ;—9. We call the procedure ESTIMATE with

in

§=1600(k + 1)?-In(12(k + 1)) - In(vol(Vg))/ (B - (1 — 1)),

and f = cIn(vol(Vg)). In the YES case, by Theorem 2.8, ESTIMATE returns a value at most

2 \2t 2 2
: et ¢ cln(vol(Vg))
s-(l—%) SS-eXp(—(plzn ):s-exp(—(pm—G

2
B 1600(k + 1)2-In(12(k + 1)) -In(vol(Vg))
N B-(1-n)
8(k+1)In(12(k+1))
p-(1-mn)
In the last inequality we use the fact that k+ 1 < vol(Vj), and | V]| is large enough to insure

that 200In(vol(Vg)) < vol(Vg). In the NO case, by Theorem 2.9, with probability at least %,
ESTIMATE returns a value at least

%
xvol(Vg) €72

1 v
< 5> xvol(Vg)? ¢ .

8(k+1DIn(12(k+1)) 8(k+1)In(12(k+1))

B 2t -
i mvoltvg 1 730Peud = T g oXP (F120Poucn(vol (Vo)
1 8(k+1)In(12(k + 1)) ~1-120¢@ou
> 5 B i-n x vol(Vg) .

Since (pizn > 480¢oyt, the value of ¢ = %, chosen in PARTITIONTEST is such that 2 — c%‘zﬂ <
—1—-120c@oyut. Therefore for |V;| large "énough, the upper bound on the value returned by
ESTIMATE in the YES case is less than pnres = 3 - W x vol(Vg) ~17120¢%out which is
less than the lower bound on the value returned by ESTIMATE in the NO case. O

Proof of Theorem 2.8 (the YES case)

The main result of this section is a proof of Theorem 2.8, restated below for convenience of the
reader:

Theorem 2.8 (restated) Let ¢;, > 0 and integer k = 1. Then for every (k,@;n)-clusterable graph
G = (Vg, Eg) (see definition 2.2), with minyey, deg(v) = 1 the following holds:

2 \2t
ESTIMATE(G, k, 5, £,7)) < s - (1 _ %) .

Consider the YES case, where the vertices of G can be partitioned into & subsets with Cy,...,Cy,
for some h < k, such that for each i, ¢© (C;) = @i,. We are interested in bounding g4 (D™ :M'S)T(D 2 M'S))
from above.

Lemma 2.8. Let @i, > 0, integer k = 1, and G = (Vg, Eg) be a (k, @in)-clusterable graph (see
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definition 2.2), with minyevy, deg(v) = 1. Let L be its normalized Laplacian matrix, and M be
the transition matrix of the associated random walk. Let S be a (multi)set of s vertices of G.
Then

A 2t
ukﬂ((D‘iM“S)T(D‘iMfsnss-(l— ’;”) :

where A1 is the (k + 1) -st smallest eigenvalue of L.

Proof. Recall from Section 2.2 that M = D%MD_%, hence, M’ = D%]\_/IID_% . Thus we can write

L T e o 11— 1 11— 1
e (D2 MIS)T(D EMS)) = s (D2 DEMD 2 S) (D 2 D:MD™2 S))
= 1 (STDE M D2 ).

Recall from Section 2.2 that 1—- % =21 % are the eigenvalues of M, X is the diagonal matrix
of these eigenvalues in descending order, and V is the matrix whose columns are orthonormal

. . . o —2t
eigenvectors arranged in descending order of their eigenvalues. We have M =vs2yT, Let
> 1.k be n x n diagonal matrix with first k entries 1 — % =...=21- % and the rest zero and let

2Zk+1:n denote n x n diagonal matrix with first k entries zero and rest 1 — % >..>1— % “We
2t _ v2t 2t
have 2= =27’ +Z¢" ., thus we get
e (D2 M) (DTEM'S) = s (STD 2 M D28)
T3 2t1,Tyy—1
= pr+1 (S D7 2(VZ=FVI)D™2S)

_1 _1
= 1 (STD2V(Z2 + 23 )VID72S)

< 11 (STDTEVE VID 2 8) + pimax(STD 2 VEE, | VI D72 )

The last inequality follows from Lemma 2.3. Here gy, (ST D2 VZ%kaTD‘% S) =0, because

the rank of Zi’k is k. We are left to bound ,umaX(STD_% VZiianTD_% S). By Lemmas 2.2 and

2.1, we have,

pmax(STD72VER VTD72)

= pmax (D72 VERL | VTDT38ST) (By Lemma 2.2)
< pmax(D72VER | VTD72) i (SST) (By Lemma 2.1)
= fmax(VEZ, 1, VI D™ - imax(SST) (By Lemma 2.2)
< fmax(VEZL | VD) timax(SST) - timax(D™H) (By Lemma 2.1)
= fmax(Z2" 1 VIV) - imax(SST) - imax(D™) (By Lemma 2.2)
= ﬂmax(ziil;n) fmax(SST) - tmax(D ™) (Since VIV =1

Next, observe that SS” € N x N is a diagonal matrix whose (a, @) entry is the multiplicity of
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vertex a in S. Thus, max(SST) is the maximum multiplicity over all vertices, which is at most s.

. _ Aie
Also notice that fmay(D™1) = max,ey, m <1, and pmax(E%, ) = (1 — 752)*. Thus we get,

1

Hi+1 ((D_%MtS)T(D_%MtS)) = ,Umax(STD_i Vziil:ﬂ

2t
vIiD s <s- (1— ’1’““) .

Next, we bound A, ; from below. For this, we prove a lemma that can be seen as a strengthen-
ing of Lemma 5.2 of [CPS15]. Let us first recall Cheeger’s inequality that we use later in the
proof of Lemma 2.10.

Lemma 2.9 (Cheeger’s inequality). For a general graph G, let L denote the normalized Lapla-
cian of G, and A, be the second smallest eigenvalue of L. Then

2
¢(§) < Ay =2¢(G).

Lemma2.10. Let G be any graph which is (k, @ in) -clusterable. Let L be its normalized Laplacian

2
matrix, and A1 be the (k + 1) st smallest eigenvalue of L. Then A, = %.

Proof. Let Ci,...,Cy, be a partition of Vi which achieves ¢ (C;) = ¢ for all i, and h < k. Let
Gin be the graph consisting of edges of G with endpoints in the same cluster C; for some
i. Let Gyt be the graph consisting of edges of G with endpoints in different clusters. Let
D, Dj,, and Dy be the diagonal matrices of the degrees of the vertices in G, Gy, and Goyt
respectively, so that D = Dj, + Doy Let A, Ajp, and Aqy be the adjacency matrices of G, Gip,
and Gy respectively, so that A = Aj, + Aout- Recall that Ay, is the (k + 1)st eigenvalue of the
the normalized Laplacian L. Observe that,

L=I-A=D"2(D-A)D 2 =D"2(Dip— An)D "2 + D™ 2 (Dot — Aou) D2

in
Let/lkJrl

eigenvalue of D3 (Dout — Aout)D‘%. Then by Lemma 2.3, 13,1 = /li,?H + A", Observe that

be the (k + 1)st smallest eigenvalue of D2 (Din — Ain)D‘% and /1‘1““ be the minimum

1 1
A‘f‘“ =0, since D™ 2 (Doyut — Aout) D™ 2 is positive semi-definite. Therefore, it is sufficient to lower

bound /llan.

Let graph G/ is obtained from G, by increasing the degree of every a € Vi by D(aa) — Diy(aa),
by adding self-loops. Let A] , and L{ be the adjacency matrix and the normalized Laplacian
of Gy, respectively. Observe that D2 (Din — Ain)D_% =D 2(D- Ai’n)D_% =L .

Consider the graph G/ . It is composed of 1 disconnected components, each of which has
internal expansion ¢j,. Thus, by applying Cheeger’s inequality to each component, we get
that, the second smallest eigenvalue of the normalized Laplacian of each component is at
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2
least %. Now the set of eigenvalues of L is the multi-union of the sets of eigenvalues of
in _  _ ain _ 92 i i Co
the comg)onents. Thus, we have A" = --- = A}? =0and 5* < /11}?+1 <..< ’lll?+1' This implies
A1 = %, as required. O
Proof of Theorem 2.8. Follows from Lemma 2.8 and Lemma 2.10. O

Proof of Theorem 2.9 (the NO case)

The main result of this section is a proof of Theorem 2.9, restated below for convenience of the
reader:

Theorem 2.9 (restated) Let oy >0, B €(0,1), and integer k= 1. Let
s =1600(k +1)%-In(12(k + 1)) - In(vol (V) /(B - (1 —1)).

Then for every (k, ¢out, B)-unclusterable graph G = (Vg, Eg) (see definition 2.2), with min, ey, deg(v) =
1, the following holds with probability at least .
8(k+1)In(12(k+1))

ESTIMATE(G, k, s, t,1) = x (1 =300y,
=B = vol (Vo) Pous

Consider the NO case, where the vertex set of G contains k+ 1 subsets Cy, ..., Cy41 of volume at
least %VOI(Vg) each, such that for each i, gb‘CjG (Cy) < @our- We are interested in bounding the

quantity fg1 ((D_%M ) T(D_% M'S)) from below. Let 6 be a large enough absolute constant
(say 6 = 60). Let h be the largest index such that Aj, < 8¢qy.

Recall that (v1,...,v,) is an orthonormal basis of eigenvectors of L. V € RV¢*!" is the ma-
trix whose columns are the orthonormal eigenvectors of L arranged in increasing order of
eigenvalues. Let P, = Vy.;, V[, and P;i = V11, V)], |, so that for any vector v € RS, P,v
is the projection of v onto the span of {vy,..., vy}, and P}f v is its projection on the span of
{Uh+1,--., Un}, thatis, the orthogonal complement of the span of {v,..., v;}. Also, observe that
Py+Pit=1,P2=Py,and (P})? =P} Let P= D2 P, and PL = D™3 P Let U € RYo***+1 be
the matrix with orthonormal columns, where for a€ Vi, and 1 <i < k + 1, the (a, i)-th entry of

U has ssﬁg)) if a € C;, and zero otherwise.
Lemma 2.11. Let G = (Vg, Eg) be a graph with min,cy, deg(v) = 1, and with normalized
Laplacian L (Definition 2.6), and M be the transition matrix of the random walk associated with
G (Definition 2.7). Let Cy ..., Cyy1 be pairwise disjoint subsets of vertices of G. Let U € RVe*[k+1]
be the matrix with orthonormal columns, where forae€ Vg, and1 < i < k+1, the(a,i)-th entry

of U has f;l‘(’;(é )) ifa € C;, and zero otherwise. For 0 >0 and ¢,,: = 0, let h be the largest index

such that Ay, the h" smallest eigenvalue of L, is less than 6@y Let P = D‘%Ph. Let S be any
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multiset of vertices. (Recall our abuse of notation from Section 2.2.) Then

0 2t
,uk+1((D_§MtS)T(D_§MtS))2(1—%”)- min  |STPUzI2.

Z€RKHL || z]l,=1

Proof. We can write pi.; (D"2 M!S)T(D™2 M!S)) as

1 (D72 M) (D72 M'S)) = psr (M'S) T D71 (M'S)
> 1 (M'S)T D2 Vi, V] D72 (M1S)) By Lemma 2.4
= e (M) D2 Vi, VE Vi VI D72 (M*S)) - Since Vi, Vi = 1
= i1 (STM T PPT M'S).

Recall from Section 2.2 that UZ.T D2 isaleft eigenvector of M, and D2 v; is aright eigenvector

of M with eigenvalue 1—%. Thus we can write Vl:ThD_% M'= Z{:thhD_% and M'' D2 Vi, =

D2 V2], where 7 is a h x h diagonal matrix with entries (1 - %)t, (1= %)t. Observe
that
1 _1
(MYTP = (M"Y D 2 Vi VT, = D72 Vi Sl VT,

Thus we have,

e (D72 M) T (D72 M'S)) = 41 (ST M PPT M1S)
_ T -1 t yT t T p-3
= i1 (8" D 2 Viep 2y, Vi Viep 2y, Vi D2 S)
1 .
= max{ myin{nVlzhz{:hvth‘zSyllg lyeU,lylz=1} |dim(U) = k+1},

where the last equality follows from Courant-Fischer min-max principle (Lemma 2.5). Observe
that 2], is a h x h diagonal matrix with entries (1 - %)‘, e (1= %)‘, hence

_1 An )%t _1 An )2t
IVipzt, vih,D 25y||gz(1_7h) AVip Vi, D zsyn%:(l—?h) 1PT syl
Notice that by Courant-Fischer min-max principle (Lemma 2.5) we have
ukH(STPPTS):mI?x{ rnyin{nPTSyn% lyeU,lylz=1} |dim(U)=k+1}.

Let U* be the subspace with dim(U*) = k + 1 which maximizes

myin{uPTSyn% lyeU,lyly =1}
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Thus we get,
It T =2 ast
Ui+ (D" 2M°S)" (D" 2 M"S))
1
:ml?X{ myin{llVlth{;thhD‘ESyllﬁ lyeU,lylz2=1} |dim(U) =k+1}
1 *
> min| VinZi , Vi,D™2Syl5 lye U Iyl =1}
. )lh 2t T 2 *
ZmJ}n 1—? ”p Sy”z |y€U »”y”Z:l
A\ T o2 *
= 1—? 'm)}n{IIP Syl lyeU,lyll2=1}
Ah 2t T T
= 1_? “Ui+1(ST PP S).
Therefore we have

i (D72 M) (D72 M'S))

A/h 2t T T
2(1—7 e (STPPTY)
An 2t T TpT
2(1—? L+ (ST PUU P S) By Lemma 2.4
An 2t TpTccT
:(1—? ‘U1 (U P SST PU) By Lemma 2.2
An 2t TpTccT TpTccT
:(1—? “Umin(U" P~ S8S” PU) Since U P* SS* PU is k+ 1 x k+ 1 matrix
1 2t
2(1——" min  [STPUz?
2 ZERFL | z|l,=1
0 2t
2(1— ‘po‘“) min  [|STPUZIZ.
2 ZERKFHL | z],=1

Our goal is to prove that by selecting a random (multi)set S of vertices of a “reasonable” size,
with at least a constant probability (say 2/3), for all z € R**1 with || zll, =1, we have || STPUZ||§
is “large”.

Lemma 2.12. Let G = (Vg, Eg) be a graph with min,cy, deg(v) = 1, and with normalized
Laplacian L (Definition 2.6). Let C; ..., Cy+1 be pairwise disjoint subsets of vertices of G such
that gbgc (C)) = @our foralli. LetU e RYe*k+1 ho the matrix with orthonormal columns, where

orac Vg, andl<i<k+1, the(a,i)-th entry of U has deg(“,) ifa € C;, and zero otherwise.
y vol(C;)

Then for every z € R**1 with ||z||§ =1,

ZTUTLUz < 20 our
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Proof. Wehave, z' UTLUz=z"UTUz-z"UTAUz=1-z"UT AUz, where A is the normal-
ized adjacency matrix of G, since U U = I. We will prove that every eigenvalue of UT AU lies
in [1 — 2¢out, 11, and this implies the claim.

Let m;; denote the number of edges between C; and Cj, and m] denote the number of edges

between C; and Vg \ Uj‘:ll C;. Then observe that

mij

1/ vol(C;) - vol(C/) .

Thus, UTAU = W 12w =12 where W = diag(vol(Cy),...,vol(Cr41)), and H is given by H; j =
1/2

(UTAU);j = ul Au;j =

m;j. By Lemma 2.2, the eigenvalues of W=Y2HW~1'2 are same as the eigenvalues of W' H.

Therefore, it is sufficient to prove that the eigenvalues of W lHliein [1— 2@out, 11.

We know that for all i, (p‘G,G(C,-) < @out, and thus, for all 7, m; + X j#i Mij < @Yout - vol(C;), and
m;; = (1 — @out)vol(C;). Therefore W~1H s the (k + 1) x (k+ 1) matrix such that for all i,

(W H)ji = — i 21— e
VOl(Ci)
and )
WH); = ——— /i < Pout-
]Z#l( )ij VOl(Ci)jZ#ml] Pout
Thus, for every i,
i Y 1 k+1
w H)”+]Z#(W H),-ijglm,-jsl, (2.3)
and
W H) ;= Y (W H)jj 2 1- 200y (2.4)
Jj#i

From (2.3) and (2.4), and by using the Gershgorin circle theorem (Lemma 2.6), we conclude
that every eigenvalue of W~! H lies within [1 — 2¢qy, 1], as required. O

Lemma 2.13. Let G = (Vg, Eg) be a graph with min,cy, deg(v) = 1, and with normalized
Laplacian L (Definition 2.6). Let C; ..., Cy.1 be pairwise disjoint subsets of vertices of G such
that (ng (Ci) < @ous for all i. Let U € RVe**+1 be the matrix with orthonormal columns, where

forae Vg, andl<i<k+1, the(a,i)-thentryofU has % if a € C;, and zero otherwise.
Let z € RF1 with ||z||§ = 1. For a constant@ >0, let h be the largest index such that Ay, the h-th

smallest eigenvalue of L, is less than 8¢ yy;. Then
L |2 < 2
|Pruel;=2
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Proof. Recallthat0= A, <--- < A, are the eigenvalues of Land vy, ..., v, are the corresponding
orthonormal eigenvectors forming a basis of RV¢. Write Uz € R'¢ in the eignebasis as Uz =
Zl , @i v;i. Then we have,

n n n
U2 LUz = Z a; U Za v; Z/liaf > Z Aial? = O0out Z a?. (2.5)
i=1

i=1 i=h+1 i=h+1

On the other hand, by Lemma 2.12, we have

ZTUT LUz < 2¢out. (2.6)
Putting (2.5) and (2.6) together, we get 0oyt Y. ? hel (x < 2@out, and thus Y7 @ Recall
that P = V,I. | V1.4, and therefore,
e e T - e, 2
1P, Uzl = || aiPyvi| =| X aivill = X “isg‘
i=1 2 i=h+1 2 i=h+l
O

The next two lemmas concern random samples of vertices S’, and prove, for any fixed z, a
lower bound on ||S'" PUz|, as a function of the size of S'.

Lemma 2.14. Let Cy,...,Cyy1 be subsets of some universe Vg, such that for all j, vol(C;) =
% vol(Vi) for some B> 0. Letn € (0,1), and

J 200(k+1DIn(12(k+ 1))
B B-1-mn) '

Let S' be a multiset of s’ independent random vertices in Vg, sampled from distribution 9” over

Vi such that for all v € Vg, |93‘(v) - % =n: izi(g)) Then with probability at least 15 12, for

everyl<j<k+1,
9 wolCj) ,

SnC
IS nCil= 15 vol(Vg)s

—1n).

Proof. Forve Vg, and 1 <r < ¢, let X] be a random variable which is 1 if the r-th sampled

vertex is v, and 0 otherwise. Thus E[X]] =22 (v) = (1-1n) 3;%‘(};)). Observe that |S'n C jlisa

random variable defined as Zi;l Yyec; X 1, where its expectation is given by

L R (o) i
[E“SmC]l]_;v;(IjE[XU]ES(I_U)VOI(VG) SU=mET

Notice that the random variables X}, are negatively associated, since for each r, ¥ ey, X;, = 1.
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Therefore, by Chernoff bound,

9s'(1—m) vol(Cj)

1S’ N Cjl<
10 vol(Vg)

sQ-n P
‘eXp( 200 k+1)

By union bound,

9s'(1—m) vol(C))

3j:18' N Cil <
r|31S gl 10 vol(Vy)

<(k+1)-ex

200 k+1

)

_sa-m ﬁ) 1
p( =12

by our choice of s'. a

Lemma 2.15. Let G = (Vg, Eg) be a graph with minyey, deg(v) = 1, and with normalized
Laplacian L (Definition 2.6). Let C...,Cyy1 be pairwise disjoint subsets of vertices of G of
volume at least %UOZ(VG) each, such that (/)gG(Ci) < @our foralli. LetU € RVexk+1] pe the
matrix with orthonormal columns, where fora€ Vg, and1 < i < k+1, the (a,i)-th entry of U

has f;ﬁ(ca)) ifa € C;, and zero otherwise. Let z € R**1 with ||z||2 =1. For6 =60, let h be the

largest index such that 1, the h™ smallest eigenvalue of L, is less than 0@y, Let P = D~ 2 Py

and P+ = 2PL Let0O<n<1,and

o 200(k+ 1 In(12(k + 1))
- B-(1-1) '

Let S' be a multiset of s' independent random vertices in Vg, sampled from distribution &

deg(v) deg(v) 1T 1
P(v) - 201(G) =n- l(G) * Then ”S PUZ”Z Z3 V vol(VG)’ with

over Vg such that for all v e Vg,
probability at least é

Proof. By trlangle inequality | S PUz|, = |

\/ Vi ol(C )

e 950 V01(C]
we have |S'n C]l = 10 vol(Vg)

S’TD‘E Uz” |S'TP+Uz|,. Observe that the

vector D™2Uz takes a uniform value Mj = on each set C;. By Lemma 2.14, with

tll

probability at least 37,

, for all j. In this event, we have,

k+19s(1 m volCp)
iz 1 10 Vol(VG)

STp-3 Uz”
9 ! 1— k+1 Z2
= . sd-mn Z 1( ])

10 vol(Vg) = l(C,)
s'a-n)

vol(Vg)
)

vol(Vg) '

2
Nzl

2.7)

where the last equality follows because z is a unit vector.

Let y = P;-Uz. By Lemma 2.13, we have lyls < %. Note that P*Uz = D‘%Pﬁ Uz=D":y. Thus
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we have

Es |87 PHUz]y] =Es ”s’TD‘%P;UzHi

2
=5 Z P(v)- yw)

vevg deg(v)

) deg(v) y)?
<5 Y (1+n) —2——.

S U;,G( D Sol(Ve) deg(w)
_ S’(l +T]) 2
= SoliVe) (R4 P
_2 50+

0 vol(Vg)

Thus, by Markov’s inequality, with probability at least 2,

6 s 1 s'1+n)

8 vollVg) 10 vol(Vg)'

|STPrUz|; <3-El||STP Uz < 2.8)

where we get the last equality by recalling that 8 = 60. Putting (2.7) and (2.8) together, we get

with probability at least 1 — % - —112 = —172,
S"PUz|,=||S" D :Uz|| —|S" P-UZ|, = __ : > = : .
” T H2 Tl H Y ”2 91 -n) d+mn S 1 S

2 10 10 vol(Vg) 4\ vol(Vg)

O

The above lemma gives a lower bound on ||S'" PUz||,, which holds with a constant probability.
We next show how we can trade off the lower bound to get a guarantee that holds with
probability arbitrarily close to one.

Lemma 2.16. Let G = (Vg, Eg) be a graph with min,cy, deg(v) = 1, and with normalized
Laplacian L (Definition 2.6). Let C...,Cy+1 be pairwise disjoint subsets of vertices of G of
volume at least %UOZ(VG) each, such that (pgc(C,-) < @our foralli. Let U € RVexk+1l pe the
matrix with orthonormal columns, where fora€ Vg, and1 <i < k+1, the(a,i)-th entry of U

f(flg((ca)) if a € C;, and zero otherwise. Let z € R¥*! with | z|3 = 1. For 0 = 60, let h be the

largest index such that Ay, the h™ smallest eigenvalue of L, is less than 0@ oy, Let P = D~ 2 Py
and P+ = D_%P}f. Let0<n< %, and

has

= 1600(k + 1)2-ln(12(k+ 1)) -ln(vol(VG))
- B-1—mn) '

Let S’ be a multiset of s’ independent random vertices in Vi, sampled from distribution 2 over

Vi such that for all v e Vg, )9)”(1}) - ii%((g)) <n- ii“l;(%’)) . Then fort = 8(k + 1) Invol(V), we have

|S"PUz|, = §\/ 7ty - with probability at least 1 - (55)".
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Proof. We represent S as a multi-union S = §; U S, U... S; of independently drawn sets con-
taining s’ = 2 independent samples each, where

, $ _200(k+1D)In(12(k+1))

T B-1—n)

Using Lemma 2.15, for any i, Pr [ ||SI.TPUZ||2 > i, / T_Vof(VG)
dent sets of samples, Pr [Hi I|STPUZ|, = 1, /W] > 1 - ()". Therefore with probability

atleast 1 ()", we have

12
||STPUZ||2:Z||5.TPUZ||2>(l — )2: s
S 2= 4V z-vol(Ve)] ~ 167v0l(V5)
Thus, Pr|[|$”PUz|, >\ /maios | 2 1- ()" .

In the next lemma, we switch the order of quantification and prove that with a constant proba-

> % Since the S;’s are indepen-

bility, a random S achieves a large value for | ST PUz|, for all z of unit norm simultaneously,
with constant probability.

Lemma 2.17. Let G = (Vg,Eg) be a graph with minyey, deg(v) = 1, and with normalized
Laplacian L (Definition 2.6). Let C...,Cyy+1 be pairwise disjoint subsets of vertices of G of
volume at least %UOI(VG) each, such that (ng(Ci) < @our foralli. LetU € RYexk+1] pe the
matrix with orthonormal columns, where fora€ Vg, and1 < i < k+1, the (a,i)-th entry of U

deg(@ ifa € C;, and zero otherwise. Let z € R**1 with ||z||§ =1. For6 =60, let h be the

vol(C;)
largest index such that Ay, the h™ smallest eigenvalue of L, is less than 0@ gy;. Let P = D3 py,
and P+ = D‘%P}f. Let0O<n<1,and

has

oo 1600(k + 1)?-In(12(k + 1)) - In(vol(Vg))
- B-(1-m '

Let S' be a multiset of s’ independent random vertices in Vg, sampled from distribution 2 over

Ve such that for all v € Vg, |9”(v) - ii%((g)) <n-38W Thon with probability at least 2, for all

=0 vol(G) *
z€R*1 with | z|1% = 1, we have | ST PUz||, = 1, | seitvey» Where T = 8(k + 1) In vol(V5).

Proof. Let A be a k+ 1 dimensional §-net of size (%)’CJrl on the Euclidean sphere of radius
1, for some small enough §. Let us first explain how to construct such d-net. Pick y; of unit
norm in R¥*!, and then for every ¢ = 2 pick y; of unit norm such that ||y, - y;||, = & for all
j=1,...,t—1, until no such y can be picked. Note that balls of radius g centered at the
¥:'s are disjoint, and their union belongs to the ball of radius 1 + g centered at zero. Thus

i<

4\k+1
(g)kﬂ S(S) .

For z € RF*! with | z|l, = 1, let A4 (), be the closest point to z from 4. Using Lemma 2.16, by
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union bound over all points in .4 we have that with probability at least 1 — (15—2)7 ( 4) k+1 for all
ye N, |STPUY|, =1, | vetvy - Therefore, with probability at least 1~ ()7 ($)F*1, we have

for every z € R+! with | z]l, = 1, ||STPUJV(Z) || i, /m.

Observe that

2 2
[STPUGE-A (@), = |STPU|;-I(z— A (2)]I5
< umax(UT PTSSTPUY -6
< max(UUD) - phmax(PPT) - pimax (8ST) -8 (By Lemma 2.2, and Lemma 2.1)
< Umax(PPT) - timax(SST) -6 (Since UUT = 1)
< tmax(Vi VD) - tinax(D™1) - pimax(SST) -6 (Since PPT = D72V, VI D™%)

Next, observe that SST € N x N is a diagonal matrix whose (a, @) entry is the multiplicity of
vertex a in S. Thus, tmax(SST) is the maximum multiplicity over all vertices, which is at most s.
Also notice that ,umax(D_l) = maXxyey, @ <1, and pmax(Vy VhT) =1, since Py, is a projection
matrix. Thus we get

ISTPUGE- A ()|, <5-6

Therefore, with probability at least 1 — (%)T(g)k“, forevery z € R with |zl =1, we have

1 S
|s"PUz||, = |STPUN (2)|, - |STPU(=- A (2)], = 7\ /TI(VG) -
By setting § = 555\ / oivey We get | ST PUz|, = &\ /s=6ivy with probability at least

5 T 4 k+1 B 5 T 1 k+1
—(E) (5) —1—(E) (80 S*T-VO (VG)) .

Observe that 7 = 8(k + 1) Invol (V) is large enough to ensure that the above probability is at
least 2. O
3

Proof of Theorem 2.9. Follows from Lemma 2.11 and Lemma 2.17. O

2.3.2 Lifting the oracle assumption

The goal of this section is to show how we can remove the oracle assumption that we made in
Section 2.3.1, and get an algorithm for the PartitionTesting problem that fits into the query
complexity model, defined in Section 2.1.1, that only allows (uniformly random) vertex, degree,
and neighbor queries. This will then establish Theorem 2.7. The algorithm is presented as
amain procedure PARTITIONTESTWITHOUTORACLE (Algorithm 4) that calls the subroutine
ESTIMATEWITHOUTORACLE (Algorithm 3). These two procedures can be seen as a analogs of
the procedures PARTITIONTEST (Algorithm 2) and ESTIMATE (Algorithm 1) respectively, from
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Section 2.3.1.

Algorithm 3 ESTIMATEWITHOUTORACLE(G, k, s, t,0,R, 1)

1: Sample s vertices from N independently and with probability proportional to the degree
of the vertices at random with replacement using sampler(G, 7). Let S be the multiset of
sampled vertices.

2: 1 =192s+/vol(Vg).

3: for Each sample a € S do

if é%-norm tester (G, a, o, r) rejects then return co. > High collision probability

5: for Each sample a € S do
Run 2R random walks of length ¢ starting from a. Let q, and q, be the empirical
distribution of running R random walks started at a.
7: Let Q and Q' be matrices whose columns are {D_%qa :a€ S}and {D_%q’a :a € S} respec-
tively.
8 Let¥:=3-(QTQ'+Q'TQ)
9: Return pp4 (49).

Algorithm 4 PARTITIONTESTWITHOUTORACLE(G, k, Qin, Pout, B) > Need: (pizn > 480 out

1: n:=0.5

2: §:=1600(k + 1)?-In(12(k + 1)) -In(vol(Vg)/(B(1 —n)).

3 c:= 2—9, t:= cln(vol(Vg)) > Observe: ¢ > 0.
o 1825k(1+n)
= Tvol(Vg)

5: Hthres = % . 8(k+1[)3}3(}%§k+1)) x VOI(VG)_l_IZOC(‘DO‘“.

6: Uerr = 51, : 8(k+1ﬁ)—.18(3]§k+1)) x VOI(VG)_l_IZOC%‘"

7. R.:maX(IOOSZU”Z 2003403/2)
’ ) Herr ’ ﬂgrr ’

8: if ESTIMATEWITHOUTORACLE(G, k, s, t,0, R, 1) < lhres then
Accept G.
10: else
11: Reject G.

Recall from Definition 2.7 that with the graph G we associated a random walk, and let M
be the transition matrix of that random walk. For a vertex a of G, denote by p}, = M‘1, the
probability distribution of of a ¢ step random walk starting from a. Recall that ESTIMATE
assumed the existence of an oracle that takes a vertex a of G as input, and returns D_%M 1,.
ESTIMATEWITHOUTORACLE simulates the behavior of the oracle by running several z-step
random walks from a. For any vertex b, the fraction of the random walks ending in b is
taken as an estimate of p/,(b) = ]IZM 14, the probability that the ¢-step random walk started
from a ends in b. However, for this estimate to have sufficiently small variance, the quantity
IID‘% pflllg needs to be small enough. To check this, ESTIMATEWITHOUTORACLE uses the
procedure ﬁ%-norm tester, whose guarantees are formally specified in the following lemma.

Lemma2.18. Let G = (Vg, Eg). Letae Vg, 0>0,0<8 <1, and R=V01C) jer¢>1, andp,
be the probability distribution of the endpoints of a t-step random walk starting from a. There
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exists an algorithm, denoted by é% -norm tester(G, a,o, R), that outputs accept if || D‘%p; ||§ <%
and outputs reject z'fIID_%péllg > o, with probability at least 1 —§. The running time of the

testeris O(R- t).

Our Z%-norm tester is a modification of [g-norm tester in [CPS15]. We defer the proof of
this lemma to Appendix A.2. The running time of [g-norm tester is independent of o, since
I D_%p; 12 = ﬁ(G) for all a € Vi;. We will use the following definition of a (o, f)-good vertex for
the rest of the section.

Definition 2.8. We say that a vertex a € Vg, is (0, ) -good if ||D‘%pfl 113

<0.
We first claim that for all multisets S containing only (o, £)-good vertices, with a good probabil-

ity over the R random walks, the quantity ¢ that Algorithm 3 returns is a good approximation
to (D~ M'S)T (D~ M'S) in Frobenius norm.

Lemma2.19. Let G = (Vg, Eg) bea graph. Let0 <o <1 t >0, e > 0, k be an integer, and let S
be a multiset of s vertices, all whose elements are (0, t)-good. Let

10052012 2005*03/2
R =max R

2
Herr Kerr

For each a € S and each b € Vg, let q,(b) and q,(b) be random variables which denote the
fraction out of the R random walks starting from a, which end in b. Let Q and Q' be matrices
whose columns are (D‘%qu)aes and (D‘%q’a)aes respectively. Let 4 = % (QTQ'+Q'TQ). Then
with probability at least 49150, |ftj41(9) — 1 (D 2 M!S)T(D™2 M'S))| = ferr.

The proof of the lemma is given in Appendix A.2. We now prove that Algorithm 4 indeed
outputs a YES with good probability on a YES instance. For this, we need the following lemma
which is a modification of Lemma 4.3 of [CPS15], and the proof of this lemma is deferred to
Appendix A.2.

Lemma 2.20. Forall0 < a < 1, and all G = (Vg, Eg) which is (k, @i,) -clusterable, there ex-
ists V. € Vg with vol(V(,) = (1 — a)vol(Vg) such that for any t = %

(L t) -good.

/ .
3 , every u € VG is

a-vol(Vg)’

Theorem 2.10. Let ¢;, > 0, and integer k = 1. Then for every (k, ;) -clusterable graph G =
(Vi, Eg) (see definition 2.2), with mincy, deg(v) = 1, Algorithm 4 accepts G with probability at
least 2.

6

Proof. If Algorithm 4 outputs a NO one of the following events must happen.

e E;: Some vertex in S is not (<, 1)-good.

* Ey: All vertices in S are (g, £)-good, but (%-norm tester fails on some vertex.
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* E3: All vertices in S are (%, £)-good, and ¢3-norm tester succeeds on all vertices, but
1 1
k41 (QT Q) = presr (D2 M T (D72 M )| > perr.

If none of the above happen then Algorithm 3 returns

1 1
Pi+1(9) = a1 (D2 Mts) T(D72 Mts)) + Herr = Hyes T Herr < Hthres,
and Algorithm 4 accepts.

Recall that we use sampler(G,n) to sample vertices, where n = % Apply Lemma 2.20 with

a = m. Then by the union bound, with probability atleast 1 —a-(1+7n) =1- i all
the vertices in S are (%‘Z;ﬁ, t)-good, that is, (%, t)-good, where o = %‘s/’é, as chosen in

Algorithm 3. Thus, Pr[E;] < +;. Given that E; doesn’t happen, by Lemma 2.8, on any sample,

24
¢3-norm tester fails with probability at most 16+°1(VG) < 5= for r = 19251/vol(V), as chosen

in Algorithm 3. Thus, with probability at least 1 — é, l%-norm tester succeeds on all the
sampled vertices, which implies Pr[E>] < 1—12 Given that both E; and E, don’t happen, by
Lemma 2.19, with probability at least ‘é—g, Algorithm 3 returns a value that is at most ey away
from i1 (D72 M*S)T(D™2 M*S)). Thus, Pr[Es] < &. By the union bound, the probability

that Algorithm 4 rejects is at most i + % + % < é. O

Next, we prove that Algorithm 4 indeed returns a NO with good probability on a NO instance.

Theorem 2.11. Letg,,; >0, f € (0,1), and integer k = 1. Then for every (k, ¢ our, B) -unclusterable
graph G = (Vg, Eg) (seedefinition 2.2), withminevy, deg(v) = 1, Algorithm 4 rejects G with prob-
ability at least %.

Proof. 1f the algorithm outputs a YES, then one of the following events must happen.

e E;: Some vertices in S are not (o, £)-good, but Z%-norm tester misses these and passes
all vertices.

» Ej: All vertices in S are (0, £)-good, but |1 (¥4) — ,ukH((D_%MtS)T(D_%MtS))I > Uerr.

* By i1 (D72 M'S)T (D72 M'S)) < fino = SEHDIRAZIE) . yo) (1) 171200

If none of the above happen then Algorithm 3 returns
_1 _1
Pi+1(E) = 1 (D72 MtS)T(D 2 MtS)) — Merr = HUno — Herr > Mthres»
and Algorithm 4 rejects.

v vol(Vg) <

By Lemma 2.8, the probability that Z% -norm tester passes a bad vertex is at most 10 -
13 for r =1925y/vol(Vg), as chosen in Algorithm 3. Thus, Pr(E;] < ;. If all vertices in S are
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(o,1)-good, by Lemma 2.19, with probability at least ‘51—3, Algorithm 3 returns a value that is

at most fier; away from iy, (D72 M*S)T(D~2 M*S)). Thus, Pr[E,] < &. Finally, by Theorem

2.9, Pr[Es] < % By the union bound, the probability that Algorithm 4 accepts is at most
1,1 .,1_3

ztsnt3<7 =

Now we are set to prove Theorem 2.1.

Proof of Theorem 2.1. The correctness of the algorithm is guaranteed by Theorems 2.10 and
2.11. Since these theorems give correctness probability that is a constant larger than 1/2, it
can be boosted up to 2/3 using standard techniques (majority of the answers of a sufficiently

large constant number of independent runs). It remains to analyze the query complexity.
Vel
vol(G)

the query complexity of sampling is O(s-v/vol(G)). For each of the s sampled vertices, we
run f%-norm tester once, followed by R random walks of ¢ steps each. Each call to the Z%-
norm tester takes O(rt) = O(st\/\WVg)) = O(sty/m) queries, as guaranteed by Lemma 2.18.
The random walks from each vertex take O(R¢) time. Thus, the overall query complexity is
O(srt+ sRt + s\/m). Substituting the values of s, r, R, and t as defined in Algorithm 4, and
noting that m = vol(V) /2, we get the required bound. O

The running time of the sampler algorithm to sample each vertex is O( ). Hence in total

2.4 Lower Bound for the noisy parities problem with applications

Recall the definition of NoisyParities from Section 2.1, and consider a deterministic algorithm
querying T out of n vertices in an instance. We wish to prove the following lower bound on
the number of queries T needed to get a nontrivial advantage over a random guess.

Theorem 2.4 (restated). Consider a deterministic algorithm ALG for the NoisyParities prob-

lem with parameters d and €. Let b = 1/(8Ind). Suppose ALG makes at most r2!/2*9

queries on
n vertex graphs, where § < min(1/16, be). Then ALG gives the correct answer with probability

atmost 1/2+ o(1).

We present the proof of this theorem in Section 2.4.3, but first we setup some preliminaries
here, and then use this theorem to establish query complexity lower bounds in Section 2.4.2.

2.4.1 Preliminaries and notation
Random d-regular Graphs and the Configuration Model

Recall that the NoisyParities problem (Definition 2.5) has a random d-regular graph generated
according to the configuration model as its underlying graph. The configuration model of
Bollobds generates a random d regular graph G = (V, E) over a set V of n vertices (provided
dn is even) as follows. It first generates d half-edges on each vertex and identifies the set of
half-edges with V x [d]. Then in each round, an arbitrary unpaired half-edge (u, i) of some
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arbitrary vertex u is picked, and it is paired up with a uniformly random unpaired half-edge
(v, j). This results in the addition of an edge (u, v) to E. This continues until all the half-edges
are paired up. (This might result in self-loops and parallel edges, so G is not necessarily
simple.) The following is known about the expansion of random d-regular graphs generated
by the configuration model [Bol88].

Fact2.1. Ford = 3 letn(d) € (0,1) be such that (1-1(d))log,(1-n(d))+(1+n(d))log,(1+n(d)) >
4/d. Then with probability 1 — o(1), a random d-regular graph on n vertices generated from the
configuration model has expansion at least (1 —n(d))/2.

Definition 2.9. Given a graph G = (V, E) and a vertex v € V, Bg(v, r) denotes the ball centered
at v with radius r, that is, the set of vertices which are at a distance at most r from v in G.

The following bound on the size of a ball follows from a simple calculation.

Proposition 2.1. If G is a (subgraph of a) d-regular graph for d = 2, then for any vertex v,
|IBc(1,0)| =1, |Bc(v,)|<d+1,|Bc(v,2)| <d?>+1, and forr >2,|Bg(v,r)|<d".

Fourier Transform of Boolean Functions

Fix a finite set E with |E| = m, and identify each subset S of E with a boolean vector in {0, 11E
in the natural way. The set of functions f': {0, 1}¥ — R form a 2™ dimensional vector space.
Define an inner product (-, -) on this vector space as (f, g§) =27 ¥ (0.1, f (x) g(x). For each
a €{0,1}", define its characteristic function y 4 : {0,1}¥ — R as yo(x) = (=1)*~. Then the set of
functions {y, : @ € {0,1}} form an orthonormal basis with respect to the inner product (-, -).
Thus, any function f: {0, 1}¥ — R can be resolved in this basis as f = ¥ 4c(0,13 f(@) xa, where

f@=fxa=2"""Y f@xa).

x€{0,1}F

We will need the following properties of the Fourier transform, whose proofs can be found in
[0’D14].

Proposition 2.2. Let f : {0, ¥ - R be given by f(z) = 71 = e)EI-12l where |z| denotes the
number of ones in the the vector z. Then f is given by f(a) =271El(1 = 2¢)lal foralla €0, 1}E.

Proposition 2.3 (Fourier transforms of affine subspaces). Let S be a subspace of {0,1}F of
dimensionr, and b€ {0,1}f. Let f : {0,1}¥ — R begiven by f(z) = 1 ify-z=1y-b forally € S, and
f(2) =0 otherwise. Then f is given by fla)y=2"m=D1nab ifa e S, and f(a) = 0 otherwise.

Proposition 2.4 (Convolution Theorem). Let f,g:{0,1}¥ —R. Then fg is given by

fe@= Y fPga+p.

Be{0,1}"
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Incidence Matrices, Eulerian Subgraphs, Spanning Forests

Given a graph G = (V, E), its incidence matrix is the binary V x E matrix whose (v, e)-entry is 1
if v is an endpoint of e, and 0 otherwise. A graph is Eulerian if and only if each of its vertices
has even degree, or equivalently, the mod-2 nullspace of its incidence matrix contains the all
ones vector 1. The set of subgraphs of G is in the natural one-to-one correspondence with
{0, 1}¥, where the set of Eulerian subgraphs of G corresponds to the nullspace of the incidence
matrix of G.

We define the rank of a graph to be the cardinality of its spanning forest, which is also equal to
the rank of its incidence matrix. Fix a spanning forest F of a graph G = (V, E). We use this forest
to construct a basis for {0, 1}£, the vector space of subgraphs of G, as follows. For each e € F, let
ve(e) =1 and v,(e') = 0 for € # e. For each e € E\ F, define the vector v, € {0, 1} as v,(¢/) = 1
if ¢’ belongs to the unique cycle in F U {e}, and v.(e’) = 0 otherwise. Then the collection of
vectors {v, : e € F}U{v, : e € E\ F} forms a basis of {0, 1}£. Here, the set {v,: e€ E\ F} spans the
subspace of Eulerian subgraphs of G, whereas {v, : e € F} spans a complementary subspace:
the space of sub-forests of F. As a consequence, we have that every subgraph of G can be
written uniquely as a symmetric difference of an Eulerian subgraph of G and a sub-forest of F.

Lemma 2.21. Let F be a spanning forest of a graph G = (V, E). Then the Eulerian subgraphs
of G are in one-to-one correspondence with subsets of E\ F, where the bijection is given by
E* < E*\ F. In other words, for every S < E\ F, there exists a unique Eulerian subgraph E* of G
such that E*\F = S.

Proof. For each e € E\F, let C(e) denote the unique cycle in F U {e}. First we prove that
E* — E*\ Fissurjective. Let S€ E\ F. Then E* = @,c5C(e) is Eulerian and E* \ F = S. Next,
we prove that E* — E* \ F is injective. Let S< E\ F and let E* and E’ be Eulerian subgraphs
of Gsuchthat E*x\F=E'\F=S. Then (E*® E')\ F = ¢, which means E*®E' < F. But Fisa
forest and E* @ E’ is Eulerian. Therefore, E* ® E' = @, which means E* = E'. O

Lemma 2.22. Let F be a spanning forest of a graph G = (V, E) such that the endpoints of the
edges in E\ F are pairwise distance A apart in F. Let G* = (V, E*) be an Eulerian subgraph of G.
Then |E*|=A-|E*\F|.

Proof. Partition the edges of G* into cycles, and consider each cycle one by one. Between any
two occurrences of non-forest edges in the cycle, we have a path consisting of edges from F.
By the separation condition on the endpoints of edges not in F, each such path must have
length at least A. Thus, we have at least A forest edges per non-forest edge in G*. O

Total Variation Distance

Definition 2.10. Let Q be a finite set. The Total Variation Distance (TVD) between two proba-
bility distributions p and p’ over Q, denoted by TVD(p, p’) (resp. two random variables X and
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X' taking values from Q, denoted by TVD(X, X")) is defined as (1/2) Y scq |p(s) — p'(s)| (resp.
(1/2) - ¥ seq | PrIX = s] — Pr[X’ = s])).

Lemma 2.23. Let X, X{ be random variables taking values in Q,, and let X, Xé be random
variables taking values in Q. Then

TVD((X1, X2), (X1, X)) < TVD(X1, X]) + Y Pr[Xy = s]- TVD((X21 X1 = 8), (X31X] = ).

seQ

Proof. For s; € Qy, let p(s1) = Pr(X; = s1], and p'(s1) = Pr[X] = s1]. For s; € Q; and s € Qp,
let g5, (s2) = Pr[Xp = 52| X1 = 51, and g, (s2) = Pr[X} = 53| X] = 51]. Then we have, Pr((Xy, X») =
(s1,52)] = p(s1) - g5, (s2) and Pr(X], X3) = (s1, 52)] = p'(s1) - g5, (52).

! / _ 1 ! /
TVD((X1, X2), (X, X5) = = ) |p(s1)-qs(s2)—p'(s1)-qs (s2)]
2 (81,52)€Q1xQy
1
< 5 Yo lpGs) - as(s2) = pls1) - g5, (s2)| + | p(s1) - g5, (s2) = p'(s1) - g5, (52)]] -
(81,82)€Q1 xQp
The first term above is
1 1
5 Y. PG -gs (s -pls)-qy ()| = Y plsi)-5 Y. as (s2)— g5, (s2)]
(51,82)€Q1xQy $1EQ, $€Q
= ) Pr[Xj =s]-TVD((X2| X1 = 5), (X5|X] = X)),

se,

while the second term is

1
> |P(S1)'67§1(32)—P'(S1)'67§1(52)|25 Y pGs—-p'sn)|- Y g5 (s2) =TVD(Xy, X)),

(51,82)€Q1 xQp $1€Q $€Q)

N~

since ¥.g,eq, G5, (52) = Xs,eq, PrIX; = 52| X] = s1] =1 for all s; € Q1. O

Corollary 2.1. Let Xy, X| be random variables taking values inQ,, and let X, X, be random
variables taking values in Q,. Let &1 < Q. Then

TVD((X1,X2), (X}, X3)) < TVD(X;, X)+Pr[X; ¢ 1+ ) Pr[X; = s]- TVD((X2| X1 = 5), (X31X] = 9)).
Se&

Proof. Follows since for all s € Q; (and in particular, for s ¢ &), TVD((X2|X; = ), (XéIX{ =3)) <
1 by definition. O

Corollary 2.2. Fori=1toT, let X; and X be random variables taking values in Q;. Fori =1
toT—-1,let&; <Oy x--- xQ;, such that (sy,...,5;) € &; implies (sy,...,5i-1) € §i_1. Then

TVD((XI)---»XT)) (X{)---yX/T)) = Pr[(le---:XT) ¢ gT]"'

A= o (v A= (v A =)

j=1 j=1

Pr

1(s1,...,8i-1)EE1

T
i=
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Proof. Follows by repeated application of Corollary 2.1. O

2.4.2 Reductions to partition testing and MAX-CUT
Reduction to PartitionTesting

In this section, we show how the problem NoisyParities reduces to testing PartitionTesting(k, ¢in, Pout, B),
even for k = 1 and any S < 1. By this reduction, we establish a lower bound of n!/?*ou
on the number of queries required to test whether a graph is (1, ¢in)-clusterable for some
constant @i, (the YES case), or itis (2, pout, B)-unclusterable for any constant f < 1 (the NO

case).

Theorem 2.5 (restated). There exist positive constants ¢, and b such that for all ¢y < 1, any
algorithm that distinguishes between a (1, ¢j,)-clusterable graph (that is, a ¢i,-expander) and
a (2, pout, 1)-unclusterable graph on n vertices with success probability at least 2/3 must make
at least (n/2)!/2+b¢aut/2 queries, even when the input is restricted to d-regular graphs for a
large enough constant d.

The reduction is given by Algorithm 5.

Algorithm 5 REDUCTIONTOPARTITIONTESTING (G = (V,E), y: E—{0,1})

: Input: G = (V, E), labeling y : E — {0, 1}

V=V x{0,1}. > We denote the vertex (v, b) € V x {0, 1} by v? for readability.
E(,) = Ue:(u,v)eE: y(e):O{(uo; VO); (ul, Ul)}-

Ei = Ue:(u,v)eE: y(e):l{(uo; Ul), (ul, VO)}~

E'=E)UE].

: return G' = (V' E').

2 A v

Observe that the reduction is “query complexity preserving” in the sense that any query from
a PartitionTesting algorithm asking the neighbors of a vertex v” € V' can be answered by
making (at most) one query, asking the yet undisclosed edges incident on v in G and their
labels. To establish the correctness of the reduction, it is sufficient to prove:

1. The YES case: If the edges of G are labeled independently and uniformly at random,
then G’ is an expander with high probability.

2. The NO case: If each edge e = (u, v) of G is labeled X(u) + X(v) + Z(u, v), where Z(u, v)
is 1 with probability €, then with high probability G’ contains a cut with n vertices on
each side whose expansion is O(¢).

Lemma 2.24. Let G = (V,E) be a d-regular ¢-expander with |V| = n. Suppose each edge
(u, v) € E independently and uniformly given label Y (u, v) € {0,1}. Suppose Reduction ToPar-
tition Testing on input (G,Y) returns the graph G' = (V',E'). Then G' is a min(¢/4,1/32)-
expander with probability at least 1 — 2°" - exp(—dn/256).
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Proof. We need to prove that every C < V' with |C| < |V'|/2 = n expands well. Let Co ={ve V :

v’ e Cyand C; = {v e V : v € C} be the “projections” of C on the two halves of V' = V x {0, 1},
each half identified with V, so that |C| = |Cy| + |C;|. Then at least one of the following must
hold.

1. |CouCi|=n/2.
2. |ConCy| = n/4.

3. |C()€BC1| >nl/4.

In the first case, consider the set of edges which cross the set Cy U C; in G. Since G is a ¢-
expander and |Cy U C;| < n/2, the number of such edges is at least ¢d|Cy U C,|. For each such
edge, one of its two copies in G’ must cross the set C. Therefore, the expansion of C is at least

edICoUCI| _ ¢
da|C| T2

In the second case, we cannot have |Cy N C;| > n/2, otherwise we contradict the assumption
that |C| = n. Therefore, |Cy N C1| < n/2. Consider the set of edges which cross |Cy n C;| in
G. Again, since G is a ¢-expander and |Cy N C;| < n/2, the number of such edges is at least
@d|Cyn Cy|. As before, for each such edge e, at least one of its two copies in E' must cross the
set C. Therefore, the expansion of C is at least

@d|Cyn Cq] - pnld @

d|C] T on 4’

Finally, consider the third case. Let m be the number of edges in G, both of whose endpoints
are in Cy ® C;. Therefore, the number of edges in G with exactly one endpoint in Cy & C;
is d|Cy ® C1| —2m. We split into two sub-cases depending on whether m < d|Cy @ C;|/4, or
m>d|Cye Cy|/4.

In the first sub-case, consider the d|Cy & C;| — 2m edges of G with exactly one endpoint in
Co @ C;. For each of such edge, (exactly) one of its copies in G’ crosses the set C. Therefore, the
expansion of C is at least

d|C0€9C1|—2m - d|C0®C1|—d|C0€9C1|/2 _ |Co® C11/2 - I’l_/8 1

d|C]| - d|C| ICl n 8

In the second sub-case, consider each edge (i, v) € E with u, v € Cy & C;. Suppose both u and
v belong to the same C;. If Y (u, v) = 0, none of the copies of the edge (u, v) in E’ crosses the
set C, and if Y (u, v) = 1, then both copies cross. Similarly, suppose one of # and v belongs
to Cp and the other belongs to C;. If Y (u, v) = 1, none of the copies of the edge (u, v) in E
crosses the set C, and if Y (i, v) = 0, then both copies cross. Thus for each of the m edges
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(u,v) € Ewith u, v € Cy & Cy, both of its copies cross C with probability 1/2, and none crosses
with probability 1/2. This happens independently for all the m edges. Therefore, by Chernoff
bound, the number of edges both of whose copies cross the set C is at least m/4 = d|Cy® C1]/16
with probability at least

1—exp(-m/16) =1 —exp(—d|Cy® C;|/64) =1 —exp(—dn/256).

Assuming this happens, the expansion of C is at least

2xd|GeCi1/16 _[Co@Cil/8 _n/32 1
d|C| B IC| ~n 32

This holds for each set C falling into this sub-case. Applying the union bound over all the
at most 22" sets falling into this sub-case, we have that with probability at least 1 — 22" .
exp(—dn/256), all sets falling into this sub-case have expansion at least 1/32. O

Lemma 2.25. Let G = (V, E) be a d-regular graph with |V| = n. Foreachve V, let X(v) be an
independent uniformly random bit. For each edge (u,v) € E, let Z(u,v) be an independent
random bit which is 1 with probability € and 0 otherwise. Suppose each edge (u, v) € E is labeled
Y(u,v) = X(u) + X(v) + Z(u, v). Suppose Reduction ToPartition Testing on input (G, Y) returns
the graph G' = (V', E'). Then with probability at least 1 —exp(—end/6), there existsaset V* < V'
with |V*| = n=|V'|/2 whose expansion is at most 2¢.

Proof. Define V* as
V=0 veV, X(w)=0ulv' s veV, X(v) =1},

so that |[V*| = n. By a case-by-case consideration, it is easy to verify that if for e = (i, v) € E we

have Z(e) = 1, then the two edges between u°, v°, u!, v! cross the cut (V*, V/\ V*). Conversely,

if Z(e) = 0, then one of the edges between u?, v°, u!, v! lies within V* and the other lies outside
V*. Thus, the number of edges crossing the cut is twice the size of the set {e€ E : Z(e) = 1}.
The expectation of the size of this setis € |E| = end/2. Since {Z(e)}.cr are independent and
identically distributed, application of the Chernoff bound gives us that the size of the set
{ee E : Z(e) = 1} is at most end with probability at least 1 — exp(—&nd/6). Thus, the number
of edges crossing the cut (V*, V' \ V*) is at most 2e nd with high probability. Dividing by nd,
the volume of V*, we have that the expansion of V* is at most 2e with probability at least
1—-exp(—end/6). O

Proof of Theorem 2.5. Letd =512, ¢ = (1-1(d))/2 = 0.45, and ¢;, = min(¢/4,1/32). As before,
let b=1/(8Ind) (with d =512 now). Given @y < 1, let € = @ou/2 < 1/2. Suppose there is an
algorithm for PartitionTesting which makes (1/2)'/2*% queries on n vertex graphs and outputs
the correct answer with probability at least 2/3, for some 6 < bggy/2 = be = min(1/16, be)
(note that be <1/(16In512) < 1/16). Then for any probability distribution & over n-vertex
PartitionTesting instances, there exists a deterministic algorithm ALG(2) making O(n!/?*?)
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queries which outputs the correct answer with probability at least 2/3, on a random instance
of PartitionTesting drawn from the distribution.

Let (G, y) be a random instance of the NoisyParities problem with parameters d and ¢, where
G=(V,E)isagraphand y: E — {0,1} is an edge lebeling. Apply ReductionToPartitionTest-
ing to (G, ), and thus, get a random instance G’ of PartitionTesting from the appropriate
probability distribution 2. Run ALG(2) on this instance and return the answer. Note that to
answer one query of ALG(2), we make at most one query into G. Thus, this reduction gives an

1/246

algorithm ALG’ for NoisyParities making at most n queries.

The underlying graph G is a random d-regular graph on n vertices. By Fact 2.1, with high
probability, G is a ¢-expander. Hence, by Lemma 2.24, if (G, y) is a YES instance, then with
high probability the reduced graph G' is a ¢j,-expander for ¢j, = min(¢/4,1/32) (we chose d
large enough so that the failure probability 22" - exp(-~dn/256) in Lemma 2.24 becomes o(1)).
On the other hand, if (G, y) is a NO instance, then by Lemma 2.25, the reduced graph G’ is a
graph on 2n vertices containing with high probability a subset of n vertices whose expansion
is at most 2 = @oyt. Thus, G’ is (2, @out, 1) -unclusterable. Hence, the reduction succeeds with
probability 1 — o(1). Since ALG answers correctly with probability at least 2/3, ALG’ answers
correctly with probability at least 2/3 — o(1).

1/2+46

However, by Theorem 2.4, since ALG' makes at most n queries, ALG' can be correct with

probability at most 1/2 + o(1). This is a contradiction. O

Reduction to approximating MAX-CUT value

In this section, we show how the problem NoisyParities reduces to estimating maxcut. By this
reduction, we establish the following theorem.

Theorem 2.6 (restated). There exists a constant § such that for any ¢ > 0 and any d > 3, any
algorithm that distinguishes correctly with probability 2/3 between the following two types of

n-vertex d-degree bounded graphs must make at least n!/2+min(1/16,£"/24Ind) gy eries,

» The YES instances: Graphs which have a cut of size at least (nd/4) - (1 —¢').

* The NO instances: Graphs which do not have a cut of size more than (1+ d~'/2)-(nd/8).

The reduction from NoisyParities to MAX-CUT works as follows.

1: procedure REDUCTIONTOMAXCUT (Graph G = (V, E), Edge labeling y : E — {0,1})
2: E'={e€E : yle)=1}.
3:  returnG = (V,E).

We claim that a YES instance of NoisyParities is reduced with high probability to a NO instance
of MAX-CUT, and vice versa. To prove that the reduction correctly converts a YES instance of
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NoisyParities to a NO instance of MAX-CUT, we need the following fact which is implied by
Theorem 1.6 of [DMS15].

Fact 2.2. There exists an absolute constant a such that the following holds for all all d large
enough. Let G be a random d-regular n-vertex graph generated from the configuration model.
Then with probability 1 — o(1), the maximum cut in G cuts at most 1/2 + ad~"'? fraction of the
edges.

Lemma 2.26. There exists a constant B such that for all d the following holds. Let G = (V, E) bea
d-regular p-expander with |V| = n. Suppose each edge (u, v) € E independently and uniformly
given label Y (u, v) € {0, 1}. Suppose Reduction ToMAXCUT on input (G, Y) returns the graph
G' = (V, E'). Then with probability 1 — o(1), the maxcut in G' is at most (1 + ﬁd’”z) -nd/8.

Proof. By Fact 2.2, with probability 1—o(1) every cut in G has size at most (1/2+ad~''?)-nd/2.
Given that every cut in G has size at most (1/2+ad~/?)-nd /2, we have the following. Consider
an arbitrary cut in G'. The expected number of edges in this cut with label 1 is at most
(1/2+ad™'"?)-nd/4 = (1+2ad~"?)- nd/8. By Chernoff bound, the probability that more than
(1+¢€)-(1+2ad™'?) - nd/8 edges in G’ lie in this cut is at most

e%.-(14+2ad7'?)-nd

2,
exp|— <exp|-— e -nd <exp(—n)
P 24 P 24 P ’

for &’ = 24d~""2. By union bound over all the 2" cuts in G', we have that the probability that
some cut value exceeds (1 +24d71%)-(1+2ad V%) -nd/8 < (1+ (24 +50a)d"Y?)- nd/8 is at
most (2/e)" = o(1). Adding to this the o(1) probability that G itself has a large cut, and setting
B =24+50a, we get the claim. O

Next, we prove that the reduction correctly converts a NO instance of NoisyParities to a YES
instance of MAX-CUT, we need the following claim.

Lemma 2.27. Let G = (V, E) be an arbitrary d-regular graph, and let {X(v) : v € V} be a set
of independent binary random variables, each of which is 0 and 1 with probability 1/2. Let
Ww=weV: : X(wv)=0V1={veV : X(v)=1}. Let C be the random variable whose value is
the number of edges in the (Vy, V1) cut. Then Var[C] < 2d -E[C].

Proof. For each e € E, let C(e) be the indicator random variable that is 1 if e lies in the (Vj, V1)
cut, and 0 otherwise. Since X (v)’s are independent, for any two edges e and ¢’ which do not
share an endpoint, C(e) and C(¢') are independent. C =Y .. C(e), and therefore,

EICN*= ) E[C@IEICEN= Y  ECEIECE)= Y  EC@CE)).

e,e’'eE ee'eEene'=p e,e’'eE:ene'=¢

Now, we have

E[C*1= ) E[C(e)C(eNl= Y  ECECEN+ Y  ECCE.

ee'€E ee'eEene'=¢ ee'eE:ene'#£¢
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Using the lower bound on (E[C])?, we have

E[C*] = E[C)*+ Y.  ElC(e)C(e))],

ee'eEene' #9

which implies,

Var[C] =E[C*] - (EIC])*<s Y. EIC(e)C(e)] =Y EIC(e)l-l{e'€E : ene # o}l

e,e'eE.ene'#p eceE

where we used in the last inequality that C(e’) < 1 for any ¢’. Using the fact that the graph is
d-regular, we have that |{¢' € E : en e’ # @}| < 2d for any e. Therefore,

Var[C] < 2d - Z E[C(e)] =2d-E[C],

eeE

as required. O

Lemma 2.28. Let G = (V, E) be a d-regular graph with |V| = n. Foreach v eV, let X(v) be an
independent uniformly random bit. For each edge (u,v) € E, let Z(u,v) be an independent
random bit which is 1 with probability € and 0 otherwise. Suppose each edge (u, v) € E is labeled
Y(u,v) = X(u) + X(v) + Z(u, v). Suppose Reduction ToMAXCUT on input (G, Y) returns the
graph G' = (V, E'). Then with probability at least 1 — o(1), there exists a cut (Vy, V1) in G’ of value
at least (nd/4)-(1-2¢)-(1-o0(1)).

Proof. Let Vy={vreV : X(v)=0tand V; ={ve V : X(v) =1}, as in the statement of Lemma
2.27, and let C be the random variable whose value is the number of edges of G in the (V, V1)
cut. Then E[C] = nd/4, since |E| = nd/2 and each edge is cut with probability 1/2. By Cheby-
shev’s inequality, we have,

EICI] _VarlC]-n'? _2d-EIC]-n'? 8dn'? 8

Pr||C—EI[C]| > nl/4| = (E[CD2 ~ (E[C])2 T nd =n1/2’

where the second inequality follows from Lemma 2.27. Therefore, with probability at least
1-8/n!'2, we have C = E[C](1 - n~V/*) = (nd/4)-(1—n~1'%).

Now, let us condition on the values of X (v)’s which ensure C = E[C](1 — n~%). Then the cut
(Vo, V1) is fixed, and the labels on the edges become independent. Each edge (u, v) of G in
the (Vp, V1) cut has label 0 with probability € and 1 with probability 1 — €. By the Chernoff
bound, with probability 1 - exp(-£C/3) = 1 —exp(—(end/4) - (1 — n~'/2)), at most 2eC out of
the C edges of G in the (Vp, V1) cut have label 0, and therefore, at least (1 — 2¢)C edges have
label 1. All these edges with label 1 appear in the (Vj, V1) cut of G'. Thus, with probability
at least 1 —8/n'? —exp(-(end/4)- (1 -n"'2)) =1-0(1), G’ contains a cut of size at least
(nd/4)-(1-n"1%.(1-2¢) = (nd/4)-(1-2¢)-(1-o(1)). O

Proof of Theorem 2.6. Consider an algorithm that approximates maxcut within a factor 2 — ¢’
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1/2+6

with probability at least 2/3, and assume it makes n queries. Then for any distribution

1/2+6

over the instances, there exists a deterministic algorithm ALG making n queries and

having the same approximation guarantee on a random instance drawn from the distribution.

Let (G, y) be arandom instance of the NoisyParities problem with parameters € = £'/24 and
d = (4B/€')?, where B is the constant from Lemma 2.26. Here, G = (V, E) is a graph and
y: E — {0,1} is an edge lebeling. Apply ReductionToOMAXCUT to (G, y), and thus, get a
random instance G’ of MAX-CUT from the appropriate probability distribution. Run ALG
on this instance and obtain an estimate z of the maxcut. Return YES if z > (1 + €'/4)nd/8,
otherwise return NO. Note that to answer one query of ALG, we make one query into G. Thus,

1/2+6

this reduction gives an algorithm ALG' for NoisyParities making at most n queries.

If (G, y) is a YES instance of the NoisyParities problem, then by Lemma 2.26, with probability
1-0(1), G' has maxcut at most (1 + fd~'/2)-(nd/8) = (1 +&/4) - (nd/8). Thus, the estimate of
maxcut given by ALG is at most (1 + £/4) - (nd/8) with probability at least 2/3, and we return
YES. On the other hand, if (G, y) is a NO instance of the NoisyParities problem, then by Lemma
2.28, with probability 1 — o(1), G’ has maxcut at least

1

s’) nd
8

4 1=28)- (- 0(1) > (1-3 )-”—d—(l——
1 £ (0] = £ 1 =

Therefore, the estimate of maxcut given by ALG, with probability at least 2/3, is at least

1-€'/18nd 1-¢€'18 nd ( 5’)( 6’) nd ( 6’) nd
—_—= 1 1 >|1 2 c—

= > — _
2-¢ 4 1-¢€/2 8 8 8 8

)

and we return NO. Thus, ALG’ is correct with probability at least 2/3 — o(1). Therefore, by
Theorem 2.4, § = min(1/16, be), where b = 1/(8Ind). Thus, § = Q(¢'/log(1/€"). O

2.4.3 Query lower bound for the noisy parities problem

Recall the NoisyParities problem (Definition 2.5). In this section, we prove Theorem 2.4,
which gives a lower bound on the query complexity of the NoisyParities problem. We start
out by formalizing the the execution of the algorithm’s query as a process which generates the
instance incrementally.

Interaction and Closure

Formally, the interaction that takes place between the algorithm and the adversary is given by
the procedure Interaction. Here NextQuery is the function which simulates the behavior of the
algorithm: it takes as input the uncovered edge-labeled graph and the set of vertices already
queried, and returns an unqueried vertex. It is helpful to make the following observations.

1. The random graph is generated according to the configuration model. As soon as a
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vertex q is queried, the unpaired half-edges on g are paired up one-by-one to random
unpaired half-edges incident on the yet unqueried vertices.

2. Inthe YES case, the label generated for any edge is uniformly random, as per the problem

definition in Section 2.1. In the NO case, although the label is generated without referring
to the parities X of the vertices in the problem specification, the parities are built-in
in an implicit manner, and the distribution of the labels is still consistent with the
problem specification. Also, this is the only place where the behavior of Interaction
differs depending on whether it is executing the YES case or the NO case.

1:
2
3
4
5:
6
7
8
9

10:
11:

12:
13:
14:
15:
16:
17:
18:
19:
20:

21:
22:
23:

24:

procedure INTERACTION (ANSWER, V,¢)
Qo:=®, Hy:=®, Fy:=0, T = n'/?*9,
forr=1to T do
> Invariant: All half-edges incident on vertices in Q,_; are paired.
> Invariant: F;_; is a spanning forest of H;_;.
> Invariant: If Answer = NO then for any cycle C < H;_1, Y .cc(Y(e) + Z(e)) = 0.
gy := NextQuery(Qs—1, Hy—1). > Assumption: gy ¢ Q1.
Qr:=Qr-1U{qs}.
Ht = H[_l, F[ = Ft—l-
while g has an unpaired half-edge (g, i) do
Pair up (g, i) with a random unpaired half-edge, say (v, j). Call the resulting edge
between g and v as e. > v ¢ Q1 unless v =gq.
if Answer = YES then
if F; U {e} is acyclic then
F;:=F;Ul{e}.
Generate label Y (e) := 0 or 1 with probability 1/2 each.
else > Answer = NO.
Generate noise Z(e) := 1 with probability € and 0 with probability 1 — €.
if F; U {e} is acyclic then

F;:=F;U{e}.
Generate label Y (e) := 0 or 1 with probability 1/2 each.
else > F; U {e} contains a single cycle.

Let P be the unique path from g to v in F;.
Generate label Y (e) := Z(e) + Y pcp(Y (e) + Z(€)).
H;:= Hyu{(e, Y(e))}.

Recall that our goal is to prove that the algorithm does not gain sufficient information with

n1/2+6

queries to distinguish between the YES case and the NO case. In order to facilitate our

analysis, we give the following additional information to the algorithm for free, and refer to this
modified version of Interaction as InteractionWithClosure, and then argue that the algorithm
fails nonetheless.

50
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Theorem 2.4. As soon as the algorithm manages to uncover a new edge resulting in
violation of this invariant, InteractionWithClosure throws an error and conservatively
assumes that the algorithm found the correct answer already. (In particular, this includes
the scenarios where self-loops and parallel edges are discovered.) We say that event Err;
happened if InteractionWithClosure throws an error in round ¢.

2. Assoon as a new edge incident on the queried vertex g, that cannot be added to F;_; is
discovered, InteractionWithClosure generates the whole ball of radius bln n around g;.
This might already result in the event Err; as defined above. If not, InteractionWithClo-
sure adds the BFS tree around g to F;, labels its edges uniformly at random, samples
and records the noise for its edges, adds these labeled edges to H;, and gives H; back to
the algorithm.

Analysis of InteractionWithClosure

Definition 2.11. After any round ¢ of InteractionWithClosure, we call a vertex v € V discovered
if it was queried (that is, v € Q;) or if one of its neighbors in G was queried (that is, it had
degree at least one in H;). We denote by D, the set of vertices discovered after round ¢.

We now define certain “good” events &; which are sufficient to ensure that our analysis works
and gets us the query lower bound. Moreover, we will also show that these events are extremely
likely to happen.

Definition 2.12. Define R; = H;\ F; to be the set of non-forest edges seen by the end of round
t. Then R; 2 R;_; for all t. For any round ¢, we say that event &; happened if the following
conditions hold.

1. InteractionWithClosure completes the ™ round without throwing an error, that is, none
of the events Err; for j < ¢ happen.

2. IDjl=dn'?Innforall j=<t.

First, let us prove a bound on the probability that a non-forest edge is found in round ¢.

Lemma 2.29. Ifevent &;_, happens then the probability that InteractionWithClosure encoun-
ters an edge in round t which forms a cycle with edges in F;_1 is at most (2d?Inn)/n'/?>79.

Proof. The number of undiscovered vertices is atleast n — |D;_y| = n— dn'?*%nn=n/2+2,
and therefore, there are at least d(n/2 + 2) free half-edges incident on undiscovered vertices.
Therefore, the probability that at least one of the discovered (unqueried) vertices becomes a
neighbor of g;, when we pair up the at most d free half edges incident on gy, is at most

ID-1\Qu-1l-d _d-|Dysl _2d°n"**°Inn _2d*Inn
dn/2+2)-2d ~ nl2 n T opli2-s
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O

Our next lemma and proves a bound on the probability that the algorithm will throw an error
in round t.

Lemma 2.30. Ifevent &;_1 happens then the probability that InteractionWithClosure throws

an error in round t, that is, event Err; happens, is at most (16d*In® n)/n7/8-20

Proof. Event Err; happens only in the following two cases.

1. InteractionWithClosure encounters an edge (g, v) such that the distance between q;
and v in F,_; is at most bIn n.

2. InteractionWithClosure encounters an edge (g;, v) which forms a cycle with edges in
F;_1, and while generating the ball of radius bIn n, it encounters another edge which
cannot be added to the forest.

Let us bound the probabilities of the above two events separately. The number of undiscovered
vertices is at least

n n
n—|D;_1l=n-dn"?*°Inn> 5+2n1/8+22 2 +2

First, observe that |By,_, (q;, blnn)| < dP™" = n?nd = p1/8 Ly Proposition 2.1. g, has at most
d free half-edges, the vertices By, ,(q;, bInn)\ Q;—; have at most d n'/® free half-edges, and
we have at least dn/2 free half-edges every time we pair a half-edge incident on g;. Thus,
the probability of finding a new non-forest edge closing a short cycle, which is same as the
probability that at least one of the vertices By, ,(q;, bInn) \ Q,_1 gets an edge incident on ¢,

is at most
2d*n''®  2d
dn — n?l8

Suppose that in round ¢ we find a neighbor v of g, such that the edge (g, v) cannot be added
to the forest. Let us construct the breadth-first search tree around g; of radius bln n by taking
each vertex already added to the tree at a time, and pairing up its free half-edges. Consider
the processing of some such vertex u, and let W be the vertices already added to the BFS tree
at the time u is processed. Since W < Bg(q, blnn), |W| < dbinn — pblind — ;118 4 therefore,
the number of edges in the BFS tree is at most n'/®. Now, the probability that u gets a new
edge to some vertexin W u D;_; is at most

{WUD;_1|-d - 2nt8 +dn'?*1nn)-d - 4d?nt?*%1nn 3 4d%Inn

d(ni2+2n'8+2)—2n18 —2d n n T Tplizo

Note that this must happen for some u for InteractionWithClosure to find a non-forest
edge close to the edge (g, v) and throw the error. Since the number of such u’s is at most

52



2.4. Lower Bound for the noisy parities problem with applications

|BG(g:, bInn)| < n?™4 = pl/8 the probability that InteractionWithClosure fails is bounded
from above by
18 4d%Inn B 4d%Inn
CTpll2=6 T 308-8

The above holds when conditioned on at least one of the vertices in D;_; \ Q;—; being a
neighbor of g;. Unconditioning and using Lemma 2.29, we get that the probability that
InteractionWithClosure fails due to the second reason above is bounded by

2d’Inn 4d’Inn 3 8d*In’n
nli2=6 " 318-6 ~  ,7/8-26

Adding to this the probability of failure due to the first reason specified above, we have that
the probability that event Err; happens is at most

2d  8d*In’n - 16d*In*n
n?/aJr 71825 71826

O

The next two lemmas essentially prove that if the event &;_; happens, then it is very likely that
& happens too. We then put together these claims and prove that the event &7 happens with

1/2+6

high probability, where T = n is the number of queries.

Lemma 2.31. Forevery t the following holds: if §;_1 happens, thenPr [|R;| > (4d*Inn) - (1 + t/n”z_‘s)] <
p2d13

Proof. For every j < ¢, conditioned on &;_1, we have that |R; \ R;_;| is one with probability
at most (2d?Inn)/n'?=%, and zero otherwise, by Lemma 2.29. Let r ..., 7; be independent

1/2—6’ and

Bernoulli random variables, each taking value one with probability (2d%Inn)/n
zero otherwise. Then for each j, |[Rj\ Rj_1| = |R;j| — |Rj-1| is stochastically dominated by r;.
Let us use the Chernoff bound to upper bound Pr[Z?z1 rj > 4d?Inn)- (1 + t/n''27%)], which
will also give an upper bound on Pr[|R;| > (4d*Inn) - (1 + t/n'/27%)]. For this, observe that
E(X!_, 7l = @d*tinn)/n'>=°.

First, consider the case where ¢ < n'/>79. Using Chernoff bound, we have,

t
Y rj>4d*Inn
j=1

Pr

A

n“z_‘s) 2d%tInn
< Pr .

t
j;rj>(1+ - 7%

n'=20 2d%tlnn _ @d?Inn)-nl/2-0
P\ T3 T | TP T 3t '

IA

Using the upper bound on ¢, we have

t
> rj> 4d%Inn| < n~24'3, (2.9)

j=1

t
Pr er>(4d21nn)- <Pr

j=1

1]
nl/2—6
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Next, consider the case where ¢ > n'/>=%. Using the Chernoff bound again, we get,

L 4d*tlnn 2d%tInn\ _ _,ups
Pr Z 1> s | = (_ 3,125 )5 n :
Thus,
d d 4d’tInn
Pr|Y rj>@d*Inn)- |1+ my= 5) <Pr Zr] — s <n 2@, (2.10)
j=1

Equations (2.9) and (2.10) together imply that Pr[|R,| > (4d2Inn)- (1 + t/nV/270)] < n=24°/3,
O

Lemma 2.32. For every t, if&;_1 happens and moreover, if|R;| < (4d®Inn)- (1 + t/n'/?>79), then
ID;| < dn''?>*01nn.

Proof. 1f &;_1 happens then every round j < ¢ which did not discover a non-forest edge (that

is, |[Rj| = |Rj-11) discovered at most d new vertices. On the other hand, every round j < r which

discovered a new non-forest edge (that s, |R;| = |[Rj_1| + 1) discovered at most pbind — ,1/8

new vertices, as it discovered Bg(q;, blnn), whose size is at most n?'®¢, by Proposition 2.1.
Therefore,
D <dt+n"®|Ri|<di+n"® ad®Inn)- A+ t/n'?70).

Since t < n1/2*9 and 6 < 1/16, we have,

ID,| < dn'?*% + 4d*n"®1n% n- (1 + n®®) < dn'’**°Inn.

Lemma 2.33. The event &1 happens with probability 1 — o(1).

Proof. Let p§" be the probability that event Err, happens. Then we prove by induction that
there is an absolute constant ¢ such that for each ¢, event &; happens with probability at least

32d*-In’n
T2

The claim is obvious for t = 0. For ¢ > 0, let us upper bound the probability that &; does not
happen, given &;_; happens. The reasons for &; not happening are the following.
1. Event Err; happens. This happens with probability p$™.

2. |Ryl > (4d?Inn)- (1 + t/nY'?27%). (If |R,| < (4d?Inn) - (1 +t/n'/?7%) then dn'/?*Inn is
guaranteed by Lemma 2.32.)
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By Lemma 2.30, the probability that InteractionWithClosure throws an error in round ¢ is at
most

err _ 16d*-1n* n

LT ,7i8-26
By Lemma 2.31, the event |R;| > (4d?Inn) - (1 + t/n'/?>7%) happens with probability at most
n24°3 < =6 because we assumed d = 3 in the definition of the NoisyParities problem. By
induction hypothesis, &;_ itself happens with probability at least

32d*-1In’n
T s (t=1).
Thus, &; happens with probability at least

32d*-In*n -1 16d*-In’n 32d*-In*n

—_ ————n=21l-———t
1 718-26 1 718-26 1 718-26 ’
as required.

As a consequence, the event &7 happens with probability at least

32d*-In’n 32d* In*n 5.8 32d*-In’n
- T21-" >1-—
7718-26 1 718-26 13/8-35
Using the fact 6 < 1/16, we conclude that &7 happens with probability 1 — o(1). O

Bounding TVD in each Round

Recall that our goal is to prove Theorem 2.4, which states that an algorithm which makes at

most n1/2+5

queries is unable to determine whether InteractionWithClosure is executing the
YES or the NO case, assuming 6 is less than some constant times €. For this, we crucially use
Corollary 2.2 as follows. The random variable X; consists of the ™ query of the algorithm
and its result in a YES instance, whereas the random variable X consists of the " query of
the algorithm and its result in a NO instance. Thus, the realization of the random variable
(Xi,...,X;) (resp. (X7,..., X})) captures the snapshot of the run of InteractionWithClosure until
the ™ query in the YES (resp. NO) case. The events &; are as defined in Definition 2.12, and

they satisfy the requirements of Corollary 2.2.

Our goal is to prove thatif T < nl/ 2+5, then
TVD((Xy,..., X7),(X],..., X})) = o(1). (2.11)

Since the answer of the algorithm is a function of the realization of (X1, ..., X1) (resp. (X/,..., X’T))
in the YES (resp. NO) case, the above statement implies that the total variation distance be-
tween the algorithm’s answer in the YES case and the algorithm’s answer in the NO case is only
o(1). Therefore, the algorithm’s answer is correct with probability 1/2 + o(1).
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In order to establish (2.11), by Corollary 2.2, it is sufficient to prove that

t—1
N\ Xj=sj
j=1

i Z Pr

1=1(81,00,81-1)EE_1

-1 -1
-TVD((th N\ X; :sj),()m N\ X; :sj)) +
j=1 j=1

Pr((sy,...,s7) €&l = 0(12.12)

Here, we already proved in Lemma 2.33 that Pr[(sy,...,s7) ¢ 7] = 0(1). Therefore, it is suffi-
cient to prove that

t

T —
Z Z Pr
=1 j=

(81)eerSt-1)EE -1

1 t-1 t-1
Xj=sj] -TVD((th /\Xj=sj),(xg| /\X}=sj))=o(1). (2.13)
1 j=1 j=1

Informally, the above claim states the following. Suppose InteractionWithClosure executes on
a YES instance and a NO instance in parallel, and for the first £ — 1 rounds of these executions,
the queries and the responses to the queries match. Then the probability distributions of the
responses to the query in the " round are o(1)-close in total variation distance.

Recall that the executions of InteractionWithClosure on YES and NO instances differ only in
the following situation: the current edge whose label is to be generated forms a cycle with
edges in F. Therefore, in such a situation, if the forced label in the NO case does not match the
uniformly random label in the YES case, then this is responsible for some TVD between X;
and X conditioned on the snapshot of the run of InteractionWithClosure until round ¢ - 1.
Apart from this step, the executions of InteractionWithClosure in the YES case and the NO case
are identical. Moreover, the event &1 ensures that the number of rounds in which an edge
closing a cycle is encountered is at most O(d?n?’ In n). Therefore, it is sufficient to prove that
forall ¢t < T and for all (sy,...,5;—1) € &;_1, we have

t—1 -1

TVD((th /\IXj:s,-),(Xg| /\lx}:sj)):o(n‘ZbE), (2.14)
J= Jj=

where b =1/(8Ind), as defined earlier. From this, as long as 6 < be, (2.13) follows. We devote

the rest of this subsection to prove claim (2.14).

Let e be an edge such that when e arrives, the forest F maintained by InteractionWithClosure
already contains a path P between the endpoints of e. In the YES case, the label Y (e) of e is 0
or 1 uniformly at random, whereas in the NO case, the label is Z(e) + Y. ocp(Y (€') + Z(€')). We
are, therefore, interested in bounding the TVD between the distribution of Z(e) + Y. ycp(Y (€') +
Z(€')) conditioned on the labels of the previous edges, and the uniform distribution on {0, 1}.
Since we are conditioning on the labels of all the previous edges, inclusive of edges €’ € P, this
distance is same as the TVD between the distribution of Z(e) + ¥ ,cp Z(e') conditioned on the
labels, and the uniform distribution. Furthermore, observe that Z, itself is independent of the
labels of the previous edges, and is 1 with probability € < 1/2 and 0 otherwise. Therefore, the
TVD between Z(e) + Y ocp Z(e') conditioned on the labels and the uniform distribution is at
most the TVD between Y, p Z(e') conditioned on the labels and the uniform distribution.
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In order to bound the TVD between Y. p Z(€') conditioned on the labels and the uniform
distribution, we need to determine the distribution of }" . p Z(e') conditioned on the labels
in the first place. We use the Fourier transform to achieve this. We use Bayes’ rule and write
the posterior distribution of Z, conditioned on the labels Y = y, as being proportional to the
product of the prior distribution of Z and the probability of labels Y being y conditioned on Z.
Then we use the convolution theorem to get the Fourier transform of the posterior distribution
of Z. An appropriate Fourier coefficient then gives us the bias of ¥ ,cp Z(e') conditioned on
the labels.

Definition 2.13. The bias of a binary random variable X is the TVD between its distribution
and the uniform distribution over {0, 1}. Equivalently, the bias of X isequal to |Pr[X =0]-1/2| =
|Pr{X =1]-1/2|.

Let H = (V, Ey) be the graph formed by the edges which arrived before e. Let F; be the forest
maintained by InteractionWithClosure when e arrives (so that Fy is a spanning forest of H).
Let the random variable Y and Z, both taking values in {0,1}?#, denote the random labels
and the random noise of the edges in Ey respectively. Fix y € {0, 131, We are interested in the
distribution of Y (e), the label on edge e, conditioned on Y = y. We want to prove that if the
graph H and the spanning forest Fy satisfy certain properties, then the distribution of Y (e)
conditioned on Y = y is close to uniform.

Theorem 2.12. Suppose the graph H and the spanning forest Fyy are such that the endpoints of
the edges in (Eg U{e}) \ F are pairwise at least a distance A apart in Fy. Then the bias of the
distribution of the NO-case label of the new edge e conditioned on the labels of the previous

edges is at most
(1-26)271(1+ (1 - 2¢)2)En\Fail

2— (14 (1—2¢)2)En\Ful

Proof. Let P be the path in Fy between the endpoints of e, and let C = P U {e} be the cycle
in Fu{e}. Since Y (e) = Z(e) + Y pcp(Y (€') + Z(€)), the distribution of Y (e) conditioned on
Y = y, has the same bias as the distribution of Z(e) + Y. ,cp Z(€') = ¥ occ Z(e) conditioned on
Y = y. Here Z(e) is independent of the previous labels Y, and hence, the bias of Y ,cc Z(€')
conditioned on Y = y is at most the bias of }_,cp Z(€') conditioned on Y = y. It is, therefore,
sufficient to bound from above the bias of Y. p Z(e') conditioned on Y = y.

The posterior distribution of the random noise Z given the labels Y = y is given by

PrZ=z| Y=y = Y=y Z=aPriZ=z2_ [(2)-8y(2) ~ hy(2)
- Vs Pr[Y =y] - Zz/e{o,l}Et-l f(&)-gy(@) - ere{oJ}Er-l hy (2 ,

where the functions f, g, and h, are defined as f(z) =Pr[Z =z], g,(2) =Pr[Y =y | Z=2],
and hy = f - gy. The Fourier transforms of these functions are as follows. Since f(z) = el -
g)\Enl-lzl by Proposition 2.2, we have for all « € {0, 1}En,

fla)=271Bul(1 —2¢)l@,
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Next let us consider the function g,. Let E* denote the nullspace of the incidence matrix of
H;_,, that is, the set of indicator vectors of Eulerian subgraphs of H;_;. We say that y and z
are compatible if for every cycle C in H;_; we have ) .cc y(e) = X .cc z(e), thatis, y-y =y -z for
all y € E*. Since the dimension of E* is |E| — | Fpl, there are exactly 2!7#! compatible y’s for
every z, one for each of the 2!7#! labelings of edges in F. Moreover, each of the 2!/ labelings
are realized with equal probability, because the edges of F are labeled independently with a 0
or a 1 with probability 1/2 each. Therefore we have,

271Ful ify.y=y.zforall y € E*
gy(z) =
0 otherwise.

Then by Proposition 2.3, the Fourier transform of g, is given by

@ 271Bul(—1)@Y  ifa e E*
gyla) =
Y otherwise.

Using convolution theorem (Proposition 2.4), we have,

hy@= Y &P fa+p =272 % 1Pra-2e**h
Bel0,1}FH BeE*

Recall that our goal was to bound the bias of }_ ¢ p Z(€’) conditioned on the labels y, where
e is the edge whose label is being generated, and P is the unique path in F between the
endpoints of e. Let 7 € {0,1}F# be the indicator vector of P. Then the bias of ¥ ycp Z(e) =7+ Z
conditioned on y is expressed as follows.

hy(m = 27BN Ry (-1,

z€{0,1}Ft-1
hy© = 27 Y (2.
z€{0,1}Et-1
Therefore,
|7y ()] 1

Z hy(z) - Z hy(2)

Ey (0) ZZ’€{0,1}Ef—1 hy(zl) z€{0,1}E-1, -2=0 z€{0,1}fr-1, 1-2=0
[Pr(n-Z=0|Y=y|-Pr[n-Z=1]|Y=y]||
bias(n-Z | Y =y).

It is thus sufficient to upper bound Iﬁy @)/ ﬁy(O). We now bound Iﬁy(n)l and ﬁy(O) separately.
We have

hy(m) = 272800 3 (1)PY (1 —2g)PHT < 27BN (1 - 2¢)PH
BeE* BeE*

For 8 € E*, the indicator vector of an Eulerian subgraph of H, consider the set P’ of edges
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whose indicator vector is §+ 7. Then P’ U {e} is Eulerian. Conversely, if P’ U {e} is Eulerian
for some P’ < Ey, then its indicator vector is § + 7 for some 8 € E*. Since we assumed that
the endpoints of the edges in (Ey U {e}) \ Fy are pairwise at least a distance A apart in Fg, by
Lemma 2.22, we have

[P'u{e}| = Al(P'u{eh)\ Fy|l = A(|P'\ Fy| +1).

For any y € {0,1}F#, let ¥ denote the projection of § onto the span of the indicator vectors of
the edges not in F. Then the above statement can be rewritten as,

IB+7l+1=A(B+n+1) =A(Bl+1),

where the last equality holds because 7, being the indicator vector of a path in Fy, has zero
projection onto the span of the indicator vectors of the edges not in F. Therefore,

Ry () < 2720B00 Y (1= 2g)DP#D-1 Z p=20Eul () _pg)A=1 3~ (1 - 2¢) MBI,
peEr BeE*

By Lemma 2.21, as (§ varies over the indicator vectors of Eulerian subgraphs of H, its projection
p varies over {0, 1}£68\l | Therefore,

hymy <2721 — 2021 Y (1—2e)M1 = 2 2B~ 26)D71 (14 (1 - 26) ) B P,

ﬁe {O,I}EH\FH

We also have,

Ry (0) = 272Eul 3" (—1)PY (1 - 2¢)lP > 27 2Eu| (2— Y - zg)ﬁl)_
ﬁEE* ﬁEE*

Again, by Lemma 2.22 we have |§]| = A- IBI. Therefore,

Ry (0) = 2721EH! (2— y (1—25)A"ﬁ').
BeE*

As before, as B varies over the indicator vectors of Eulerian subgraphs of H, its projection f8
varies over {0, 1}£#\Fr Therefore,

Ry =272l [o T 292l = 2 2Enl (2 (14 (1 - 26)™)En V),
ﬁE{O,l}EH\FH

The upper bound on Iﬁy(P)I and the lower bound on ﬁy(gb) together imply

bias| ) Z(e) | Y=y

e'eP

_Ihy(P) _ (1-20271(1 + (1 —2¢)%) B Pl
- Ey((b) B 2—(1+(1-2¢)A)En\Fnl
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Wrapping Up

Proof of Theorem 2.4. As a consequence of Lemma 2.33 and Lemma 2.31, at any point of time
during the execution of InteractionWithClosure, with probability 1 — o(1) we have that the
endpoints of the edges in Ey \ Fyy are pairwise separated in Fy by a distance at least blnn,
and moreover,

|Ey\ Fy| = Rl < (4d%*Inn)-(1+ t/n*?>7%) = 0(d*n*’ Inn),

because t < n'/2+29_ At the time of labeling a new edge e which forms a cycle with edges in F,
let us apply Theorem 2.12, with A = bln n. This gives that the bias in the label of e in the NO
case is at most

(1_2E)Af1(1+(1_2£)A)|EH\FH| _ (1_28)blnn71(1+(1_25)blnn)|EH\FH|
2-(+1-20MENFul 2 (1+(1-2¢)bn)En\Fal

Since |Ex \ Fyl| = O(d?n?° In n), we have

because 0 < be. Therefore, the bias in the label of e in the NO case is at most

—2be
-1+ 0(1)) = O(n~2b%).

1-2¢

This is the required bound on the TVD between the snapshots of the executions of Interaction-
WithClosure in the YES and the NO case, in a generic round, given that the snapshots until
the end of the previous round were the same. This proves claim (2.14), and hence, Theorem
2.4. O

2.5 Clusterability in bounded degree graphs

In this section we solve the Clusterability problem for bounded degree graphs using our
PartitionTesting algorithm. We first start by stating the definitions. Notice that we change
our notion of conductance and e-closeness to be same as [CPS15] to ensure that we can apply
lemmas from that paper. In particular, these definitions are different from the ones given in
Section 2.1.1, which our PartitionTesting primitive uses. However, given a graph G with vertex
degrees bounded by d, one can easily convert G implicitly into a graph G’ such that volumes
and conductances in G’ under our definition from Section 2.1.1 are identical to volumes and
conductances under the definition of [CPS15]. This transformation is simply the operation of
adding an appropriate number of self-loops to every node, and can hence be done implicitly,
allowing us to use our algorithm for PartitionTesting on G’ to test clusterability in G. We now

60



2.5. Clusterability in bounded degree graphs

give the definitions.

We are given a degree d-bounded graph G = (Vg, Eg) on n vertices with m edges. For any
vertex v € Vg, we denote its degree in G by deg(v). For any vertex set V' € Vg, we denote
by G[V'] the subgraph of G induced by V'. Given a pair of disjoint sets A, B < V;, we define
EG(A,B) = Egn (A x B). The internal and external conductance parameters of (subsets of
vertices of) G are defined as follows.

Definition 2.14. For a set S < C < V;, the conductance of S within C, denoted by @8(8), is
Eg[S,C\S]
Gd'ISI
Definition 2.15. The internal conductance of C < Vg, denoted by ®%(C), is defined to be
minsCC 0<Is|<Cl @g(S) if |C| > 1 and one otherwise. The conductance of G is ®(G) = @G(Vg).
=% =7

We say that C has conductance at least ¢, or equivalently thatitis a ¢-expander if ®¢(C) = ¢.
The external conductance of C is defined to be @gc ).

Based on the conductance parameters, clusterability and far from clusterability is defined as
follows.

Definition 2.16. [Bounded degree graph clusterability] For a degree d-bounded graph G =
(Vi, Eg) with n vertices, we say that G is (k, ¢)-bounded-degree-clusterable if there exists a
partition of Vg into 1 < h < k sets Cy,--+,Cy such that foreach i =1,..., h, o5 (C)) = ®.

Definition 2.17. A degree d-bounded graph G = (V;, Eg) with n vertices is e-far from (k,¢') -
bounded-degree-clusterable if we need to add or delete more than edn edges to obtain any
(k, ") -bounded-degree-clusterable graph of maximum degree at most d. We say that G is
e-close to (k, ') -bounded-degree-clusterable, if G is not e-far from (k, ¢')-bounded-degree-
clusterable. We say that G is e-far from ¢'-expander if G is e-far from (1, ) -bounded-degree-
clusterable.

The goal of this section is to establish Theorem 2.3, and Theorem 2.2, restated here for conve-
nience of the reader. Theorem 2.3 follows as a consequence of our Theorem 2.1, Lemma 5.9,
and Lemma 5.10 of [CPS15].

1 / _ : Cexp Cexp'€
Theorem 2.3 (restated) Let 0 < ¢ < 5. Suppose ¢’ < a, (for a« = min{{z5, Wg(l%k)}' where

d denotes the maximum degree), and ¢' < c-e?¢?/ log(%) for some small constant c. Then
there exists a randomized algorithm for Clusterability(k, ¢,2k,¢',€) problem on degree d-
bounded graphs that gives the correct answer with probability at least 2/3, and which makes
poly(1/¢)- poly(k)- poly(1/¢) - poly(d) - polylog(n) - nl/2+0lelog(*F) 4/ Ig?
n vertices.

) queries on graphs with

Theorem 2.3 follows as a consequence of our Theorem 2.1, and Lemma 4.5 of [CPS15].

Theorem 2.2 (restated) Suppose ¢’ < aysée, (for the constant ays = O(min(d~!, k1)) from
Lemma 4.5 of [CPS15], where d denotes the maximum degree), and ¢' < c'e?¢?/k? for some
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small constant ¢’. Then there exists a randomized algorithm for Clusterability(k, ¢, k, ¢’, €)
problem on degree d -bounded graphs that gives the correct answer with probability at least2/3,
and which makes poly(1/¢) - poly(k) - poly(1/¢€) - poly(d) - polylog(n) - n}/2+0€ k¢’
on graphs with n vertices.

2 .
199 queries

We will need the following results from [CPS15] to show that the property of being far from
being clusterable implies a decomposition into many large sets with small outer conductance.

Lemma 2.34 (Lemma 5.9 of [CPS15]). Let0< ¢ < 16;8’;, and0<e< %for some constant Cexp. If
G = (V,E) ise-far from any graph H with ®(H) = @, then there is a subset of vertices A< V with

£|V| <|Al < 3|V| such that ®%(A) < Zig -@. In particular, EG(A, V\ A) < Zig cp-d-lAl

Lemma 2.35 (Lemma 5.10 of [CPS15]). Let G = (V, E) be e-far from (k, p)-bounded-degree-
clusterable, and ¢ < C;x” for some constant ceyy. If there is a partition of V into h sets Cy,...,Cp,
with 1< h <k, such that E[Cy,...,Cy] =0, then thereisanindexi,1 <i < h, with |C;| = %%

such that G[C;] is § -far from any H on vertex set C; with maximum degree d and ®(H) = ¢.

We first prove the following lemma and then use it in the proof of Theorem 2.3.

Lemma 2.36. Let0<¢e <1, a=min{ 1?8’;, WZ%)}’ and g < a. If G= (V,E) is e-far from

(k, p)-bounded-degree-clusterable, then there exist a partition of V into k+1 subsets Cy, ..., Cy41
such that E[Cy,---,Cri1] < 700(p-d~ |V|10g(%), and foreachl1<i<k+1,|Ci|= % |

Cexp k-

Proof. Let n = |V|. By induction we construct a sequence of partitions {C}}, {C?,C%}, --- ,

{C{‘“, ‘e C,’C‘jrrll} of V such that each partition {C",---, CZ} satisfies the following properties:

1. |Ch =& ~%f0reveryi,lsish,

2. E[Ch,m,CZ]s%(p'd%-log(%)

The first partition is {C%} = {V}, which satisfies properties (1) and (2). Given a partition

h+1

thl} as fol-

ch ..., CZ} which satisfies the properties, we construct the partition {Clhﬂ, -, C
lows.

Let G’ be the graph obtained by removing all edges between different subsets Cl.h and C;’ )
1<i<j<h,from G. Observe that ¢ < %w , hence,
Cexp €

700 1

16k
d-nlogl —|<Z¢-d-n.
@-d-n og(£)<26dn

E[C},-++,C <

Cexp

Therefore G’ is §-far from (k, ¢)-bounded-degree-clusterable, and thus we can apply Lemma

2.35. Therefore, there is an index i, 1 < iy, < h, such that ICZI > %% and G’[th] is ﬁ-far from
any H on vertex set C;, with maximum degree d and ®(H) = ¢. Thus, by Lemma 2.34 there is
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aset Apy; S le; with %|C§;| <|Apl< 2|ch | such that E[Ah+1,C \Ap11 <= 0.9 d-|Apal.
Our new partition is {Clh, At Cih \Apst, ey h}. Now we prove that the new partition
satisfies properties (1) and (2).

h 4] h 2|V h
Recall that ICth > {55 Thus, we have |Ap;1| = 55 IC; | > 1fs - ¢ and ICih \App1l =

3 IC = - ",ﬁ'. Therefore our new partition satisfies property (1.

In order to prove (2), imagine constructing a rooted decomposition tree T whose vertices
corresponds to subsets of vertices in V as follows. The root is the set of all vertices. Whenever
a set of vertices C is splitinto Aand C\ A, we add A and C\ A as the left and right child of C
respectively. The construction ensures the following.

* (P1) The non-leaf nodes of the tree correspond to sets of vertices of size at least 5.
* (P2) The size of the set corresponding to the left child is | A| = §|C| and the size of the
right child is |C\ A| = (1 - 6)|C]| for some

m<6=<3.

Whenever a set of vertices C is split into A and C\ A, we will charge the edges cut in this
decomposition step to vertices in A by placing a charge of %(p -d at each vertex v € A. Clearly,
the total charge placed in the vertices in A is an upper bound on the number of edges cut
at this step. We now observe that the total number of times any vertex v gets charged in the
decomposition process is bounded by log(%). This follows from the fact that each time a
vertex gets charged, the size of its set decreases by at least a factor 2, and by (P1), the non-leaf
nodes has size at least 15.. Thus the total number of edges cut in the decomposition process
is bounded by 700(/) d-n- log(lﬁk) O

Now we are able to prove Theorem 2.3:

Proof of Theorem 2.3. Let G = (V, E) be a degree d-bounded graph with n vertices. We prove
that there exists a randomized algorithm for Clusterability(k, ¢, 2k, ¢, €) problem on degree
d-bounded graphs that gives the correct answer with probability at least %

Let G’ be a graph obtained from G = (V, E) by increasing the degree of every v € Vi by d —

deg(v), by adding self-loops. Observe that for any set S < C < V, we have volg/(S) = d - |S|.

VOlG/ V)

Hence, volg/ (S) < if and only if |S| < 7. Moreover note that,

Eg[S,C\S]  EglS,C\S]

"(S) = = = d5(S). 2.15
$¢ (S) volor () 4-19] c(S) (2.15)
Thus for any C < V we have,
o°(C)= min _®Y(S) = min % (8) =¢% (0. (2.16)
scc,0<|s|=S! S<C,0<vol(§)= 24
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Now we apply our PartitionTesting algorithm to G’, and prove that it can distinguish between
graphs that are (k, ¢)-bounded-degree-clusterable, and those are ¢-far from (2k, ¢’)-bounded-
degree-clusterable with high probability.

Let G be (k,¢)-bounded-degree-clusterable. then there exists a partition of V into sets
Cy,---,Cp, for h < k such that for each i = 1,...,h, ®°(C;) = ¢. Thus by equation (2.16),
we have ¢pC (C;) = ¢ forall i = 1,..., h. Therefore G is (k, ¢)-clusterable. Hence, by Theorem
2.1, PartitionTesting algorithm accepts G’ with probability at least %

Now suppose that G is e-far from (2k, ¢’)-bounded-degree-clusterable. Since ¢’ < «, by
Lemma 2.36, there exists a partition of V into 2k+1 subsets Cj, ..., Cox+1 such that E[Cy, -+, Cogy1] <

. 2
%(ﬂd-lVllog(%), and foreach 1 =i <2k+1,|Ci| = 11=5 %

We say that cluster C; is bad if E[C;, V\ C;] = m(p’ -d- log(ﬁ) -|C;]. Define set B as the set of
bad clusters i.e., B ={C; : E[C;, V\ C;] = 1352 7°°<p d-log(32%) - |C;|}. Thus we have,

Cexp

700

32k
(p.d.log(—) V= E[Cy,--+, Cogs1]
Cexp €

2k+1

= Y E[C;,V\Ci]
i=1

> Y E[C;,V\Ci]
C;eB

4x1152 700

32k
-d-lo ( ) |C;l
CreB 2 Cexp(p g i

4x1152 700 32k e v
=1l =2 'cexp‘p d-108| ==\ 1152 2%

Thus |B| < % Hence there exist at least k + 1 disjoint sets of vertices C;,Co,...,Ck4+1, in G

such that for i € [1..(k+ 1)), ICil = 155 - 5, and |E(C;, V\ Cy)| < 2122 101 . 10g (32k) . .

. . . 2
Thus by equation (2.15), for each i, 1 < i < k+ 1 we have volg (C;) = 1753 Volg(V), and
(,bG/(C) 4“152 700(/) log(32k ). Hence, by Definition 2.2, G’ is (k, @out, B)-unclusterable for

_&9*
log(*ZX)’
we have @qut < m(p , and hence, we can apply Theorem 2.1. Therefore, PartitionTesting

algorithm rejects G’ with probability at least % The running time follows easily from the fact
thatm=<d-n. O

4x1152 | 700
2

Cexp

480x700x4x1152 "

and @out = (p 10g(32k) We set ¢ = Since ¢’ < c-

p= 1152’

For the proof of Theorem 2.2 we will need the following result from [CPS15] which establish
connection between the properties of far from being clusterable, and being unclusterable.

Lemma 2.37. (Lemma 4.5 of [CPS15]) Let ay 5 = O(min(d~!, k1)) be a certain constant that
depends on d and k. If G = (V,E) is e-far from (k, ¢') -degree-bounded-clusterable with ¢' <
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a45€, then there exist a partition of Vinto subsets Cy,...,Cy. such that foreachi,1<i<k+1,

2 kZ /
|C;| = 11;WIVI, and CD‘G,C(C) << 82"’ , for some constant c.

Now we are able to prove Theorem 2.2:

Proof of Theorem 2.2. We wish to prove that there exists a randomized algorithm for Clusterability(k, ¢, k, ¢', €)
problem on degree d-bounded graphs that gives the correct answer with probability at least %

Let G = (V, E) be a degree d-bounded graph with n vertices. Let G’ be a graph obtained from

G = (V, E) by increasing the degree of every v € V; by d — deg(v), by adding self-loops. Now we

apply our PartitionTesting algorithm to G’, and prove that it can distinguish between graphs

that are (k, ¢)-bounded-degree-clusterable and those are e-far from (k, ¢’)-bounded-degree-

clusterable, with high probability.

Let G be (k,¢)-bounded-degree-clusterable. Then there exists a partition of V into sets
Cy,-+,Cy, for h < k such that foreach i =1,...,h, fIJG(C,-) = . Thus by equation (2.16), we
have (/)G’(C,-) >¢@foralli=1,..., h. Therefore G’ is (k,)-clusterable. Hence, by Theorem 2.1,
PartitionTesting algorithm accepts G’ with probability at least %

Now suppose that G is e-far from (k, ¢')-bounded-degree-clusterable. Since ¢’ < ayse,
by Lemma 2.37, there exist a partition of V into subsets Cy,...,C+; such that for each i,

2
1<i<k+1,|Cil= #ZMIVI, and @3(C) < Ckgz‘p for some constant c. Thus by equation (2.15),

foreach i, 1 <i < k+ 1 we have volg (C;) = ﬁz,kvolgr(V), and ¢§’(C) < #. Thus by Defini-

2 2 !
tion 2.2, G' is (k, @out, B)-unclusterable for f = 1= and @our = c’z;p .Wesetc = 48%). -. Since
1

m(pz, hence, we can apply Theorem 2.1. Therefore, Partition-
Testing algorithm rejects G’ with probability at least % The running time follows easily from

the factthat m<d - n. O

@' < c'e?p? 1 k?, we have oy <
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8] Spectral Clustering Oracles
in Sublinear Time

This chapter is based on a joint work with Grzegorz Gluch, Michael Kapralov, Silvio Lattanzi
and Christian Sohler. It has been accepted to the ACM-SIAM Symposium on Discrete Algo-
rithms (SODA’21) [GKL*21].

3.1 Introduction

As a central problem in unsupervised learning, graph clustering has been extensively studied in
the past decades. Several formalizations of the problem have been considered in the literature.
In this paper, we focus on the following (informal) variant of graph clustering: Given a graph
G and an integer k, we are interested in finding k nonoverlapping sets Cj, Cy, ..., Cy that are
internally well-connected and that have a sparse cut to the outside. A popular approach to
this problem is spectral clustering [KVV04b, NJW02, SM00, VL07]: One embeds vertices of the
graph into k dimensional Euclidean space using the bottom k eigenvectors of the Laplacian,
and clusters the points in Euclidean space using the k-means algorithm (in practice), or
using a more careful space partitioning approach (in theory). Spectral clustering has been
applied in the context of a wide variety of problems, for example, image segmentation [SMO00],
speech separation [BJ06], clustering of protein sequences [PCS06], and predicting landslides
in geophysics [BMD™"15]. Spectral clustering usually requires to process the graph in two
steps. First one computes the spectral embedding and then one clusters the resulting point
set. This two stage approach seems to be highly non-local and it seems to be hard to obtain
faster methods, if one only has to determine the cluster membership for a small subset of the
vertices. However, such a sublinear time access is desirable in some applications. As a basic
step towards such a sublinear time clustering algorithm, we need a way to quickly access the
spectral embedding in some way. Therefore, we ask the following question, where we use
fx € R* to denote the spectral embedding of vertex x:
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Is it possible to obtain dot product access to the spectral embedding of a graph in
sublinear time? In other words, given a pair of vertices x, y € V, can we quickly
approximate the dot product (f, f}) in o(n) time?

If such access is possible, it appears plausible that one can design a sublinear spectral clustering
oracle, a small space data structure that provides fast query access to a good clustering of the
graph. Our main result in this paper is (a) a small space data structure that provides query
access to dot products in the spectral embedding, as above, and (b) a sublinear time spectral
clustering oracle that uses this data structure.

We study a popular version of the spectral clustering problem where one assumes the existence
of a planted solution, namely that the input graph can be partitioned into clusters Cy, ..., Ck
whose internal connectivity is nontrivially higher than the external connectivity. The goal
is to recover the clusters approximately. An average case version of this problem, where the
clusters induce Erd6s-Rényi graphs (or random regular graphs), and the edges across clusters
are similarly random, has been studied extensively in the literature on the stochastic block
model (SBM) [Abb18] for its close relationship to the community detection problem. In this
work we study a worst-case version of this problem:

Given a graph G = (V, E) that admits a partitioning into a disjoint union of k induced
expanders Cy, ..., Cy with outer conductance bounded by € « 1, output an
approximation to Cj,..., Cy that is correct up to a O(e) error on every cluster.

We define a spectral clustering oracle with per cluster error 6 € (0,1) as a small space data
structure that implicitly defines disjoint subsets 61, e, C r of V such that for some permutation
7 on k elements one has ICiAén(i)l <0|C;| forevery i =1,..., k. The oracle must provide fast
query access to such a clustering. The focus of this paper is:

Design a sublinear time spectral clustering oracle with per cluster error = O(e).

Our main result is a spectral clustering oracle as above, with a slight loss in error parameter.
Specifically, our spectral clustering oracle is correct up to O(elogk) error on every cluster:

Theorem 3.1 (Informal). There exists a spectral clustering oracle that for every graph G = (V, E)
that admits a partitioning into a disjoint union of k induced expanders C, ..., Cy with outer
conductance bounded by € < @ achieves error O(elogk) per cluster, query time =~ n'/?+0©,

o 1 ko
preprocessing time = 20 k'108" (k) 1/12+0€) gy space ~ pl/2+0),
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Query times can be made faster at the expense of increased space and prepropcessing time, as
long as the product of query time and preprocessing time is = n'*°©, leading in particular to a
nearly linear time algorithm for spectral clustering.

As byproduct of our main result we also obtain new efficient clustering algorithms in the
Local Computation Algorithms (LCA) model (see [RTVX11] for introduction of the model and
[ARVX12] for LCA with limited randomness).

A very important feature of the problem above is the fact that our algorithms recovers a
1—- O(elogk) fraction of every cluster as opposed to just classifying a 1 — O(elog k) fraction of
vertices of the graph correctly (this latter question allows one to output fewer than k clusters,
and is much easier to solve). To put this in perspective, it is instructive to apply multiway
Cheeger inequalities (e.g., [LGT14], [CKCLL"13]) to our setting, noting that the k-th eigenvalue
A of the normalized Laplacian of a graph that can be partitioned into k clusters as above is
bounded by O(e). This means that multiway Cheeger inequalities can be used to recover k
clusters with outer conductance k?+/e (see [LGT14]), which becomes trivial unless € < 1/k*
(we note that our problem admits a much simpler solution when € « 1/k). One may note
that multiway Cheeger inequalities can also recover 0.9k clusters with outer conductance
logo(l) k+/€ in our setting (e.q. [LRTV12]), but, as mentioned above, recovering most clusters
is much easier that recovering each cluster to 1 + O(e) multiplicative error, and does not solve
our problem. The most relevant prior result is due to Sinop [Sin16], where the author achieves
error O(y/€) per cluster using spectral techniques. Sinop's result improves up on previous work
of [AS12], which achieved per cluster error of O(ek) (or, rather, is somewhat incomparable
to [AS12] due to the worst dependence on €, but a lack of dependence on k). As we argue
below, Sinop’s techniques are hard to extend to the sublinear time regime. At the same time,
one should note that our result improves on [AS12] under the assumption that cluster sizes
are comparable while using only sublinear time in the size of the input graph.

Main challenges and comparison to results on testing cluster structure.This problem is
related the well-studied expansion testing problem [KS08, NS10, GR11b, CS10b, KPS13], which
corresponds to the setting of one or two clusters, as well as to the problem of testing cluster
structure of graphs, where one essentially wants to determine k, the number of clusters in G.
The problem of testing cluster structure has recently been considered in the literature [CPS15]:
given access to a graph G as above, compute the value of k (in fact, both results [CPS15]
and [CKK™18] apply to the harder property testing problem of distinguishing between graphs
that are k-clusterable according to the definition above and graphs that are e-far from k-
clusterable, but a procedure for computing k is the centerpiece of both results). It is interesting
to note that the work of [CPS15] also yields an algorithm for our problem, but only under
very strong assumptions on the outer conductance of the clusters (one needs € « m).
The recent work of Peng [Pen20] considers a robust version of testing cluster structure, but

requires € < , just like the work of [CPS15].

1
poly(k)logn
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The recent work of [CKK* 18] on testing cluster structure yields an optimal tester, which works
for any € smaller than a constant and achieves essentially optimal runtime, but unfortunately
their techniques do no extend to the ‘learning’ version of the problem. The reason is very
simple: the algorithm of [CKK* 18] needs to distinguish between the graph G being a union of
k clusters and k + 1 clusters, and their approach amounts to verifying whether a graph can
be partitioned into k clusters. To do so it suffices to check whether the spectral embedding
is effectively k-dimensional, i.e. whether it spans a nontrivial (k + 1)-dimensional volume.
In order to certify this, however, it suffices to exhibit k + 1 vertices that span a nontrivial
(k + 1)-dimensional volume. For that, one essentially only needs to locate at least one ‘typical’
point in every cluster, which is much easier than our task of correctly recovering almost
all, i.e. a 1 - O(e) fraction of vertices in every cluster. In other words, testing graph cluster
structure requires only a rather basic access to and control of the spectral embedding. The
main technical contribution of our paper is a set of tools for getting precise dot product
access to this embedding, together with several new structural claims about it that enable our
clustering algorithm.

Comparison to the work of Sinop [Sin16].The work of Sinop [Sin16] gives a nearly linear time
algorithm for recovering every cluster up to error of 1+ O(y/€) using spectral techniques!, for
sufficiently small €. The algorithm would be very hard to implement in sublinear time, since
one of its central tools (the ROUND procedure, which controls propagation of error i.e., Lemma
5.4 of [Sin16]) heavily relies on the ability to have explicit access to the eigendecomposition
of the Laplacian. Specifically, Sinop’s algorithm first finds a crude approximation S to a
cluster to be recovered, and then improves the approximation by explicitly constructing the
corresponding submatrix of the spectral embedding and performing an SVD. One could
plausibly envision implementing this using random walks, but that would be challenging,
since one would need to consider a random walk induced on a rather unstructured subset of
vertices of the graph.

Our contributions: sublinear time access to the spectral embedding.Let G = (V,E) be a d-
regular graph with n = |V|. Without loss of generality we assume that V = {1,..., n}. We assume
that n and d are given to the algorithm and that we have oracle access to G: We can specify a
vertex x € VV and a number i,1 < i < d, and we will be given in constant time the i-th neighbor
of x. This is also called the bounded degree graph model.

In this paper we will consider d-regular graphs that have a certain cluster structure. We
parameterize this cluster structure using the internal and external conductance parameters.

Definition 3.1 (Internal and external conductance). Let G = (V,E) be a graph. For a set
ScCcV,let E(S,C\S) be the set of edges with one endpoint in S and the other in C\ S.
The conductance of a set S within C is (/)8(8) = %. The external-conductance of set C is

1One must note that the work of [Sin16] does not require the bounded degree assumption, and can handle
clusters of significantly different size.
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defined to be (/)g(C) = %. The internal-conductance of set C < V, denoted by ¢%(C), is

min _ $E(S)
ICl
§<C,0<|SI=5

if |C| > 1 and one otherwise.

Remark 3.1. For simplicity we present all the proofs for d-regular graphs, even though all
the proofs also work for d-bounded graphs, with the same definition of conductance as in
Definition 3.1 (i.e., with normalization by d|S| as opposed to the volume of S; the two notions
of conductance can in the worst case differ by a factor of d). Note that this is equivalent to
converting a d-bounded degree graph G to a d-regular graph G™ by adding d — deg(v) self-
loops to each vertex v with degree deg(v). Let L™ be the normalized Laplacian of G™8. Then
the random walk on graph G is exactly same as a lazy random walk on graph G™ and the
definition of conductance is consistent.

Based on the conductance, clusterability of graphs is defined as follows.

Definition 3.2 ((k, ¢, €)-clustering). Let G = (V, E) be a d-regular graph. A (k, ¢,€)-clustering
of G is a partition of vertices V into disjoint subsets C; U... U Ci such that for all i € [k],
gbG(Ci) =, gb‘Cj(Ci) <eandforall 7, j € [k] one has % € O(1). Gis called (k, ¢, €)-clusterable if
there exists a (k, ¢, €)-clustering for G.

We also need for formally define spectral embedding.

Definition 3.3 (Spectral embedding). For a d-regular graph G= (V,E) and integer2<k<n
we define the spectral embedding of G as follows. Let U € R¥*" denote the matrix of the
bottom k eigenvectors of the normalized Laplacian of G (this choice is not unique; fix any
such matrix U). Then for every x € V the spectral embedding f, € R¥ of x is the x-th column
of the matrix U, which we write as U = (f})yev.

Remark 3.2. We note that the spectral embedding f, x € V is not uniquely defined. However, in
this paper we are only interested in obtaining dot product access to this embedding, i.e. in fast
algorithms for computing{ f, fy) for x, y € V. Such dot products are in fact uniquely defined for
any G that is (k, @, €) -clusterable with e/ (p2 smaller than an absolute constant — see Remark 3.4
below.

Our first algorithmic result is a sublinear time spectral dot product oracle:

Theorem 3.2. [Spectral Dot Product Oracle] Lete, @ € (0,1) withe < %. LetG=(V,E) bead-
regular graph that admits a (k, @,€) -clustering Cy, ..., Ck. Let# < ¢ < 1. ThenINITIALIZEORACLE(G, 1/2,¢§)
(Algorithm 4) computes in time (]EC)O(D .pl/2+0El9?), (log n)3- # a sublinear space data structure
D of size (%)O(D - nY/2+O0€El9") . (log )3 such that with probability at least 1 — n~1%° the following

property is satisfied:
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For every pair of vertices x,y € V, SPECTRALDOTPRODUCT(G, x, y,1/2,¢,9) (Algorithm 5) com-
putes an output value f, fy), such that with probability at least 1 — n~'%

(e fy)y = e ] =

The running time of SPECTRALDOTPRODUCT(G, x, ¥,1/2,¢,9) is (1:5)0(1) .pl/2+0Elp?) | (log n)2.
1

¢
Furthermore, for any0 < § < 1/2, one can obtain the following trade-offs between preprocess-

ing time and query time: Algorithm SPECTRALDOTPRODUCT(G, %, ,8,¢,9D) requires (%)O(” :

p0+0Lely? # per query when the prepressing time of Algorithm INITIALIZEORACLE(G, 6, £)

)0(1) i n1—5+O(e/<p2

)-(log n)?-

is increased to (IEC ). (logn)®- #'

Our results: a spectral clustering oracle.Our goal is to compute a data structure that provides
sublinear time access to a (k, ¢, €)-clustering of G. Such a data structure is called a (k, ¢, €)-
clustering oracle. We now formally define a spectral clustering oracle in the Local Computation
(LCA) model:

Definition 3.4 (Spectral clustering oracle). A randomized algorithm & is a (k, ¢, €)-clustering
oracle if, when given query access to a d-regular graph G = (V, E) that admits a (k,¢,€)-
clustering Ci, ..., Cy, the algorithm @ provides consistent query access to a partition P =
(C,...,Cy) of V. The partition P is determined solely by G and the algorithm’s random seed.
Moreover, with probability at least 9/10 over the random bits of @ the partition P has the
following property: for some permutation 7 on k elements one has for every i € [k]:

~ €-log(k)
|CiAC i = O T |Cil.

Remark 3.3. Note that it is crucial that O provides consistent answers, i.e. classifies a given
x € V in the same way every time it is queried (for a fixing of its random seed).

We are interested in clustering oracles that perform few probes per query. Our main contribu-
tion is:

3
Theorem 3.3. For every integer k = 2, every ¢ € (0,1), everye < k‘f?, every 6 € (0,1/2] there
exists a (k, @, €)-clustering oracle that:
- @ 141002
* has O, (20( FKlog ) pl-0+0/ ‘/’2)) preprocessing time,

- oW ) ,

* hasO, ((’g‘) . pd+OEly )) query time,
N o)

o uses O, ((%) ~n1‘5+0(€/‘/’2)) space,
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)O(l)

e uses O, ((% : no(”‘/’z)) random bits,

where O, suppresses dependence on ¢ and O hides all polylog(n) factors.

To the best of our knowledge, our algorithm is the first sublinear spectral clustering algorithm
in literature. We hope that our main technique for providing sublinear time access to the
spectral embedding will have further applications in sublinear time spectral graph theory. Our
simple algorithm for recovering clusters using hyperplane partitioning in a carefully defined
sequence of subspaces may also be of independent interest in spectral partitioning problems.
We provide a detailed overview of the analysis and the main ideas are involved in Section 3.3.

Other related work.Besides the work on property testing and the work on clustering with la-
belled, data another closely related area is local clustering. In local clustering one is interested
of finding the entire cluster around a node v in time proportional to the size of the cluster.
Several algorithms are known for this problem [ACL08, AGPT16, OA14, ST14, ALM13b] but
unfortunately they cannot be applied to solve our problem because when the clusters have
linear size they take linear time (in addition, the output clusters may overlap). In this paper
instead we focus on solving the problem using strictly sublinear time.

3.2 Preliminaries

In this paper we mostly use the matrix notation to represent graphs. For a vertex x € V, we say
that 1, € R" is the indicator of x, that is, the vector which is 1 at index x and 0 elsewhere. For a
(multi) set Is = {x1,..., xs} of vertices from V we abuse notation and also denote by S the n x s
matrix whose i" column is 1,. For i € N we use [i] to denote the set {1,2,...,i}.

For a symmetric matrix A, we write v;(A) (resp. Vmax(A), Vmin(A)) to denote the jth largest
(resp. maximum, minimum) eigenvalue of A.

Let m < n be integers. For any matrix A € R"*™ with singular value decomposition (SVD)
A=YTZT weassume Y € R"", T e R"*"* is a diagonal matrix of singular values and Z € R"*"
(this is a slightly non-standard definition of the SVD, but having I be a square matrix will be
convenient). Y has orthonormal columns, the first m columns of Z are orthonormal, and the
rest of the columns of Z are zero. For any integer g € [m] we denote Y4 € R"*4 as the first g
columns of Y and Y_ 4 to denote the matrix of the remaining columns of Y. We also denote
by Zi4) € R4 as the first g columns of Z and Z_{ to denote the matrix of the remaining
n— g columns of Z. Finally we denote by I';) € R7*7 the submatrix of I corresponding to the
first g rows and columns of I and we use I'_ 4 to denote the submatrix corresponding to the
last n— g rows and n — q columns of T. So for any g € [m] the span of Y_ |4 is the orthogonal
complement of the span of ¥;4 in R", also the span of the columns of Z_ | is the orthogonal
complement of the span of Z4) in R”. Thus we can write A= Y{; T[4 Z[:'(;] +Y_ (1T g) Z_T[q].
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We also denote with Ag the adjacency matrix of G and with L the normalized Laplacian of G
where L=1— %. For L we denote its eigenvalues with 0 < 1; <... < 1, < 2 and we write A
to refer to the diagonal matrix of these eigenvalues in ascending order. We also denote with
(uy,...,uy) an orthonormal basis of eigenvectors of L and with U € R"*" the matrix whose
columns are the orthonormal eigenvectors of L arranged in increasing order of eigenvalues.
Therefore the eigendecomposition of L is L = UAUT. We write U}z, € R™** for the matrix
whose columns are the first k columns of U and also define F = UL

[kl
denote the spectral embedding of vertex x on the bottom k eigenvectors of L with f; € R¥, i.e.

For every vertex x we

fx = F1,. For pairs of vertices x, y € V we use the notation

(Fo fy)=fLf

to denote the dot product in the embedded domain.

Remark 3.4. We note that if G is a (k, @, €)-clusterable graph with €/ p? smaller than a constant,
the space spanned by the bottom k eigenvectors of the normalized Laplacian of G is uniquely
defined, i.e. the choice of Uy is unique up to multiplication by an orthonormal matrix R € R**k
on the right. Indeed, by Lemma 3.3 below one has Ay < 2e¢ and by Lemma 3.1 below one has
Aks1 = (pZ/ 2. Thus, since we assume thate/ (p2 is smaller than an absolute constant, we have
2e < 212, and therefore the subspace spanned by the bottom k eigenvectors of the Laplacian, i.e.
the space of Uy, is uniquely defined, as required. We note that while the choice of fx forxe 'V
is not unique, but the dot product between the spectral embedding of x€ V and y € V is well
defined, since for every orthonormal R € R*** one has (Rfy, Rfy) = (Rf)T(Rfy) = fT(RTR) f, =
T

In this paper we also consider the transition matrix of the random walk associated with G
M= % I+ %‘). From any vertex v, this random walk takes every edge incident to v with
probability ﬁ, and stays on v with the remaining probability which is at least % Note that this
random walk is exactly same as a lazy random walk on G and that M = I - % Observe that Vi u;
is also an eigenvector of M, with eigenvalue 1 — % We denote with X the diagonal matrix of the
eigenvalues of M in descending order. Therefore the eigendecomposition of M is M = UZU.
We write 2z € R¥*¥ for the matrix whose columns are the first k rows and columns of Z.
Furthermore, for any ¢, M! is a transition matrix of random walks of length 7. For any vertex x,
we denote the probability distribution of a ¢-step random walk starting from x by m, = M'1,.
For a (multi) set Is = {x3,..., x5} of vertices from V, let matrix M’S € R"*® is a matrix whose
columns are probability distributions of ¢-step random walks starting from vertices in Is.
More formally the ith column of M*S is m,,. For any vertex x € V let A (x) : {y € V : {x, y} € E}
denote the set of vertices that are adjacent to the vertex x.

Definition 3.5 (Cluster Centers). Let G = (V,E) be a d-regular graph. Let Cy,...,Cy be a
(k, @, €)-clustering of G. We define the spectral center of cluster C; as

1
Hi -—ﬁ Z fx-

xeC;
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For vertex x € V, we define py as the cluster center of the cluster which x belongs to.

In our analysis we use the following standard results on eigenvalues and matrix norms. Recall
that for any m x n matrix A, the multi-sets of nonzero eigenvalues of AA” and AT A are equal.

Lemma 3.1 ((CKK*18]). Let G be any graph which is composed of k components Cy,...Cy. such

that $©(C;) = ¢ for any i € [k]. Let L be the normalized Laplacian matrix of G, and Ay, be the
2

(k + 1)st smallest eigenvalue of L. Then Ag.; = %.

For a d-regular graph G, let p;(k) denote the minimum value of the maximum conductance
over any possible k disjoint nonempty subsets. That is

pck)= ~ min  max¢g(S;)
disjoint Sy,...,S i

Lemma 3.2 ([LGT14]). For any d-regular graph G and any k = 2, it holds that
/1k = ZpG(k).

Lemma 3.3. Let G = (V, E) be ad regular graph that admits a (k, p,€)-clustering Cy,...,Cy. Let

L be the normalized Laplacian matrix of G. Let 11 < ... < A, be eigenvalues of L, then we have
2

Aks1 = % and Ay < 2e.

Proof. Note that G is composed of k components Cj,...Cy such that for all 1 < i < k we have
gbG(Ci) = ¢. Hence, by Lemma 3.1 we get 1xy; = %. Moreover for all 1 < i < k, we have
gb‘c,;(Ci) < €. Thus by Lemma 3.2 we have 1 < 2e. O

Since we assume that the maximum ratio of cluster sizes is bounded by a constant, we have

Proposition 3.1. Let G = (V, E) be a d regular graph that admits a (k, p,€)-clustering Cy, ..., Ck.
Then we havemin;eq .k |Ci| = Q (%) and max;eq . 1Cil = O(%).

A symmetric n x n matrix is positive semi-definite, if and only if all its eigenvalues are non-

negative. The spectral norm of matrix A € R”*" is defined as maXyeg» x#0 Hmiz that equals

the square root of the largest eigenvalue of the matrix A” A. The Frobenius norm of a matrix
A is defined as /Ziyj(Ai,j)z. For matrices A, A € R"™", we write A < A, if Vx € R” we have

xTAx < xT Ax.

3.3 Technical overview

In this section we give an overview of the analysis and the main technical contributions of the
paper. Recall that we denote the matrix of bottom k eigenvectors of the normalized Laplacian
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C3

&:

C, H2 O]

Figure 3.1 — Example of a spectral embedding where points are concentrated around means.

of G by Ujy,. The spectral embedding of a vertex x € V, denoted by f € R¥, is simply the x-th

T
column of U[ iE

well-concentrated around cluster means y; € R¥, defined for everyi=1,...,k by

The main intuition behind spectral clustering is that the points f; € R* are

1
j=— - 3.1
1 |Ci|Zf (3.1)

xeC;
See Fig. 3.1 for an illustration.

The contributions of our paper are twofold. Our first contribution is a primitive that provides
dot product access to the spectral embedding of a graph in sublinear time: we show in
Theorem 3.2 how, given any pair of vertices x, y € V one can compute

<fx»fy>apx ~ <fx;fy>’ (3.2)

n1/2+O(e)

in time = per evaluation (see Algorithm 10 in Section 3.5 for the formal definition of

(*,"Yapx and its analysis).

Our second contribution is to show how dot product access as in (3.2) above allows one to
solve the cluster recovery problem. Both of these contributions are based on a new property
of the spectral embedding that we establish. This property allows us to quantify the intuitive
statement that vertices in the embedding concentrate around cluster means defined in (3.2)
above in a very strong formal sense.
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In the rest of this section we first present our sublinear time dot product oracle (in Section 3.3.1)
and then outline how access to such an oracle can be used to design a simple spectral clustering
algorithm (in Section 3.3.2). We assume that the inner conductance of the clusters ¢ is constant
for the purposes of this overview to simplify notation.

3.3.1 Sublinear time dot product access to the spectral embedding

We start with a description of the main underlying ideas underlying the proof of Theorem 3.2.
Our starting point from earlier work is the observation that collision statistics of random walks
can be used to exhibit the structure of a (k, ¢, €)-clusterable graph. In particular, in (k, ¢, €)-
clusterable graphs, there is a gap between A1y and A1, and the behavior of random walks is
essentially determined by the bottom k eigenvectors of the Laplacian and the corresponding
eigenvalues. This suggests that we can potentially use random walks to determine the spectral
embedding. The spectral embedding is of course not necessarily unique (for example, if not all
of the bottom k eigenvalues are unique). However, the dot product of the embedded vertices
is still well-defined as a function of the subspace spanned by the bottom k eigenvectors of
the Laplacian, as the subspace itself is uniquely defined because of the aforementioned gap
between Ay and Ar.;. See Remark 3.4 for more details. We now give an overview of our
approach.

Fix two vertices x, y € V. We would like to compute

(for fy) = (FLY T (F1y) = 11U UL 1.

The direct approach to this would amount to computing an eigendecomposition of M to
obtain Upg;, but that would take at least Q(n) time and is too expensive for our purposes.
On the other hand, it is well-known that we are able to estimate, in about n'’? time, the dot
product

M'1y"(M'1y) =11 M*'1,.

Note that 1{ M*'1, = 17UZ* U"1,. Thus to get Uy U}, from 17 M>'1,, we need to remove

the matrix 22! from the middle. Specifically, we can estimate the quantity above as follows.

1/2+0(e/¢?) /52

For some precision parameter ¢ € (0,1) we first run = n random walks from x,

letting 771, € R" denote a vector whose a’th component is the fraction of random walks from

x that end up at a. Similarly, we run = nl/2+0(lp?) /&2

random walks from y, letting 772, € R"
denote a vector whose a’th component is the fraction of random walks from y that end up at

a. One can show? that with high (constant) probability we have

T 1
|mlm, -1 M*"1,| <¢—. (3.3)

2This calculation is mostly amounts to a rather standard collision counting calculation that relies on the birthday
paradox if one wants to establish the claim for most vertices x, y € V (this was done in [CPS15] and [CKK™ 18] for
example). Our new moment bounds for the spectral embedding (see Lemmas 3.4 and 3.5 in Section 3.4) allow us
to establish such a claim for all vertices x, y € V - see Lemma 3.22.
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While (3.3) is not directly useful, a primitive for constructing empirical distributions 7, and
my as above is a central part of our approach. We formalize it as Algorithm 6 (RUNRANDOMWALKS)
below:

Algorithm 6 RUNRANDOMWALKS(G, R, £, x)

1: Run R random walks of length ¢ starting from x

2: Let i, (y) be the fraction of random walks that ends at y > vector 771, has support at most
R

3: return iy

Even if we cannot apply (3.3) directly, it lets us compute a seemingly related to quantity
17 M?'1, quickly by invoking Algorithm 6 and computing one dot product. In order to get
from 1 M*"1, to 1 U Uy,
random walk distributions before computing the dot product between them, i.e. we need

1,, we need to somehow apply a linear transformation on the

a different dot product operation. It is easy to see that the correct linear transformation is
given by the matrix U[k]Z[_kZ]’ U[Yl;]’ where M’ = UZ'UT is the eigendecomposition of M and
Uy stands for the matrix of bottom k eigenvectors of the Laplacian®. Specifically, we have

(ML) U2 5 UL M ) = 1] Uy U 1y = (o fi),

which is exactly the quantity we are interested in. Of course, there is a major problem with

: : -2t7yT
this approach, since Uy Z ;" Uy,

U[k]Z[_kz]t Uﬁc] by a sparse low rank matrix, as we describe below. Specifically, we let Is be a

multiset of s <« n vertices selected uniformly at random. Let S be the n x s matrix whose j-th
column equals 1;; and let WZ2'WT denote the eigendecomposition of 2.M 1T (M!S)*. We
show that with an appropriate choice of the sampling parameter s <« n one has

is an n x n matrix! To get around this issue, we approximate

—2tryT J. T
U Zy Uy = M'S-¥-ST M, (3.4)

where

- N~ ~ g~
¥= WinZ g Wi (3.5)
is an s x s matrix that can be computed explicitly. The corresponding primitive to compute
(M'S)T(MLS) is presented as Algorithm 7 (ESTIMATECOLLISIONPROBABILITIES) below. It
basically estimates the Gram matrix of random walk distributions out of Is (denoted by
%) by counting collisions, and taking medians of estimates to reduce failure probability

appropriately. After computing the approximate Gram matrix, we derive from it the matrix

3Note that this matrix is not well defined in the presence of repeated eigenvectors, but any fixed choice of
this matrix suffices for our purposes. It is also interesting to note that while we use a canonical choice of the
eigendecomposition of M throughout the paper, all our bounds are oblivious to the choice of this basis, and hold
for the subspace of bottom k eigenvectors, which is well defined since there is a gap between the k-th and (k+1)-th
eigenvalues in k-clusterable graphs.

4We abuse notation somewhat by writing S to denote the 7 x s matrix whose (g, j)-th entry equals 1 if the j-th
sampled vertex equals a and 0 otherwise.

78



3.3. Technical overview

v=1x. /W[k]f[‘kz] /W[i], where ¢ = WEW is the eigendecomposition of 4 (see line (8) and line
(10) of Algorithm 9; note that G is a symmetric matrix, and hence an eigendecomposition

exists).

Algorithm 7 ESTIMATECOLLISIONPROBABILITIES(G, I, R, t)
1: fori =1to O(logn) do
2: (j,- := ESTIMATETRANSITIONMATRIX(G, Is, R, 1)
3: ﬁi := ESTIMATETRANSITIONMATRIX(G, I, R, 1)
4

G, = % (ﬁiT@ + (jl.Tﬁ,-) > %; is symmetric
5: Let ¢4 be a matrix obtained by taking the entrywise median of ¢;’s > ¢ is symmetric
6: return ¢ > 9 e RS

Algorithm 7 uses an auxiliary primitive presented as

Algorithm 8 ESTIMATETRANSITIONMATRIX(G, Is, R, £)

1: for each sample x € Is do

2 My := RUNRANDOMWALKS(G, R, £, Xx)

3: Let (j be the matrix whose columns are 771, for x € Ig

4: return Q > Q has at most Rs non-zeros

The proof of (3.4) relies on matrix perturbation bounds (the Davis-Kahan sin 6 theorem) as well
as spectral concentration inequalities, crucially coupled with our tail bounds on the spectral
embedding (see Lemma 3.4 and Lemma 3.5). In particular Lemma 3.4 and it’s consequence -
Lemma 3.5 can be used to bound the leverage scores of Uy (i.e. || fx! |§ for x € V). This part of
the analysis is presented in Section 3.5.2.

Lemma 3.4. [Tail-bound] Let ¢ € (0,1) and e < %, and let G = (V,E) be a d-regular graph

that admits (k, p,€)-clustering Cy,...,Cy. Let L be the normalized Laplacian of G. Let u be a
normalized eigenvector of L with ||ul|, = 1 and with eigenvalue at most 2e. Then for any > 1

we have
—@*/20-€
{x(—:V:Iu(x)lzﬁ- L}’S(é) .

min;epx 1Cil 2

Lemma 3.5. Let ¢ € (0,1) ande < 1%20, and let G = (V,E) be a d-regular graph that admits
(k,p,€)-clustering Cy,...,Cy. Let u be a normalized eigenvector of L with ||ull, = 1 and with

eigenvalue at most 2e. Then we have

160

. 2
n20 el , . .
min;e |Gl

llulloo =

We note that the number of samples s is chosen as s ~ kO nO€/¢") (see Algorithm 9) , where
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the second factor is due to our upper bound on the ¢, norm of the bottom k eigenvectors of
the Laplacian of a (k, ¢, €)-clusterable graph proved in Section 3.4.

Once we establish (3.4) in Section 3.5.3 (see Lemma 3.19), we get for every x,y € V
(M1,)"M'S- 9. STM (M'1y) = 1] U U1y, (3.6)

which is what we would like to compute. One issue remains at this point, which is that
we cannot compute M‘1, or M'1, explicitly, and neither can we store and compute our
approximation M'S-¥-STM?, since it is a dense, albeit low rank, matrix. We resolve this
problem by running an appropriate number of random walks out of the sampled nodes I, as
well as the queried nodes x, y € V. Specifically, we run = n'/2*9© random walks from every
sampled node in I, defining an n x s matrix Q whose (a, b)-th entry is the fraction of walks
from a that ended at b and using the matrix Q as a proxy for M’S (note that the expectation
of Q is exactly M'S). Such a matrix Q is computed as per line (2) and line (3) of Algorithm 7
(ESTIMATECOLLISIONPROBABILITIES). We note that Algorithm 9 (INITIALIZEORACLE) performs
O(logn) independent estimates that we ultimately use to boost confidence (by the median
trick). The entire preprocessing is summarized in Algorithm 9 (INITIALIZEORACLE) below:

Algorithm 9 INITIALIZEORACLE(G, 6, ¢) > Need: e/¢? < #

20-1
1; ¢o= 2ogn
%

2: Ripit = O(n1—6+980~e/(p2 K782

3 s:= O(n*8¢/¢" .logn- kB/&2)

4: Let Is be the multiset of s indices chosen independently and uniformly at random from
{1,...,n}

5: for i =1to O(logn) do

6 @ := ESTIMATETRANSITIONMATRIX(G, Is, Rinit, t) > (ji has at most Rjyjt - S non-zeros

7: 4 :=ESTIMATECOLLISIONPROBABILITIES(G, Is, Rinit, £)

8

9

: Let .94 := WEWT be the eigendecomposition of £.4 > ¢ e RS*S

. if £7! exists then

. _n_ 1. 527w T SXS§
00 W= 2 WeEEWE > eR

11:  return 2 :={¥,Qy,...,Qogogn)}

Equipped with the primitives presented above, we can now state our final dot product estimate:

MEQYQ My = 1 U ULy = (fu, i), (3.7)

~ ~ . s . . . 2
where 1, and m,, are empirical distributions of ~ nl/2+0El$?)

1/2+0(e/ $p?)

out of x and y respectively, Q is
an n x s matrix with = n nonzeros per column, and V¥ is a possibly dense s x s matrix,
where the number of sampled vertices s is ultimately chosen to be kO 0/ ¢*). The analysis
of the error incurred in replacing (3.4) with (3.7) is presented in Section 3.5.4. It relies on a

birthday paradox style variance computation similar to previous sublinear time algorithms for
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testing graph cluster structure. The actual query procedure that implements (3.7) is given by
Algorithm 10 below.

Algorithm 10 SPECTRALDOTPRODUCTORACLE(G, X, ,0,¢,9) > Need: e/(,o2 < %

>2:={Y, él»-'-»@O(log")}

. unery = O(n§+500-€/(p2 . k9/62)
: for i =1to O(logn) do
Ml := RUNRANDOMWALKS(G, Rquery, £, X)

fitl, := RUNRANDOMWALKS(G, Rquery, £, ¥)

: Let a be a vector obtained by taking the entrywise median of (@) T(ﬁlfc) over all runs

=W Ny =

(o2 4]

: Let a), be a vector obtained by taking the entrywise median of ((j,-) T(ﬁ@j,) over all runs
return (fy, fy), 1= al¥a,

N

Trading off preprocessing time for query time.Finally, we note that one can reduce query
time (i.e., runtime of SPECTRALDOTPRODUCTORACLE) at the expense of increased prepro-

2
0+0€/9) random walks

cessing time and size of data structure. Specifically, one can run = n
from nodes x, y whose dot product is being estimated by SPECTRALDOTPRODUCTORACLE
at the expense of increasing the number of random walks run to generate the matrix Q in
INITIALIZEORACLE to & nl=9+0€/¢") for any 6 < 1/2. This in particular leads to a nearly linear

time spectral clustering algorithm.

3.3.2 Geometry of the spectral embedding

We now describe our spectral clustering algorithm. Since we only have dot product access to
the spectral embedding, the algorithm must be very simple. Indeed, our algorithm amounts
to performing hyperplane partitioning in a sequence of carefully crafted subspaces of the
embedding space, using (a good approximation to) cluster means ;.

We first present a simple hyperplane partitioning, then we give an example embedding to
show why it might be hard to prove that this scheme works. After that we design a modification
of the hyperplane partitioning scheme that, through the course of carving, carefully projects
out some directions of the embedding. This modification is an idealized version of our final
algorithm for which we can prove per cluster recovery guarantees.

First we assume that the cluster means (3.1) are known. In that case we define, for every
i=1,...,k thesets
Ci={xeV:(fo,u) =09/ u;ll*}

of points that are nontrivially correlated with the i-th cluster mean ;. Note that Ci= Cu;09in
terms of Definition 3.8, but since y;’s are fixed in this overview, we use the simpler notation.
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We next define, for everyi =1,...,k,

Ci:= éi\luléj. (3.8)
j=1

In other words, this is a natural ‘hyperplane-carving’ approach: points that belong to the first

hyperplane C; are taken as the first cluster, points in the second hyperplane C, that were

not captured by the first hyperplane are taken as the second cluster, etc. This is a natural

high dimensional analog of the Cheeger cut that has been used in many results on spectral

partitioning. The hope here would be to show that there exists a permutation 7 on [k] such
that

ICiACan| < O@) - 1Cr, (3.9

foreveryi=1,..., k, where we assume that the inner conductance ¢ of the clusters is constant.
Here A stands for the symmetric difference operation.

One natural approach to establishing (3.9) would be to prove that for every i = 1,..., k vertices
x € C; concentrate well around cluster means y; (see Fig. 3.1). This would seem to suggest that
Ci’s are close to the C;’s, and so are the C;’s. This property of the spectral embedding is quite
natural to expect, and versions of this property have been used in the literature. For example,
one can show that for every a € RE |lall, = 1,

k
YN (fe— i a)® < Ofe). (3.10)

i=1xeC;

The bound in (3.10) follows using rather standard techniques — see Section 3.4.1 for this and
related claims. One can check that (3.10) suffices to show that éi 's are very close to C;’s, namely
thatforevery i =1,..., k there exists j € [k] such that

IC;AC{] = O(e) - ICjl. (3.11)

The formal proofis given in Section 3.6.2. The result in (3.11) is encouraging and suggests that
the clusters C; defined by the simple hyperplane partitioning process approximate the C;’s,
but this is not the case! The problem lies in the fact that while C;’s approximate the C;’s well as
per (3.11), the bound in (3.11) does not preclude nontrivial overlaps in the 5,- 's —we give an
example in below.

Hard instance for natural hyperplane partitioning

We now give an example configuration of vertices in Euclidean space such that (a) the configu-
ration does not contradict (3.10) and (b) the natural hyperplane partitioning algorithm (3.8)
fails for this configuration. This shows why we develop a different algorithm that can deal with
configurations like the one presented in this subsection.
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&;

Cy M2 C

Figure 3.2 — Example of a spectral embedding that is consistent with (3.10) and (3.11) but for
which the natural hyperplane partitioning would not work.

Consider the following configuration of C;’s and y;’s. Suppose that all cluster sizes are equal ,

and let k = % Let y;’s form an orthogonal system and for each i € [k] let ||u;ll2» = \/g For all
i <k=1/eforall x € C; we set f, = u;, that is points from all clusters except for 1/¢’th one are
tightly concentrated around cluster means - see Fig. 3.2 for an illustration with k = 3. Then for
cluster Cy . we distribute points as follows. For every i =1,...,1/e — 1 we move ¢/2 fraction
of its points to /¢ + 14, and another /2 fraction of the points to y1/c — ¢;. The remaining e
fraction of Cy /¢ stays at u;/e. Now observe that all cluster means are where they should be,
since we applied symmetric perturbations. Secondly notice that (3.10) is satisfied for every
direction . Intuitively it is the case because we moved 1/¢ 1 disjoint subsets of Cy c of size €7
in 1/e¢ — 1 orthogonal directions. Lastly observe what happens to @ s.Foralli=1,...,1/e-1
set C; contains C; and €/2 fraction of Cj . that was moved in direction ui. One can verify that
this is perfectly consistent with (3.10), and in particular with (3.11). The problem is that many
clusters have large overlap with one particular cluster, namely C; /.. Indeed notice that the
ball carving process returns Ci/e such that |Cy/e N Cy/el = (%) % That means that constant
(almost 1/2) fraction of cluster C;/. is not recovered!

Our hyperplane partitioning scheme

The example in Section 3.3.2 suggests that we need to develop a diffferent algorithm. Our
main contribution here is an algorithm that more carefully deals with the overlaps of C;’s. The
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high level idea for the algorithm is to recover clusters in stages and after every stage project
out the directions corresponding to recovered clusters.

First we observe the following property of (k, ¢, €)-clusterable graphs (see Lemma 3.16). Any
collection of pairwise disjoint sets with small outer-conductance matches the original clusters
well. More precisely for every collection {Cy, ..., Cy} of pairwise disjoint sets satisfying for every
i € [k] p(Cy) < O(elog(k)) there exists a permutation 7 on [k] such that

|CiACq(iy| < O(elog(k)) - |Creiyl, (3.12)

In the algorithm we will test many candidate clusters and the property above allows us to test
if a particular candidate C is good by only computing its outer-conductance.

Now we describe our algorithm more formally. The algorithm proceeds in O(log(k)) stages. In
the first stage it considers k candidate clusters C;, where x € C; if it has big correlation with y;
but small correlation with all other i ;’s. More formally

éi = éi\Uéjv (3.13)
J#i

which is equivalent to:

{foopi) = 0.91lp;11* and for all j # i { fy, ;) < 0.911 ;112

Note that by definition all these clusters are disjoint. At this point we return all candidate
clusters C; for which ¢(C;) < O(e), remove the corresponding vertices from the graph, remove
the corresponding u’s from the set {u,, ..., tx} of centers and proceed to the next stage.

In the next stage we restrict our attention to a lower dimensional subspace IT of R¥. Intu-
itively we want to project out all the directions corresponding to the removed cluster centers.
Formally we define IT to be the subspace orthogonal to all u’s removed up to this point (we over-
load notation by also using I1 for the orthogonal projection onto this subspace). We will see that
W's are close to being orthogonal (see Lemma 3.7). This fact means that I1 = span({y;,..., tp}),
where {u;,..., up} is the set of p’s that were not removed in the first step. Now the algorithm
considers b candidate clusters where the condition for x being in a cluster i changes to:

{fo Ty = 0.9 Ty 11* and for all j € [b], j # i (fi, Ty ) < 0.9 ;112

Now we return all candidate clusters that satisfy ¢(6,~) < O(e) but this time the constant hidden
in the O notation is bigger than in the first stage. In general at any stage ¢ we change the test
to O(e- t). At the end of the stage we proceed in a similar fashion by returning the clusters,
removing the corresponding vertices and u’s and considering a lower dimensional subspace
of IT in the next stage.

The algorithm continues in such a fashion for O(log(k)) stages. Thus for all returned clusters
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C; itis true that there exists j such that®:

IC;ACj| = O(elog(k)) - IC;].

Let’s analyze how this algorithm works for the configuration presented in Section 3.3.2. In
the first stage we have that, for all i # %, C; = C; and moreover |C1/e N Cy/el = (%)%. So all
candidate cluster C; for i # 1/e are returned but crucially this time (in contrast with the natural
hyperplane partitioning) cluster Cy /. is left untouched. Then directions {y,,..., 1/c-1} are
projected out. In the second stage the algorithm considers only vertices from C; /. projected
onto one dimensional subspace span(u,/¢) and recovers this cluster up to O(e) error.

Because of the robustness property (3.12), to show that this algorithm works we only need to
argue that at the end of O(log(k)) stages k sets are returned. We do that by showing that in
every stage at least half of the remaining clusters is recovered. It is done in Lemma 3.37 and
crucially relies on the following fact. When the algorithm considers a subspace I1 then the
number of points in the union of sets:

{xe Vi {fo ;) =091y 1* nixe Vi {fi, i) = 0.9/u;l1%,

forall i, j € [b],i # j is bounded by O(e- b- %) (see Lemma 3.36 and Remark 3.7). To prove that
we observe that every point x in this intersections has big projection onto some two p;, i
from {us,..., up}. Then using the fact that y’s are close to being orthogonal we deduce that
[T~ span({uy,..., up}) this in particular means that Ilu; =~ u;, Iy =~ u;. Because of that f is
abnormally far (further by a factor of 1/¢ with respect to the average) from it’s center u,. Now
applying (3.10) for an orthonormal basis of IT and summing the inequalities we get that that
the number of points in the intersections is bounded by O(e - b- £). Having this bound we can
argue that at least half of the remaining clusters is recovered as on average only O(e - ) points
from each cluster belong to the intersections. The formal argument is given in Section 3.6.3.

The use of subspaces is crucial for our approach. If we relied solely on the bounds on norms
(i.e. bounds on || fx||) we could only claim a recovery guarantee of O(ek) per cluster. One of
the reasons is that there can be ©(en) vertices of abnormally big norm and all of them can
belong to one cluster (as it happens in the example from Section 3.3.2). The use of carefully
crafted sequence of subspaces solves this issue as it allows to derive better bounds for the
number of abnormal vertices in each stage. It is possible as we can show that the "variance of
the distribution" of fy’s cannot concentrate on subspaces. This leads to an O(elog(k)) error
guarantee per cluster.

What remains is to remove the assumption that the cluster means p; are known to the
algorithm. We show, using our tail bounds from Lemma 3.4, that a random sample of

5Note that this algorithm may not return a partition of the graph but only a collection of disjoint clusters. Later,
in Section 3.6.6 in Proposition 3.3, we present a simple reduction that shows that an algorithm that guarantees
(3.12) is enough to construct a clustering oracle that, as required by Definition 3.4, returns a partition. The high
level idea is to assign the remaining vertices to clusters randomly.
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O(1/¢- k*logk) points in every cluster is likely to concentrate around the mean. This allows
us to take a O(1/e - k*log k) size sample of points, guess in exponential (in 1/¢ - k*log? k) time
which points belong to which cluster, and ultimately find surrogates fi; that are sufficiently
close to the actual u;’s for the analysis to go through. This part of the analysis is presented in
Section 3.6.4. We also need a mechanism for testing if a set of approximate fi’s induces (via
our partitioning algorithm) a good clustering. We accomplish this goal by designing a simple
sampling based tester that determines whether or not the clusters induced by a particular
collection of candidate cluster means have the right size and outer conductance properties.
See Section 3.6.5 for this part of the analysis.

To design our spectral clustering algorithm we need to perform tests like { fi, [Ty) ; 0.9(|TTu| |§
for a given vertex x, a candidate cluster mean p, and the projection matrix I1. Hence, we need
tools to approximate { fy, TT) and ||y |2 As explained above, instead of exact cluster means
i.e. pwe will perform the test for approximate cluster meansi.e, fi = g Sl 2 yes fy, where Sis a
small subset S of sampled nodes. First observe that for any vertex x one can estimate { fy, )

apx

as follows:

<fx’ apx |S| Z(fx’fy apx

yeS

where ( f, fy>m can be computed using (SPECTRALDOTPRODUCTORACLE) Algorithm 10. Next
we will explain how to compute ( fy, I fy>m for x,y € V. Recall that II is the subspace orthogo-
nal to all fi’s removed so far. Let {fi;,..., [i;} denote the set of removed cluster means, and let
X € R¥" denote a matrix whose columns are fi;’s. Therefore the projection matrix onto the
span of {{iy, ..., [i;} is given by X(XTXx)"1X. Hence, we have IT1 = I - X(X7 X)"1 X and we can
compute { f, 11 fy>w as follows:

(follfy),,. = (Fofy),.— F DX OTXS).

Note that the i-th column of matrix X is fi;, thus f,J X € R” is a vector whose i-th entry can be
computed by  fy, [ >upx. Moreover notice that X7 X € R"*" is matrix such that its (i, j)-th entry
can be computed by <ﬁi’ﬁj>m' TheArefore (fTx), (X fy) and (XxTx)~! all can be computed
explicitly which let us compute ( f, 11 fy> . Given the primitive to compute (fy, [if,) we

apx

are able to estimate { fy, T1(1)) and [|TI()| |§ as follows:

<fxv H>a,,x- IBI Z(fx» fy apx’

YEB

2 1
" |B|

-~
|| ~

i

<fx’ /~‘>a,,x

xeB

This part of the analysis is presented in Section 3.5.6.
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3.4 Properties of the spectral embedding of (k, ¢, €)-clusterable graphs

In this section we study the spectral embedding of (k, ¢, €)-clusterable graphs. Recall that the
spectral embedding maps every vertex x € V to a k-dimensional vector fy. We are interested
in understanding the geometric properties of this embedding. We start by recalling some
standard properties of the embedding: We show that the cluster means

1fo

Cil &2,

Hi

are almost orthogonal and of length roughly 1/+/]C;| (Lemma 3.7 below). Then we give a bound
on the directional variance, by which we mean the sum of squared distances of points f; to
their corresponding cluster centers when projected on direction a. We show in Lemma 3.6
below that the directional variance is bounded by O(e/ (pz) for every direction a € RE, lal =1.
This in particular implies (see Lemma 3.9 below) that Tounding’ the spectral embedding by
mapping each vertex to its corresponding cluster center results in a matrix U that spectrally
approximates the matrix of bottom k eigenvectors of the Laplacian. These bounds are rather
standard, and their proofs are provided for completeness. The main shortcoming of the stan-
dard bounds is that they can only allow us to apply averaging arguments, and are thus unable
to rule out that some of the embedded points are quite far away from their corresponding
cluster center. For example, they do not rule out the possibility of an Q(1/k) fraction of the
points being ~ vk further away from their corresponding centers. Since we would like to
recover every cluster to up an O(e) error, such bounds are not sufficient on their own.

For this reason we consider the distribution of the projection of the embedded points on
the direction of any of the first k eigenvectors and we give stronger tail bounds for these
distributions (in Lemma 3.4) than what follows from variance calculations only. Basically,
we give a strong bound on the O(¢?/¢)-th moment of the spectral embedding as opposed
to just on the second moment, as above. These higher moment bounds are then crucially
used to achieve sublinear time access to dot products in the embedded space in Section 3.5
(we need them to establish spectral concentration of a small number of random samples in
Section 3.5.2) as well as to argue that a small sample of vertices contains a good approximation
to the true cluster means p;,7 =1,..., k in its span in Section 3.6.4.

3.4.1 Standard bounds on cluster means and directional variance

The lemma below bounds the variance of the spectral embedding in any direction.

Lemma 3.6. (Variance bounds) Let k = 2 be an integer, ¢ € (0,1), ande € (0,1). Let G = (V, E) be
a d-regular graph that admits (k, ¢, €)-clustering Cy,...,Cy. Then forall « € R*, with lall =1

we have
4e
5

i Y (fe-mna)’ ==

i=1xeC; @
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Proof. For each i € [k], and any vertex x € C;, let d;(x) denote the degree of vertex x in the
subgraph C;. Let H; be a graph obtained by adding d — d;(x) self-loops to each vertex x € C;.
Let L denote the normalized Laplacian of graph G. For each i € [k] and let L; denote the
normalized Laplacian of H;, and let 1, (H;) be the second smallest eigenvalue of L;.

Let z = Uy a. Note that ||z||2 = 1. By Lemma 3.3 we have A; <... < A < 2¢, where A; is the ith
smallest eigenvalue of of L. Therefore we have

(z,Lz) < A} <2¢€ (3.14)

Fix some i € [k], let z’ € R" be a vector such that z’(x) := z(x) — (u;, a). Forany S € V, we define
z € R" to be a vector such that for all x € V z¢(x) = 2'(x) if x € S and z{(x) = 0 otherwise. Note
that z(x) = (fx, @), thus we have

Yoze, (=3 2= z20)—(u,a)= ) (fr—pia)=0

xeV xeC; xeC; xeC;

Thus we have zgi 1 1, so by properties of Rayleigh quotient we get

<Z,C,-’LiZ,Ci> 3 l Zx,yeci,(x,y)eg(zl(x) = Z’(J/))z _ l Zx,yeCi,(x,y)eE(Z(x) - Z(y))2

(zgp2c)  d Y xec; (2'(x))? T4 ec, (20 — (g, a))? = A2 (Hj)

(3.15)
Furthermore, by Cheeger’s inequality for any i € [k] we have A, (H;) = %2. Hence, for any i € [k]

we have

Zx,y(—:Ci,(x,y)eE(Z(x) _Z(Y))Z > Ay (H) > (’;2
dY cec, 20— (ui,an? =~ 2T 2

Now observe the following:

2¢={z,Lz) By (3.14)
== Y (z(x) - z()?
(x,y)EE
1 & ,
>—. Y (a@)-z(y)
d i=1x,yeC;,(x,y)€E
(P2 k
>3 N (2(0) = (i, a))? By (3.15)
2 i=1xeC;

Recall thatforall xe V, z(x) = (fx, a). Therefore for for any a € R* with ]l =1 we have

k 4
Y Y (fe—pn )t < —

2
i=1xeC; ¢

The following lemma shows that the length of the cluster mean of cluster C; is roughly 1/+/]C;|
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and that cluster means are almost orthogonal.

Lemma 3.7. (Cluster means) Let k = 2 be an integer, ¢ € (0,1), ande € (0,1). Let G = (V,E) bea
d-regular graph that admits (k, @, €)-clustering Cy, ..., Cx. Then we have

1. foratlie [kl |lluill3 - | < 2y

8ve 1

2. foralli# jelkl, [{uipuj)| < ¢ JICIC,

]

To prove Lemma 3.7 we need Lemma 3.9 in which we will use the following result from [HJ90]
(Theorem 1.3.20 on page 53).

Lemma 3.8 ([H]J90]). Let h,m,n be integers such that1 < h < m < n. For any matrix A €
R™*" and matrix B € R, the multisets of nonzero eigenvalues of AB and BA are equal. In
particular, if one of AB and B A is positive semidefinite, then v, (AB) = v, (BA).

Lemma3.9. Let k=2 be an integer, p € (0,1), ande € (0,1). Let G = (V, E) be a d-regular graph
that admits (k, @,€)-clustering Cy,...,Cy. Let H € R**k be a matrix whose i -th column is U;. Let
W e RF*k pea diagonal matrix such that W (i, i) = v/|C;|. Then for any a € R¥, la| =1, we have

1 laT (HW)HW)T - ) al < 2E

2. 1T ((HW)T(HW) - I) a] < 1<

Proof. Proof ofitem (1): Let Y € R¥*” denote a matrix whose x-th column is p, for any x € V.
Note that .
YY" =3 1Cilpip] = HW)HW)T.
i=1

We define Z:= YT, and z := Ujyja. Note that U[i] Ui = I. Therefore we have

la” (HW)HW)" - al=la" (YY" - U}, Ual

Y 2% - z(x)?

xeV

From definition of z(x) and zZ(x)

Y (2(x) - Z(x) (2(x) + Z(x))

xeV

< \/ Z (z(x) — Z(x))? Z (Z(x) + z(x))?2 By Cauchy-Schwarz inequality
xeV xeV

(3.16)

Note that for any x € V, we have z(x) = (fy, @) and Z(x) = (uy, a). Therefore by Lemma 3.6 we
have

2
\/ Y (2 -Z)2 =, | Y (fe-poa) < % (3.17)
xeV xeV

89



Chapter 3. Spectral Clustering Oracles
in Sublinear Time

To complete the proof it suffices to show that ¥ e/ (Z(x) + z(x))? < 4. Note that

Y 202 = Y (a,ux)

xeV xeV
2
— Zlcll <a’ ZXECZ‘ fx>
i ICil

_ ] erCi<a»fx> 2
‘;'C"(—m )

<Y ¥ (a fo) By Jensen’s inequality
i xeC;
=Y z(x)?
xeV
Thus we have
Y G +z0))P s Y 20 +z(0H) <2+2 ) Z(x0)* <4 (3.18)
xeV xeV xeV

In the first inequality we used the fact that (Z(x) — z(x))2 = 0 and for the second inequality we
used the fact that ||z||§ = ||U[k](x||§ = 1. Putting (3.18), (3.17), and (3.16) together we get

la” (HW)Y(HW)! - 1) al < 47‘{5.

Proof of item (2): Note that by item (2) for any vector a with ||a||2 = 1 we have

1—47‘{5 <a’ (HWYHW))a < 1+47‘{E

Thus by Lemma 3.8 we have that the set of eigenvalues of (HW)(HW) T and (HW)T (HW) are
the same, and all of the eigenvalues lie in the interval [1 — %E, 1+ %E]. Thus for any vector a
with ||all2 = 1 we have

1- %E <a’ (HWMTHW))a<1+ %E.

Now we are able to prove Lemma 3.7.

Lemma 3.7. (Cluster means) Let k = 2 be an integer, ¢ € (0,1), ande € (0,1). Let G= (V,E) bea
d-regular graph that admits (k, ,€)-clustering Cy, ..., Cx. Then we have

1

1. forallie[k], ||u,~||§_ﬁ| S%Em
8ve

. X ] ) € 1
2. foralli# jelk), [{uipp| < ¢ /GGl

90
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Proof. Proofof item (1): Let H € R**¥ be a matrix whose i-th column is p;. Let W € R*** be a
diagonal matrix whose such that W (i, i) = v/[C;]. Thus by Lemma 3.9 item (2) for any a € R¥
with [la|| = 1, we have
4+/€
la” (HW)T(HW) - I) al < 7‘/_

Let a = 1;. Thus we have

((CHW)T (HW)) (i, i) — 1] < 4—(‘;5 (3.19)

Note that (HW)T(HW))(i,i) = (WHT HW)(i, i) = ||u;15|C;|. Therefore we get

1 54\/5‘ 1

|Cil

@ |Gl

2
’“Ili“z—

Proof of item (2): Let a = %2(]1,' +1;). Note that ||a|l> = 1. Thus by Lemma 3.9 item (2) we

la” (HW)T(HW)-1)al < 47‘{5

have

Note that
1
la” (HWT(HW) - 1) a|= ‘5 (||u,~||§|c,-| + 11 131C; 1 +2 i )1 /ICilICj —2)‘

Therefore we get

8v€
131Gl + g l151Cj 1+ 2 {pi, ) A /IGHIC - 2| = ——
| L2 i JH21~7 < i ]> 1 ] | (P

Thus
1 ) 1 ) 4\/€
[aio sy icilicl| < |5 (L=l BICHT) + 5 (1= 1l 1BIC 1) e
1 4 1 4 4
55- f+5- (\f+ f By item (1)
8ve
S_
®
Therefore we get
8\/€ 1

., . S B s——
| )] ® GG

3.4.2 Strong Tail Bounds on the Spectral Embedding

The main results of this section are the following two lemmas. The first lemma gives an upper
bound on the length of the projection of any point f; on an arbitrary direction a € RF. The
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second lemma considers the distribution of the lengths of projected f, and we get tail bounds
that show that the fraction of points whose projected length exceeds the ‘expectation’ (which
is about 1/+/[C;] for the smallest cluster C;) by a factor of § is bounded by ,6“/’2/ 10¢ In other
words, we bound the O(¢?/¢)-th moment as opposed to the second moment, which gives us
tight control over the embedding when e/¢? < 1/logk.

Lemma 3.5. Let ¢ € (0,1) ande < %20, and let G = (V,E) be a d-regular graph that admits
(k,,€)-clustering Cy,...,Ck. Let u be a normalized eigenvector of L with ||ull, = 1 and with

eigenvalue at most 2e. Then we have

160

n20~e/<p2 .
min;e |Gl

1ulloo =

Lemma 3.4. [Tail-bound] Let ¢ € (0,1) and e < %, and let G = (V,E) be a d-regular graph
that admits (k, p,€)-clustering Cy,...,Cy. Let L be the normalized Laplacian of G. Let u be a

normalized eigenvector of L with ||ull, = 1 and with eigenvalue at most 2€. Then for any > 1

/ —-@*/20-€
{xEV:Iu(x)Izﬁ- ﬁ}‘ﬁ(g) .
iek] 1“0

We are interested in deriving moment bounds for the distribution of the entries of the first
k eigenvectors u of L (i.e., eigenvectors with eigenvalue smaller than 2¢), and specifically in

we have

the distribution of the absolute values of the entries of u. In order to be able to analyze this
distribution, we define the sets of all entries in u that are bigger than a threshold 6:

Definition 3.6 (Threshold sets). Let G = (V, E) be a graph with normalized Laplacian L. Let u
be a normalized eigenvector of L with [|u||, = 1. Then for the vector u and a threshold 6 € R*
we define the threshold set S(8) with respect to the eigenvector u and threshold 6 as

SO):={xeV:ulx)=0}.

Our arguments will use that for every vertex x, we have u(x) = %Z{x,y}e pu(y). So nodes
neighboring other nodes with large u(-) values are likely to have large u(:) values as well. This
motivates the following definition of the potential of a threshold set.

Definition 3.7 (Potential of a threshold set). Let G = (V, E) be a graph with normalized Lapla-
cian L. Let u be a normalized eigenvector of L with ||u||, = 1. Then for vector u and a threshold
0 € R™ we define the potential of a threshold set S(6) as

p@ = > ux.
xeS(0)

We start by proving a core bound on the threshold sets (Lemma 3.10 below) that forms the
basis of our approach: the main technical results of this section (Lemma 3.5 and Lemma 3.4)
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essentially follow by repeated application of Lemma 3.10. Specifically, we now argue that if a
threshold set S(8) expands in the graph G and the relative potential of the set (i.e., p(8)/|S(0)])
is at most 26, then we can slightly decrease 6 to obtain a new 6’ such that the corresponding
threshold set is a constant factor larger that S(6) and the relative potential is bounded by 26’.

Lemma 3.10 (Threshold shift for expanding threshold sets). Let G = (V,E) be a d-regular
graph with normalized Laplacian L. Let u be a normalized eigenvector of L with ||ull, =1 and
with eigenvalue A < 2¢. Let 0 € R* be a threshold. Suppose that S(0) is the threshold set with
respect to u and 0 such that S(0) is non-empty, (,bG(S(H)) =@ and PO 20. Then the following

NC)
I = _ 8e).
holds for 0 —6(1 (p).

1. 180 = (1+¢/2)|S0)], and

p@") /

Proof. Proof ofitem (1): Note that A\u=Lu= (I - %) u. Thus for any x € V we have (Lu) (x) =
u(x) - é Y (x,yjek U(y). Thus we have,

1
ulx)—— Z u(y) =A-u(x).
{x,yl€E

We write the above as

Y @) -u)=d-A-u(x), (3.20)
YEN (x)

where A (x) = {y € V: 3{x, y} € E}. Summing (3.20) over all x € S(0) we get

Y 2 w@-u= ) A-d-ux=21-d-po), (3.21)
xeS(0) ye N (x) xeS(0)
and note that
YooY w@-upyN= Y, (ux)-u@). (3.22)
xeS(0) ye N (x) {x,y}€E
x€S(0),ygS(0)

For any edge e = {x, y} € E, we define A(e) = |u(x) — u(y)|. Note that for any e = {x, y} such that
x € 8(0) and y ¢ S(0) we have u(x) = 0 > u(y), hence A(e) = u(x) — u(y). Therefore, putting
(3.22) and (3.21) together we get

Ale)=A-d-p(0).
ecE(S(0),V\S(0))

By an averaging argument there exists a set E; < E(Sy, V' \ Sp) such that |E;| = w

and all edges e € EJ satisfy A(e) < %. We define V;, as a subset of vertices of V'\ S(0)

that are connected to vertices of S(8) by edges in Ej, i.e.
Ve={yeV\SO):3{x,y} € E,x € S(0)}.
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Note that ELl _ IE(S©), V\SO))
L )
Vilz—= . 3.23
VLI P 2d (3.23)
Using the assumption of the lemma that ¢ (S(0)) = ¢ we obtain
[E(S), VNSO =¢-d-1S0O)I. (3.24)
Putting (3.24) and (3.23) together we get
NG
Vil = P15 )l. (3.25)
2
Recall that for all e edE T ;ve have A(e) < %. We have A < 2¢, therefore for all e € E,
4-¢-d-
we have A(e) < W‘K(S()H))I' Thus for all y € Vi we get
4-¢-d-p@
u(y) =6 cd pl) 3.26)

T |ESO),V\SO)|

By the assumption of the lemma we have % < 20, hence, by inequality (3.24) we get

4-¢-d-pO) >9_4~€~d-p(9)_0 46_ p©) >9(1_§) (3.27)

CIESO),V\SO)I ~  @-d-1S@®) ¢ 15O @)

Putting (3.27) and (3.26) together we getforall y € V, u(y) =0 (1 - %). Letd :=0(1- %). Thus
SO)uV,cS@).

By definition of V; we have V7 n S(0) = @. Therefore, |S(0)| = |S(0)| + |V.|. Thus by inequal-
ity (3.25) we get

1S0")] = 1S6)] (1 + %) (3.28)

This concludes the proof of the first part of the lemma.

Proof of item (2): Now using that for all x ¢ S(6) we have u(x) <8 and that p(0) < 20|S(0)| by
assumption of the lemma we obtain

p@)= > ux
ueS0’)

= > u+ )Y = u®

xeS(0) xeS(0)\S(0)
< p©O)+0IS(O)\SO)|
<20|S0)|+0|SO")\ S©)]. Since p(6) < 26|S(6)|
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By (3.28) we have |S(0")\ S(9)| = £|S(6)|. Therefore, using e < % we get

o4 180)\50)] @

/ !/
p@") - 201SO)[ +01SOI\NSO) _ |§(9)| <0. 3 59‘2(1_§)529,
1S©")] IS@)+1SO)\ SO 1+% 1+% ¢

We would like to apply Lemma 3.10 iteratively, but there is one hurdle: while the first condition
on the threshold set S(0) naturally follows as long as S(0) is not too large (by Proposition
3.2), the second condition needs to be established at the beginning of the iterative process.
Lemma 3.11 accomplishes exactly that: we prove that for any value 6; with threshold set S(0;)
not empty or not too large, there exists a close value 0 that meets the conditions of previous
lemma.

Proposition 3.2. Let G = (V, E) be a d-regular graph that admits a (k, @, €) -clustering Cy, ..., Cg.
For any set S < V with size |S| < % -min;ex |C;| we have $p°(S) = ¢.

Proof. Forany 1 <i < k we define S; = Sn C;. Note that

1 C;
[S;]<|S| <= -min|C;| < u
2 ek 2

Therefore since (/)G(Cl-) = ¢ we have E(S;,C; \ S;) = ¢d|S;|. Thus we get
k k
ES,V\S) =Y E(S;,Ci\Si) = @d)_ |Sil=q@d|Sl.
i=1 i=1
Hence, (/)G(S) = . O
Lemma 3.11. Letp € (0,1) ande < %20, and let G = (V,E) be a d-regular graph that admits

(k,p,€)-clustering Cy, ..., Cy. Let L denote the normalized Laplacian of G. Let u be a normalized
eigenvector of L with ||ully = 1 and with eigenvalue A < 2¢. Let 0, € R be a threshold. Let S(61)

.....

there exists a threshold 0, such that the following holds:

1. 01(1—%) <0,<8,, and

p(62)
2. 5@ <20,
Proof. Let

0% := min{@ =0,

p(0) }
S(0) # @ and —IS(B)I <20;.
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We can conclude that 8* exists, as by the assumption of the lemma we have |S(8;)| = 1 and

for Omax = maxy,ey u(x) we have @Eg‘n'::;l = Omax- We also have [S(0%)| < min;eq,. xy 1Cil/2 as

0* = 0; and by the assumption of the lemma. So Proposition 3.2 implies
P (SO) = . (3.29)

Now Lemma 3.10 1mp11es
17(9* (1 86))

sera—ty 0\
‘4

and by minimality of 6* we have that:

01(1—%)59*(1—%)591.
¢ ¢

So we cansetegzzﬁ*(l—s—;). O

We are now ready to prove our tail bound. The main idea behind the proofis to use Lemma 3.10
and Lemma 3.11 to show that if a vertex has a large entry along one of the bottom k eigen-
vectors this implies that many other vertices also have a relatively large value along the same
eigenvector. Thus, not too many f; can have such a large value.

Lemma 3.4. [Tail-bound] Let ¢ € (0,1) and e < %, and let G = (V,E) be a d-regular graph
that admits (k, ¢, €)-clustering Cy, ..., Cy. Let L be the normalized Laplacian of G. Let u be a
normalized eigenvector of L with ||ull, = 1 and with eigenvalue at most 2e. Then for any > 1

we have ,
10 —@ 120-€
xeV:u@)|zp | ——— ‘s(ﬁ) .
min;eg |Gl 2

i |Cil. We define

1
n

Proof. Let spin = min;en

.....

S+:{xEV:u(x)2,B- 10 },

Smin

and

S‘={x€V:—u(x)2,B- 10 }

Smin
Note that —u is also an eigenvector of L with the same eigenvalue as u, hence, without loss of
generality suppose that |S*| > |S™|. Let T = {x eV:ux)?= 31—0} .Since, 1 = || ull% =Y xev u(x)?,

. . . s
< 2min
an averaging argument implies | T| < 3. Let

+ 10
T =<xeV:ulx) =  (
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Note that 8> 1, hence, S* < T* < T, and so we have |S*| < |T"| < |T| < 3&ia, We may assume

10
that S* is non-empty as otherwise the lemma follows immediately. Let 6y = - si,,?,,- Note
that ST = S(@p). Hence, 1 < |S(0p)| < S‘f‘o‘“. Therefore by Lemma 3.11 there exists a threshold 6,
such that

8 [ 10 [ 10
(1__6)[3. 5915,3' ’and (3.30)
@ Smin Smin
p(61)
<20,.
1S@n1 -

For any ¢ = 1 we define ;1 = 0,(1 - %). For some t' = 0 we must have 0, </ si,?n <0y.
Thus by (3.30) we have

8e)\ ! 8e\" 10
eﬂz(l——e) 012(1——6) B , 3.31)
@ P Smin
and
9 10
g, < 1+ o _V Swin (3.32)

Putting (3.31) and (3.32) together we get

8 -t'-1
p< (1_ _6) (3.33)
@
Recall that for all t =1 we have 8,,; =0,(1 — %), thus
§"=800)<SO)<S@)<c...cS@ONT .
Therefore for all 0 < ¢ < ¢’ we have
1S* 1< 18O <1T*| < Srln—on (3.34)
Since |S(0))| < %W = S‘l"%, by Lemma 3.10 for all 1 < 7 < ¢’ we have
[S(Or+1)1 = [S(O)] (1+ %) (3.35)
Therefore
t'<lo K By (3.35)
- g1+% |S+| y .
Smin
<log), ¢ 10-|S+|) By (3.34)
< 10g1+% ﬁ) By the assumption [ST1=|S7] (3.36)
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Putting (3.33) and (3.36) together we get

8e\ 11
) (1 . _) By (3.33)
@
8e —1—10g1+%(%)
) (1 i _) By (3.36)
@
. ~log, ¢ (1-%) :
< (L“_) s ANC Since — < — (3.37
5-1STUST| o

Note that for any x € R we have 1 + x < e*, and for any x < 0.01 we have 1 —x = e 12% thus
given % <0.01 we have

lo (1 86) ln(l_%)>_%> = (3.38)
9 - = = == .

e ) A Y
Putting (3.37) and (3.38) together we get

B_(  Smn |0

e [ —

2 (5-|S+US_|)
Therefore we have

—(¢?/20-€) —(¢?/20-€)
|S+US_|SSmin-(§) sn(g) .
O

As a consequence of our tail bound we can prove a bound on £,-norm on any unit vector in
the eigenspace spanned by the bottom k eigenvectors of L, i.e. U;.

2
Lemma 3.5. Let ¢ € (0,1) ande < %, and let G = (V,E) be a d-regular graph that admits
(k,,€)-clustering Cy,...,Ck. Let u be a normalized eigenvector of L with ||ull, = 1 and with
eigenvalue at most 2e. Then we have

llog < n20€/9 . | 100
min;eg |Gl
Proof. We define
160
S=<xeV:|ulx) = n20€/(p2‘ _
min;e |C;l
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Letg=4- n20el9*, By Lemma 3.4 we have

—@%/20-€ —p?/20-€
ISISn-(E) Sn-(Z-nzoe/‘/’z) <1
Therefore S = @, hence
llloo < 2061 | 190
min;e |Cjl

3.4.3 Centers are strongly orthogonal

The main result of this section is Lemma 3.12 which generalizes Lemma 3.7 to the orthogonal
projection of cluster centers into the subspace spanned by some of the centers. To prove
Lemma 3.12 we first need to prove Lemma 3.13, Lemma 3.14 and Lemma 3.15.

Lemma 3.12. Letk=2,¢p € (0,1) and % be smaller than an absolute positive constant. Let
G = (V,E) be a d-regular graph that admits (k,p,€)-clustering C,...,Cx. Let S < {y1,..., ux}
denote a subset of cluster means. Let T1 € R**F denote the orthogonal projection matrix onto
span(S)*. Then the following holds:

1. Forall p; € {1, ..., ut \ S we have || Ty; (15 — |pill5] < 16f‘“#i|l%'
2. Forallp; # pj € {fy,..., iy \ S we have [Ty, I jl < =7 Ek

Matrix A € R" is poitive definite if x” Ax > 0 for all x # 0, and it is positive semidefinite if
xT Ax = 0 for all x € R"”. We write A > 0 to indicate that A is positive definite, and A = 0 to
indicate that it is positive semidefinite. We use the semidefinite ordering on matrices, writing
A= Bifand onlyif A- B = 0.

Theorem 3.4 ([Tod11]). Let A, B € R™" be invertible, positive definite matrices. Then A =

B = B l=A"1

Proof. By symmetry, we only need to show A= B = B! ;= A™!. Since B > 0 for any x, y € R"
we obtain

0<(y-B 'x,B(y-B'x)
=(y.By)—(»x)~(B"'x,By)+(x,B"'x)
=(yBy)=2(x,y) +{x,B"'x)

SO
2(x,y)=(»By)=(x,B~'x) (3.39)
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Since A = B it follows from (3.39) that

2(x,y) = (nAy)<2(x,y)~(n,Ay) < (x,B"'x) (3.40)
Letting y = A~ lx in the leftmost expression of (3.40) we obtain
(x,A7'x) < (x,B 7 x)

Since x € R" is is arbitrary, we get B~ = AL, O

Lemma 3.13. Let H, H € R"™*" be invertible, positive definite matrices. Let 5 < 1. Suppose that
for any vector x € R"™ with | x|l2 = 1 we have (1 - HxTHx<xTHx<1+6)xTHx. Then for any

vector y € R" with || yll2 =1 we have 5y TH 'y < yTH 'y < ;L yTH 1y

Proof. Note that we have (1 -6)H = H=<(1+6H therefore, by Theorem 3.4 we have

1

- . 1 H!
(1-96)

1+06)

H'=H"'x

Lemma3.14. Letk=2,¢ € (0,1) and % be smaller than an absolute positive constant. Let G =
(V,E) be a d-regular graph that admits (k, @,€)-clustering Cy,...,Cy. Let S = {1, ..., it \ {ui}.
Let H = [uy, t2,..., li-1, Hi+1,-- -, l] denote a matrix such that its columns are the vectors in S.
Let W e R*=D**=1) denote a diagonal matrix such that for all j < i we have W(j, j) = \/IC;]
and for all j = i we have W(j, j) = \/ICj+1l. Let Z = HW. Then Z* Z is invertible, and for any

vector x € RF1 with [lx]l2 = 1 we have

5Ve

xT(zT2) ' - Dx| = 2=,
7

Proof. Let Y € R**k be a matrix, whose i-th column is equal to \/C; - p;. By Lemma 3.9 item
(2) for any vector z € RF with ||| | =1 we have

4
1T (YTY - Da| < Ve
7

Let x € R*~! be a vector with || x| o =1,andleta € RF be a vector defined as follows:

x]' j<i
aj=40 j=i

xj+1 ]>l
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Thus we have ||a||2 = ||x|l2 =1 and Ya = Zx. Hence, we get

4./€
277 - Dxl = 1Y TY - Daj < 2YE
Y
Thus for any vector x € R¥~! with || x||, = 1 we have
4./e 4./

1-——<xTZ"7x<1+——
@

Note that Z” Z is symmetric and positive semidefinit. Also note that Z” Z is spectrally close to
I, hence, ZT Z is invertible. Thus by Lemma 3.13 for any vector x € R*~! we have

5\€ 5\€

- <xTZT x<1+
[0 )

Therefore we get

1xT(z"2) ' = Dx| < 57{5.

Lemma3.15. Let k =2 be an integer, ¢ € (0,1), ande € (0,1). Let G = (V, E) be a d-regular graph
that admits (k, @, €)-clustering Cy,...,Cy. Let S = {uy,..., wt\{ui}. Let H = [y, to, .o, i—1, Hi+1,
denote a matrix such that its columns are the vectors in S. Let W € R&=Vxk=1) depore a
diagonal matrix such that for all j < i we have W (j, j) = \/IC;| and for all j = i we have
W(j,j) =/ICjs1l. Let Z = HW. Then we have

8ve

€
u,-TZZTuiST-HmH%-

Proof. Note that ZZT = (Zfzl ICjI,ujujT) —|Cilpip] . Thus we have

Wi ZZ =g |

J

k
ICjI,uj#jT) pi = 1Cil -1l 13- (3.41)
=1
By Lemma 3.9 item (1) for any vector x with || x||2 = 1 we have
< T 4\/e
| NG —T | x s ——
j=1 @
Hence we can write

[ T [ T T 4\/e 2
i | DG iy | e =gy | 20 1Cs I =T | i+ i < 1+7 il
j=1 j=1
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Therefore by (3.41) we get

ui 2z i =pf

k
Y |cj|uju§)ui —1Cil-llpill3
j=1

4.\/€
< (1+‘Tf—|ci|-||u,-||§)||ui||§

By Lemma 3.7 we have |C;| - ||u;]|% = (1 - %E). Thus we get

ZZT,ul ( +_—|Cz| ||/Jz||2)||,uz||2
€ 4
(1+——1+‘—f)|| 12
@Y
€
<8V e
Y

Now we prove the main result of the subsection (Lemma 3.12).

Lemma 3.12. Letk =2, ¢ € (0,1) and % be smaller than an absolute positive constant. Let
G = (V,E) be a d-regular graph that admits (k,@,e€)-clustering Cy,...,Cy. Let S c{uy,..., i}
denote a subset of cluster means. Let T1 € R¥** denote the orthogonal projection matrix onto
span(S)*. Then the following holds:

16+/€ 2
1VE iy

1. Forall u; e{uy,...,1uiy\ S we have|IIHpiII§ - |Ipl~||§| < 5.

2. Forallp; # u;j € {u,..., uxt\ S we have |[(Iy;, My ;)| < % . ﬁ

il
Proof. Proof of item (1): Since I1 is a orthogonal projection matrix we have ||TI||» = 1. Hence,
16f)||pl||2. Thus it’s left to prove |[TTy;[2 z( IM)ll;ulllz.

Note that by Pythagoras’ theorem |Il'I,u,||2 = ||#i||§ =11 - H)uillg. We will prove ||(I — H),ulllz <
16v€
T“,Ui

we have [[Ty;l1% < 1113 < (

|5 which implies

€
;115 = (1 - 16%) il

Let S’ = {uy,..., ux} \{u;}. Let I denote the orthogonal projection matrix onto span(S')*. Note

that S< §', hence span(S) is a subspace of span(S'), therefore we have ||(I - I u;|13 < ||(I -

13 < 285 |14 112. Let H = [, g, o, i1, i oo )

denote a matrix such that its columns are the vectors in §’. Let W € R&~D**=1) denote a
diagonal matrix such that for all j < i we have W(j, j) = 1/IC;| and for all j = i we have
W(j,j) = \/ICj+1l. Let Z= HW. The orthogonal projection matrix onto the span of §' is

1) il Ig. Thus it suffices to prove || (I-11") u;
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defined as (I - IT) = Z(Z7 Z)™' Z", and using Lemma 3.14 we get

NI -Tpill3 =pf 22" 2)7 27
S VA(VANA RS \VANTE ST VAN

By Lemma 3.14 (Z7 Z)~! is spectrally close to I, therefore we have

N 5+v/€
uf z(Z" 2) I—I)ZTﬂi|57\/_||ZTﬂi||§

Thus we get

5V€

(I =TT ) i115 < (7+1 NZTwill5 <2127 w3

By Lemma 3.15 we have

8ye

€
12 pilly =i ZZ i < il
Therefore we get

16y

(=T l13 < 11 =T 115 < 21127 will3 < il (3.42)

Hence,

€
T3 = (1 - 16%) llil13.

Proof of item (2): Note that
(Wi, ) = (I =ID i + Ty, T =T + Ty = (=D g, (T =TD ;) + (Mg, M)
Thus by triangle inequality we have
[T, Tl )| < K, )|+ KA =T g, (1 =T ) (3.43)
By Cauchy Schwarz we have

KU =TD g, =T < U =TD g2 =T pill2

16v/e
= \/_‘”,UiHZHIJjHZ By (3.42)
32/ 1 €
< . By Lemma 3.7 for small enough —;
¢ /IGICjl ¥?
(3.44)
Also by Lemma 3.7 we have
8 1
i - (3.45)

(i, )| <
VT e IGHICH
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Therefore by (3.43), (3.44) and (3.45) we get

40 1
ML, L)1 = g + 4 = D, (T Dy = 20VE. .
¢ /GG

3.4.4 Robustness property of (k, ¢, €)-clusterable graphs

In this subsection we show a Lemma that establishes a robustness property of (k,,¢)-
clusterable graphs. That is we show that any collection {53, Sy, ..., Sk} of pairwise disjoint
subsets of vertices must match clusters {C;,..., C;} well.

Lemma 3.16. Let G = (V, E) be a d-regular graph that admits a (k, @,€)-clustering Cy, ..., Cg.
Letk=2,¢p€(0,1) and % be smaller than an absolute positive constant. If S1,S»,...,Sx SV
are k disjoint sets such that for all i € [k]

€
$(Si) = 0(—2 -log(k))
%
then there exists a permutation  on k elements so that for all i € [k]:

€
|Cri) ASi| = O(ﬁ ~10g(k)) [Criy

Proof. Fix i € [k] and let J; = {j : |S; n C;| =|Cj|/2}. Then observe that because the inner
conductance of every C; is at least ¢ we get:

€
(pz ISiﬂCjISO(?-IOg(k))ISiI (3.46)
J€Ji

Using (3.46) and the assumption % is sufficiently small we get that
€
Y IS,-ijISO(—S-log(k))ISi|<|Si| (3.47)
jeli ®
(B.47) and ¥ je(x ISi N Cjl = |S;| gives us that

Forall i € [k], J; # [k] (3.48)

We will show that for each i: |[k] \ J;| = 1 and that a function i — 7 (i) € [k] \ J; (thatis (i) is
the only element of [k] \ J;) is a permutation and that it satisfies the claim of the Lemma.

Assume that there exist i # iz € [k] and j € ([k]\ J;,) n([k]\ J;,). By definition of J;’s we get that
IS;, nCjl,1S;, nCj| >1C;|/2 but S;’s are disjoint so it’s impossible that two of them intersect
more than half of the same C;. That means that sets ([k] \ J;) are pairwise disjoint for all i’s.
But we also know from (3.48) that for all i ([k]\ J;) # @®. So we have k nonempty, pairwise
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disjoint subsets of [k], which means that every set contains one element and all elements are
different. That in turn means that we can define 7 as a function i — 7 (i) € [k] \ J; and 7 is a
permutation.

Now we show that 7 satisfies the claim of the Lemma. Observe that because for all i € [k] the
set [k] \ J; contains only one element we get for all i € [k].

Y 1SinCjl=18i\ Crp)l (3.49)
Jj€Ji

Note that because of (3.46) and (3.49) for all i € [k]:
€
IS,-\C,,U)ISO(E-logk)ISil. (3.50)

Moreover because inner conductance of every C; is at least ¢ and |Cy ;) \ S;| < [Cr(;)|/2 we get
that for all i € [k]
€
@ 1Cr(iy \ Sil SO(?-log(k))IS,-l (3.51)

Finally combining (3.50) and (3.51) we get that:

€
|CriyASil = O (E -log(k)) 1Cril
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3.5 Aspectral dot product oracle

Our goal in this section is to develop what we call a spectral dot product oracle. The oracle
is a sublinear time and space data structure that has oracle access to a (k, ¢, €)-clusterable
graph G and after a preprocessing step can answer dot products queries for the spectral
embedding. Specifically, if L = UAUT is the normalized Laplacian of G and the x-th column
of F= U,
approximation of (fy, fy). Both the preprocessing time and the time to evaluate an oracle

query are KO . p1/2+0(el9?) . (log n)9W  that is, sublinear in 7 for € < (pz. We now state the

is called f; for x € V then our oracle gets as input two vertices x, y and returns an

main theorem that we prove in this section. The algorithms mentioned in Theorem 3.2 can be
found later in this section.

Theorem 3.2. [Spectral Dot Product Oracle] Lete, € (0,1) withe < = 105 LetG= (V,E) bead-
regular graph that admits a (k, @,€)-clustering Cy, ..., Ck. Let— < &< 1. ThenINITIALIZEORACLE(G, 1/2,¢)
(Algorithm 4) computes in time(%)o( nl/2+0E€l9") . (log n)3- 12 a sublinear space data structure

D of size (1:5)0(1) -} 12+0€l9") (log n)3 such that with probability at least 1 — =% the following
property is satisfied:

For every pair of vertices x,y € V, SPECTRALDOTPRODUCT(G, x, y,1/2,¢,9) (Algorithm 5) com-
putes an output value { fy, fy>m such that with probability at least 1 — n~'%0

’ <fx»fy>apx— (fx»fy)‘ = %

The running time of SPECTRALDOTPRODUCT (G, X, y,1/2,¢,9D) is (’EC)O(D - }/2HO0EP”) . (1og )2 -
1

@*"

Furthermore, for any0 < 0 < 1/2, one can obtain the following trade-offs between preprocess-
ing time and query time: Algorithm SPECTRALDOTPRODUCT(G, X, 3,0,¢,9) requires (:’5)0(1) .
nd+0elp*) -(log n)z-# per query when the prepressing time of Algorithm INITIALIZEORACLE(G, 9, ¢)

)O(l).nl -6+0(e/¢?) 1

is increased to (% -(logn)3- il

3.5.1 The spectral dot product oracle - overview

In the following sections we provide the proof of the spectral dot product oracle. Recall
from the technical overview that we are using the following algorithms (we restate them for
convenience of the reader). Our main tool for accessing the spectral embedding of the graph
is a primitive that runs a few short (logarithmic length) random walks from a given vertex.
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Algorithm 1 RUNRANDOMWALKS(G, R, t, X)

1: Run R random walks of length ¢ starting from x

2: Let my(y) be the fraction of random walks that ends at y > vector 71, has support at most
R

3: return 7,

Another key primitive uses collision statistics to estimate the Gram matrix of random walk
distributions started at vertices in a set S.

Algorithm 2 ESTIMATECOLLISIONPROBABILITIES(G, Is, R, t)
: fori =1to O(logn) do

~

1
2 Q; := ESTIMATETRANSITIONMATRIX(G, Is, R, 1)
3: ﬁi := ESTIMATETRANSITIONMATRIX(G, Is, R, t)
4

Gi=3 (ﬁiT@ + @l.Tﬁi) > ¢%; is symmetric
5: Let ¢4 be a matrix obtained by taking the entrywise median of %;’s > ¢ is symmetric
6: return ¢

We also need the following procedure.

Algorithm 3 ESTIMATETRANSITIONMATRIX(G, Is, R, £)

1: for each sample x € Is do

2: My := RUNRANDOMWALKS(G, R, t, x)

3: Let @ be the matrix whose columns are 771, for x € Ig

4: return Q > Q has at most Rs non-zeros

Then we can initialize the dot product oracle.
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Algorithm 4 INITIALIZEORACLE(G, 6, ¢) > Need: e/<p2 < %

201
1: p:= 20logn
@

2: Ripi¢ = O(n1—6+980-e/<p2 K782

3 s:1= O(n*80¢/9" .Jogn - k8/¢2)

4: Let Is be the multiset of s indices chosen independently and uniformly at random from
{1,...,n}

5: for i =1to O(logn) do
6:  Q;:= ESTIMATETRANSITIONMATRIX(G, Is, Rinit, ) &> Q; has at most Ripj¢ - § non-zeros
7: %4 :=ESTIMATECOLLISIONPROBABILITIES(G, Is, Rinit, t)
8: LetZ.4:= WEWT be the eigendecomposition of £.4¢ > ¢ e RS*S
9: if 27! exists then

;. Wi=2WuE AWl > W e RS*S

~

11: return 9 .= {\I],er---)Q\O(logn)}

Finally, we have the query algorithm.

Algorithm 5 SPECTRALDOTPRODUCTORACLE(G, X, 3,0,¢,9) > Need: e/<p2 < liog

>9:= {T,Gl,--~»60(logn)}

. unery - O(n6+500~e/(p2 . kglgz)

: for i =1to O(logn) do
M’ := RUNRANDOMWALKS(G, Rquery, 1, X)
ﬁz’y := RUNRANDOMWALKS (G, Rquery, £, ¥)

: Let a, be a vector obtained by taking the entrywise median of ((j,-) T(r?zfc) over all runs

(2]

: Let ary be a vector obtained by taking the entrywise median of Q) T(fﬁ;',) over all runs
. return <fx’fJ’>apx =al¥a,

~

Let Is = {iy,...,is} be a multiset of s indices chosen independently and uniformly at random
from {1,...,n}. Let S be the n x s matrix whose j-th column equals 1 i As already explained
in detail in the technical overview, we first prove stability bounds for the pseudoinverse.
Then we show that that M’ is approximated by M’S and finally we show that algorithm
RUNRANDOMWALKS approximates the M'1, sufficiently well. We conclude with the proof of
Theorem 3.2.

3.5.2 Stability bounds for the low rank approximation

The main result of this section is a bound on the stability of the pseudoinverse of the rank-k
approximation of two symmetric, positive semi-definite matrices A, A € R”*” that are spec-
trally close and that have an eigenvalue gap between the k-th and (k + 1)-st eigenvalue. In
order to prove this result, we use Weyl’s inequality, which gives bounds on the eigenvalues
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of the sum of a matrix A and a perturbation matrix P. Recall that for a symmetric matrix A,
we write v;(A) (resp. Vmax(A), Vmin(A)) to denote the ith largest (resp. maximum, minimum)
eigenvalue of A.

Lemma 3.17 (Weyl’s Inequality). Let A, P € R™*" be two symmetric matrices. Then we have for
alliefl,...,n}:
Vi(A) + Vmin(P) = vi(A+ P) = vi(A) + Vmax(P),

where for a symmetric matrix H € R"*" v;(H) denotes its i ih largest eigenvalue and vyin (H)
and vimax (H) refer to the smallest and largest eigenvalues of H.

We will use the Davis-Kahan sin(8) Theorem [DK70] (the version given in the note [DK]).

Theorem 3.5 (Davis-Kahan sin(0)-Theorem [DK70)). . Let H = EgAoEl + E1 A1ET and H =
FOAOFOT + F1A1F1T be symmetric real-valued matrices with Ey, E, and Fy, F) orthogonal. If the
eigenvalues of Ay are contained in an interval (a, b), and the eigenvalues of Ay are excluded
from the interval (a—n, b+n)for somen > 0, then for any unitarily invariant norm |.||

IFT (H - H)E||
IF Eoll <« 21—,

Let m < n be integers. For any matrix A € R"*" with singular value decomposition (SVD)
A=YTZT we assume Y € R"*"*, T € R**" is a diagonal matrix of singular values and Z € R"*"
(this is a slightly non-standard definition of the SVD, but having I" be a square matrix will be
convenient). Y has orthonormal columns, the first m columns of Z are orthonormal, and the
rest of the columns of Z are zero. For any integer g € [m] we denote Y|4 € R"*4 as the first g
columns of Y and Y_ 4 to denote the matrix of the remaining columns of Y. We also denote
by Zi4) € R4 as the first g columns of Z and Z_4 to denote the matrix of the remaining
n— q columns of Z. Finally we denote by I';) € R7*9 the submatrix of ' corresponding to the
first g rows and columns of I' and we use I'_ 4] to denote the submatrix corresponding to the
last n — g rows and n — g columns of I'. So for any g € [m] the span of Y_ | is the orthogonal
complement of the span of Y{4 in R", also the span of the columns of Z_ 4 is the orthogonal
complement of the span of Zi5) in R”. Thus we can write A= Yig (g Z] + Y-(gT-g1 2.

Claim 3.1. For every symmetric matrix E and every pair of orthogonal projection matrices P, P
one has

|P-E-P—P-E-Plly<2||Ellz-(IP-(I-P)lla+IP-(I—-P)l>).

Proof. Since P+ I- ﬁ) = ] we can write

P-E-P=(P+(I-P)P-E-P-(P+(I-P))
=P-E-P-(I-P)+P-P-E-P-P+(-P)-P-E-P-P (3.52)
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Since P + (I — P) = I we have

P-E-P=P(P+U-P)-E-(P+-P)P|l»
=P.-E-(I-P)P+P-P-E-P-P+P-(I-P)-E-P-P (3.53)

Putting (3.52) and (3.53) together and by triangle inequality we get

|P-E-P—P-E-P|,
<|P-E-P-(I-P)la+III~P)-P-E-P-Ply+|P-E-(I-P)Pla+|P-(I-P)-E-P-P|;

Thus by submultiplicativity of the operator norm we get

|P-E-P—P-E-P|,

<|Pl2IEN2IP-(I=P)l2+I(I=P)- Pl El2IIPI2ll Pl + I Pl | Ell2 | (I = P)Pll2 + I Pll2 I Ell2 | (I = P) Pl
<|El2(IP-(I=P)ll2+I(I-P)-Pla+ (I - P)Pll, + |P(I - P)|)2) Since [|P|| =||P|l» =1
=2-|El2-(IP-(I=P)l2+ 1P (I-P)l)2),

where the last equality holds since || P - (I-P) lo=11I- ﬁ)T~PT||2 =|(I-P) - P|l» and similarly
since [P-(I-P)lo=I-P)T-PT|, = (I-P)-Pll,. m

Recall that for matrices A, A € R, we write A < A, if Vx € R” we have xT Ax < xT Ax and we
write A < A, if Vx € R” we have xT Ax < xT Ax. Now we can state the main technical result of
this section (Lemma 3.18), whose proof relies on matrix perturbation bounds Davis-Kahan
sinf theorem (Theorem 3.5).

We will need the following claim, whose proof is inspired by the proof of the operator mono-
tonicity of negative matrix inverse [Tod11]:

Claim 3.2. Let A, B € R"*" be symmetric positive semidefinite matrices. Let 1g denote orthogo-
nal projection operator onto the range space of B. Then if A = B, we have for every orthogonal
projection Tl 4 satisfying T4 A" = A*T14 that

(MAATA)" < B + 2| T4 A" [T (I = TIp)ll2 - 1.

Proof. For every x € R", and every y € R” (to be chosen as y = A* x later) since B is positive
semidefinite we have
(y-B 0 B(y-B"x) >0,

which in particular implies that
y'By—2x"B*By+x'B*x=>0,
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and since A > B by assumption,
ylAy-2x"B*By+x"B*x=0.
We now chose y =14 A" x and rearrange, getting
2xTBYBI AT x— xTTI4 A I 4x < xT BT x. (3.54)
Noting that B¥ B =TIg and IT4I14 A" =14 A*II4, we write the lhs of (3.54) as

2x TN AA x = x T4 A T gx = 2x T4 A T g x + 2x T (T4 — YT A A x — x T4 AT 4
= x T A T 4x + 2xT (T — DITLT A A" x.

Substituting the above into (3.54), and noting that

|x" (I — N4 A" x| < T4 AT [l - (T — DIallo - x" x,
we get

xTHAA I ax < xTBY x4+ 2|TT4 AT |lo - | (T — DII4ll2 - xT x.

The above holds for all x € R". Also, ||(TTg—DI14ll2 = T4 (I-TIp)ll2, since IT4, 1 are projection
matrices. Therefore, for all x € R” we have

MAAT T4 < BT + 2| T4 A7 |2 ITTA( ~TIR) 12 - I,

as required. O

Lemma 3.18. Let A, A € R™" be symmetric matrices with eigendecompositions A= YT'YT and

A=YTYT. Let the eigenvalues of Abel =y, =--- =y, =0. Suppose that | A— All, < E/Tko and

Yi+1 < Yi/4. Then we have

16/ A~ Allp + 4y

e

“1vT & =-15T
l Y[k]r[k] Y[k] - Y[klr[k] Y[k] ll2 =

Proof. We define P = Y{y Y;j; and P = Y}, Y], and let M = PAP = YTy Y, and M = PAP =
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5 = ST
YTk Yy, First note that

M =PAP
<P(A+|A-Al,-DP
<PA+|A=Al2- )P+ -P)(A+|A-Aly-I)(I-P)
=A+||A-Aly-T
<A+2|A-Ally-T1
=P(A+2|A=Ally-DP+(I-P)(A+2|A=Al,-D(I-P)
<M+ QIA-Al2+Ys1)]
=M+n-I, (3.55)

where we letn =2||A— A l2 +7Y#+1. The transition from line 2 to line 3 is due to the fact that
A+||A=Al2- 1> A>0, and therefore (I — P)(A+ ||A— All»- )(I - P) = 0. The transition from
line 4 to line 5 is due to A< A+ |A— All» - I. The transition from line 6 to line 7 is due to the
fact that (I — P)A(I - P) < yi1 1.

Similarly,

M = PAP
<PAP+(I-P)A(I-P)
=A
<A+||A-Al,-1
=P(A+|A-Al-DP+ I - P)(A+||A-All,- (I - P)
<M+ QIA- Al +ys1)].

(3.56)

The transition from line 1 to line 2 is due to the fact that A > 0, and therefore (I-P)A(I-P)T = 0.
The transition from line 3 to line 4 is dueto A< A+ ||A— Ellg - I. The transition from line 5 to
line 6 is due to the fact that

(I-P)AUI-P) =vi (A -I= (1A= Alp +yps1)].

We now apply Claim 3.2 with A= M+ (2|A—- ﬁllg +Yi+1), Ip=P,B= M and Ilg = P. Note
that A is symmetric and positive semidefinite. Also, B is symmetric and positive semidefinite
because Viin(B) = Vi(A) = vi(A) — ||A— All, = 9?6’6’“ = 0 by Weyl'’s inequality and the fact that
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IA— All, < {%. Note that T4 A* = A*I1,, as required, and A > B by (3.55). We get

M* = (P(M+nDP)* =2|P(M+nD)*Plly-IP(I-P)llo- I

- 2 - .
> Yy (T + 010~ Y+ = IPU=P)lz-T (since IP(M +1D*Plla < 1/7)
k

2 ~
zM+—(lz+—~||P(I—P)IIz)~I
Yk

Yk
:M+—(12+8”A—_2A”2 L. 3.57)
Yk Tk

The transition from line 2 to line 3 used the fact that

Y1 (T + 01~ Yy — M| < iz (3.58)
Yk
The transition from line 3 to line 4 used

- A-A
IP(I-P)ll2 =< %. (3.59)
k

We verify both (3.58) and (3.59) below.

Similarly, to upper bound M™ in terms of M* we apply Claim 3.2 with A = M+ Q2| A- Al +
Yi+1) I, g = P, B= M and [1p = P. Note that [T4A = All4, as required, A and B are both
symmetric and positive semidefinite, and A > B by (3.56). We get

M* = (P(M+n-DP)* +2|P(M+n-D*ll2-I1P(I-P)ll2-1

- s 2
= Vi T + T) 11f[£]+y—-||Pu—P)||2-1
k

— 4n 2 ~
= M* = |+ = |BU-P)lo|- T
Yk Yk
~ 4n 8|lA-A
zM*—(—Z+”—2”2 L. (3.60)
Yk Tk

The transition from line 1 to line 2 uses the fact that by Weil’s inequality

1 1 1

IPM+n-DY = — < - = _
Vi(A+n-I) vi(A-A=-Alz2+n vi(A+I1A-Al2+Yra1 Yk

since = 2||A— All2 + Yi+1. The transition from line 2 to line 3 used the fact that

. _ .4
| ¥itg Ty + 020 Y - MY < =, (3.61)

Yk

113



Chapter 3. Spectral Clustering Oracles
in Sublinear Time

The transition from line 3 to line 4 used

IA— All

PI-P)|»<
IIP( M2 = Yo/

(3.62)

We verify both (3.61) and (3.62) below.

Putting (3.57) and (3.60) together, we get

~ an 8|A-A 16]|A— All» + 4
”M+_M+”2S_127+ l ! ||zS || ||22 Yi+1
Y% Y Y%

as required.

We now verify (3.58), (3.59), (3.61) and (3.62). First, one has

1 1
1Y (T3 = T +1- T ™D Y ll2 < max(_ - _)
zye\s §+1
n
=max
&2y §(E+m)
2
Yk

and similarly, since vk(ﬁ) =vi(A)—|A- Allo by Weyl’s inequality (Lemma 3.17),

~ o~ ~ 1~ 1 1
1Y@y — Ty +n- 10" DYl max (———)
&zy—IA-Al2

¢ ¢+n
n
=  max
e2yr—llA-Al, § (& +1)
4 -
= _127 Since ||A— All2 <y /2 by assumption
Yk

This verifies (3.58) and (3.61).

It remains to verify (3.59) and (3.62). In order to bound [|P- (I — P)|l; and ||P- (I - P)||,, we first
note that by Weyl’s inequality

Vis1(A) S Vg1 (A) + [|A= Allp S v /4 +yr/100 < 3/4)yk

and v (A) =y, by assumption of the lemma. Hence we can apply Theorem 3.5 by choice of
H= A, Ey =Yg, E1 = Y_(i), Ao =Ty, A1 =Ty, and H = A, Fo = Yigy, Fr = Y_, Ao =T,
Ay =T_f. Letn= %. Note that the eigenvalues of Ag = I'fy; are at least y; and the eigenvalues

of A =T _ are at most (3/4)y = v — 1. Therefore, by Theorem 3.5 we have

IF[ (A= A)Eollz _ | A=Al

1Y Yl = 1FL Eglla < <
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Thus we have || Y[£] ?_[k] o < ”/;,;—/‘1”2. Similarly, we have

Vir1(A) = yil4
and v (A) = vi(A) - |A— All2 = yx — vx/100. Hence we can apply Theorem 3.5 by choice of
H=A, Ey=Y_x), E1 = Yy, Ao =Tk, A1 =Ty, and H= A, Fo = Y_jg, F1 = Yjg, Ao =T,
A =Tpy. Letn= %. Note that the eigenvalues of Ay = I'_[;; are at most yi4+; and the
eigenvalues of A} = I'(y) are at least y; — yx/100 = v — 1. Therefore, by Theorem 3.5 we have
IFI(A- A)E|| _lAa-4
U C Ykl4

1Y Yo llz = I Eoll <

Thus, we have || 17[£] Yo iigll2 = %. Putting these two bounds together, we get

p R > IA- Al
IP(T = P)ll2 = 1 Yigy Vg Vorg Y gy llz = 1Yy Vo ll2 < —
Yk
and similarly
= IA— Al
IPU-Pll2 = ————.
Yi/4

3.5.3 Stability bounds under sampling of vertices

The main result of this section is Lemma 3.19, in which we give bounds for the stability of
the pseudoinverse of the rank- k-approximation when we are sampling columns of the k-step
random walk matrix of a (k, ¢, €)-clusterable graph.

Lemma 3.19. Letk =2 be an integer, ¢ € (0,1) ande € (0,1). Let G = (V, E) be a d-regular and
(k, @,€)-clusterable graph. Let M be the random walk transition matrix of G. Let1/n® < ¢ < 1,

t= 203/}#. Let ¢ > 1 be a large enough constant and let s = c- n480€l*) logn-kB/&%. Let
Is ={iy,...,is} be a multiset of s indices chosen independently and uniformly at random from

{1,...,n}. Let S be the n x s matrix whose j-th column equals 1;,. Let M!' = UZ'UT be an
eigendecomposition of M". Let \/g M!S=UZWT bean SVD of\/g-MtS where U e RV 3 €
R W e RS, If(pi < 1—(1)5 then with probability at least 1 — n~ % matrix ’Zv[_k‘ﬁ exists and we
have

LU Uy Ly = (110" 07 (S Wi S W )T ') < %

To prove Lemma 3.19 we require the following matrix concentration bound, which is a gener-
alization of Bernstein’s inequality to matrices.

Lemma 3.20 (Matrix Bernstein [Tro12]). Consider a finite sequence X; of independent, random
matrices with dimensions dy x d,. Assume that each random matrix satisfies E[X;] = 0 and
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[ X;ll> < b almost surely. Define 0® = max{|| ¥_; [E[XiXiT] 2, 1 X [E[Xl.TXi] lo}. Then forallt =0,

—£2/2 )
P )

< (d] + dz) - exXp (m

1Y Xillo = ¢
i

Equiped with the Matrix Bernstein bound, we can show that under certain spectral conditions
we can approximate a matrix AAT by (AS)(AS)7, i.e. by sampling rows of M. The idea is to
write AAT = ;’:1 (A1) (AT T as a sum over the outer products of its columns and make the
sample size depend on the spectral norm of the summands.

Lemma 3.21. Let A€ R™" be a matrix. Let B=maxscq1,. (Al ) (Al |lo. Let1> & > 0. Let
2R2
> M. Let Is = {iy,...,is} be a multiset of s indices chosen independently and uniformly

atrandom from{l,...,n}. Let S be the n x s matrix whose j-th column equals ]li].. Then we have

p [HAAT - g(AS)(AS)THZ > ¢l <n100
Proof. Observe that
AAT= Y (Alp(AL) T (3.63)
(e{l,...,n}
and
g(AS)(AS)T I i; (AL;)(AL;)". (3.64)
j€ls

Forevery j=1,2,...,slet X; = %-(A]lij)(A]Iij)T. Thus we have

ELX;] = g-[E[(A]lij)(A]lij)T] _ g

1 1
— Y (A1l =—-AAT (3.65)
" eeq,...,n $

By equality (3.64) we have %(AS) (AS)T = ;.:1 Xj. Thus by equality (3.65) we get

) (3.66)
2

H 2 As)(AS)T - AAT ” -
N 2

Y (X —E[X;])
j=1

Let Z; = X; —E[X;]. We then have [ Z;ll> = I|X; — E[X;]ll2 < | X;ll2 + IE[X;]ll, Now let B =

.....

n n
1%l = || = - (an pat | <= -B (3.67)
s 2 S
By subadditivity of the spectral norm and (3.65) we get
n
IELX)1ll2 < < - B (3.68)
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Putting (3.67) and (3.68) together we get

1Zjlla = 1X; —EX;1ll2 < 1 X} llo + [EIX;]l, <2 — - B (3.69)

v |3

We now bound for the variance. Since Z; is symmetric, we have Z]TZ i=Zj Z].T = ZJ?.

= s-IE[Z71ll2 = s+ IEIX7] = E[X;1%]l2 < s~ |EIX712 + s~ IELX;12
2

> 2
2 ElZ]]
j=1
By submultiplicativity of the spectral norm we get

n2
< B (3.70)
2

IELXF1Il2 =

1 n? oo
—Z Y. ((A1p)(A1)")

. . . . 2
Moreover by submultiplicativity of spectral norm we have |||E[Xj]2||2 < |E[X]] II§ < 2’—2 - B2
Putting things together we obtain

s 27’1,232
I Y ELZ]2 <
j=1
2p2

Now we can apply Lemma 3.20 and we get with b =22 B and 0% < @ using s = w

s =&
PIIY Zillz>&| <2n-exp| —= - | < n~100 (3.71)

j=1 o +?

The following lemma upper bounds the collision probability from every vertexin a (k, ¢,€)-
clusterable graph using our ¢,, norm bounds on the bottom k eigenvectors of the Laplacian
of such graphs®:

Lemma 3.22. Let k =2 be an integer, ¢ € (0,1) ande € (0,1). Let G = (V,E) be a d-regular and

that admits a (k, @, €)-clustering Cy,...,Cy. Let M be the random walk transition matrix of G.

201
Foranyt = (;zg” and any x € V we have

”Mt]lxllz < O(k' n—1/2+(206/(p2)).

Proof. Let L be the normalized Laplacian of G. Recall that (u,...,u,) are an orthonormal
basis of eigenvectors of L with corresponding eigenvalues 0 = A; <... < A,. Observe that each

61t is interesting to note that a weaker average case version of this lemma was used in two prior works on testing
graph cluster structure [CPS15] and [CKK ™ 18]. The stronger version of the lemma presented here is important for
spectral concentration bounds that we present, which are in turn crucial for sublinear time dot product access to
the spectral embedding.

117



Chapter 3. Spectral Clustering Oracles
in Sublinear Time

u; is also an eigenvector of M, with eigenvalue 1 — % We write 1, in the eigenbasis of L as
1,= 27:1 pju; and note that the §; correspond to the row of x in the matrix U. We have

t RS < t < Aj '
M'1l,=M Zﬁjuj :ZﬁjM uj=Zﬁj(1—7) uj.
j=1 j=1 j=1

Thus we get

g 12 - V= p2 Aj o 2 A ) & 2
IM™ Tl = ) B; 1-— <) Bi+|1- - ), B (3.72)
j=1 j=

2
Note that G is (k,@,e)-clusterable, therefore by Lemma 3.3 we have Ay, = %. Note that

201
t= (p—ozg". Hence, we have

Ak+1 2t 10
(1— 2 ) <n . (3.73)

Moreover since G is (k, ¢,€)-clusterable and min; |C;| = Q(%) by Lemma 3.5 for all j € [k] we
have
B < llujlloo < OWk-n~1/2+@0/97) (3.74)

Thus by (3.72), (3.73) and (3.74) we get
1
IM D)% < Otk k- = 0%y 4 n-n 710,
n

Therefore we have
”Mt]lx”Z < O(k n*1/2+(20€/(/72)).

Combining the previous lemmas and Lemma 3.18 we obtain Lemma 3.23. We show that for
(k,p,€)-clusterable graphs, the outer products of the columns of the ¢-step random walk tran-
sition matrix have small spectral norm. This is because the matrix power is mostly determined
by the first k eigenvectors and by the fact that these eigenvectors have bounded infinity norm.

Lemma 3.23. Let k =2 be an integer, p € (0,1) ande € (0,1). Let G = (V,E) be a d-regular and
(k, @, €)-clusterable graph. Let M be the random walk transition matrix of G. Let1>¢& > 1/n8,
t= 20;#. Let ¢ > 1 be a large enough constant and let s = c- k* - n40¢/9) log /2. Ler
Is={iy,...,is} be a multiset of s indices chosen independently and uniformly at random from
{1,...,n}. Let S be the n x s matrix whose j-th column equals 1;,. Let M! = UZ'UT be an

eigendecomposition of M'. Let \/g M!S=UZWT bean SVD of\/g- M'S where U e R ", 3 €
R W e RS*™, If =< 165 then with probability at least 1 — n~'% matrix £, exists and we
have
261, T _ 77 27T
||U[klz[k]tU[k] ~ U2 Uy | |2 <¢
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Proof. Let
A=whHwhT =uzPtuT,
and
TN VT _ 752757
Az;(M S)(M*'S)” =UZ°U".

Let y4 and y41 denote the k-th and (k + 1)-th largest eigenvalues of A. Let U be an orthonor-
mal basis of eigenvectors of L with corresponding eigenvalues 1; < ... < 1,,. Observe that
each u; is also an eigenvector of M, with eigenvalue 1 — % Note that G is (k, ¢, €)-clusterable,

2
therefore by Lemma 3.3 we have 1y <2¢ and 1441 = %. Note that t = 20;#. Hence, we have

Ak+1 2t 1
)/k+1=(1— 5 ) <n 10 (3.75)
and
A/k 2t 2
}fk:(l—?) > p("80¢/9), (3.76)

In order to apply Lemma 3.21 we need to derive an upper bound on the spectral norm of
(M'1,)(M"1y) T for any column of A corresponding to vertex x. By Lemma 3.22 we have

B= (M1 M 107y = IM1,]1% < O(k2 - n~1+10/9),

40n®B?logn

Thus, with 1 = ¢ > 1/ 78 and for large enough c we have s > ¢kt p(400€/¢?) logn/é&? = 1730282732077 -

Thus by Lemma 3.21 we obtain that with probability at least 1 — n~1%° that
~ 1
IA=All, < 3—2-5-n‘16°€"/’2. (3.77)

We observe that equation 3.77 together with our bound on yy (3.76) and the positive semi-
-2

(K] 1S exists

definiteness of A imply that the k largest eigenvalues of A are non-zero and so =
with high probability.

Now observe that A is positive semi-definite, we have y/4 > y;.; and || A— Al < Yx/100, so

the preconditions of Lemma 3.18 are met and we have with probability 1 — =100
A L g (-160€/9?) | 4. 510
- Y 161 A— Al +4yg1 _16-33-¢-n +4-n ¢ ¢
2t 71T 275T + 32 _
HU[’C]ZUC] Uik = Utk 113 Uiy | ’2 = Y2 = (—160€/¢?) =3%3° ¢
O

Now we are ready to prove Lemma 3.19.

Lemma 3.19. Let k =2 be an integer, p € (0,1) ande € (0,1). Let G = (V, E) be a d-regular and
(k, @,€)-clusterable graph. Let M be the random walk transition matrix of G. Let1/n® <& < 1,
201981 Jet ¢ > 1 be a large enough constant and let s = ¢ - n80¢/9") .logn - k8/¢2. Let
Is={i1,...,is} be a multiset of s indices chosen independently and uniformly at random from

r=
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{1,...,n}. Let S be the n x s matrix whose j-th column equals 1;;. Let M' = UZ'UT bean
eigendecomposition ofMt Let \/Z M!S=UZWT bean SVD of\/z~ M'S where U e R, 3 €
R™™ W e RS*™, If(’% < 5 then with probability at least 1 — n='% matrix Z[k] exists and we

have
n —
LU ULy - (M LT (') (S - Wi S Wi, | 01'9) (1) = %

Proof. Let my = M'1 and my = M'1,. We first prove my (U2 5 Uj)my = 13U U 1y

and m{ (M"'S) (Wi Z AW L) (M )T my, = m{ Uy Z, U}, my. Then we upper bound
T —2t7,T TR S-275T
my U 2 Uy my = me Ui 2 Uy my |-
Step 1:Note that M' = UZ'UT. Therefore we get M'1, = UZ'U"1,, and M'1, = UZ'U1,.
Thus we have
T T 27T T
mi U Z3 Uy my =15 (Uz'U") (U= U, ) (Uz'u ), (3.78)

Note that UT Ui is an n x k matrix such that the top k x k matrix is I« and the rest is zero.

T
Also U[ X

we have

U is a k x n matrix such that the left k x k matrix is I}« and the rest is zero. Therefore

Uz (U U 2t (U u) 2t Ut = uHUT,

where H is an n x n matrix such that the top left k x k matrix is I« and the rest is zero. Hence,
we have
UHU' =U UL
k1Y k)

Thus we have
m (U2 Ui my = 1 U U1, (3.79)

Step 2:We have \/g M!S =USWT where U e R"™", 3 € R"™" and W € R**". Therefore,

n —
(m)" (M) (= Wi Z5 Wiy | 7))

[ [S ~=e17\ (N = S —e~7
=m! (\/;UZW )(?W[k]z[k]m/[k])(,/;-WZU )m

LISV (WS Wi ) (WEOT) m, (3.80)

Note that WTWUC] is an n x k matrix such that the top k x k matrix is I« and the rest is zero.
Also W[ K W is a k x n matrix such that the left k x k matrix is Ixxx and the rest is zero. Therefore
we have

(W W) S (Wi W)= 1,
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-2

where H is an n x n matrix such that the top left k x k matrix is >-2 and the rest is zero. Hence,

[kl
we have
~— N — ~ ,— —_—— ~~ ~ ~ o~ 5~
OEWh) (= Win 3 Wi, | (WEOT) = UHO" = O Z35 07, (3.81)
Putting (3.81) and (3.80) together we get
my(M"S) (Wi Zid W) (M) ' my = m{ Uy Z 505 m, (3.82)

c
[
Cr,kz,n406/<p2 * Let Cl

be a constant in front of s in Lemma 3.23. Thus for large enough ¢ we have s > ¢ - n480¢/ 9.

logn-k8/&2 = ¢1 - k*- n00€/9*) 1og /"2, hence, by Lemma 3.23 applied with ¢’, with probability
10

Put together:Let ¢’ > 1 be a large enough constant we will set later. Let ¢’ =

at least 1 — n719 we have
—2t7:T _ 77 s-275T /
HU[k]Z[k] Uiy ~ Ut Z U[k1||2 =¢

Therefore by submultiplicativity of norm we have

T —2t71T Ty 5-277T
mIUW R Ul my = ml OS2 0 my| <|

—2tyyT 7o S—277T
U[k]z[k] U[k] - U[k]z[k] U[k] | |2 lmxli2|l my||2

<& lmyll2limyl2 (3.83)

Therefore we have
N ~ ~ 4~
|m,{(Mfs)(;-W[k]z[kﬁw[{])(MIS)Tmy—]l){U[k]U&]]ly(

Ty S-277T T —2t11T
= |mx U[k]Z[k] U[k] My — my U[k]Z[k]tU[k] my By (3.79) and (3.82)

<& Imgl2limyllz By (3.83) (3.84)

By Lemma 3.22 for any vertex x € V we have

Imel3 = M Lell3 < OGP - =+ 00€9%), (3.85)
Therefore by choice of ¢’ as a large enough constant and choosing ¢’ = W we have
Tt (2 WS4 w T (vts)T 17U Ul 1.l <ole k2. p=1+4oe/e?) _¢
my ( )(;‘ k12 Wigg ) (M7S)" my =1 Ui Uy Ly | = (’5' ‘n )—;-
(3.86)
O

3.5.4 Stability bounds under approximations of columns by random walks

The main result of this section is Lemma 3.24, which shows that ifa graph is (k, ¢, €)-clusterable,
then the pseudoinverseve of the low rank approximation of a random walk matrix are stable
when it is empirically approximated by running random walks from sample vertices.
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Lemma 3.24. Let k = 2 be an integer, ¢ € (0,1) and e € (0,1). Let G = (V,E) be a d-regular

and (k,@,€)-clusterable graph. Let1/n® <& <1 and t = 20;#. Letcy > 1 and c» > 1 be
79, (1/2+820-¢/?)
a large enough constants. Let s = ¢y - n?4%/9" .logn - k* and R = %. Let I =

{i1,...,is} be a multiset of s indices chosen independently and uniformly at random from
{1,...,n}. Let S be the n x s matrix whose j-th column equals ]1,-].. Let 4 € RS be the output
of ESTIMATECOLLISIONPROBABILITIES(G, Is, R, t) (Algorithm 2). Let M be the random walk
transition matrix of G. Let \/g M'S=UEWT bean SVD of\/g- M'S where U € R™", X €
R™" W e RS*". Let 29 = WEWT be an eigendecomposition of2-4. If(pi < 1—(1)5 then with

probability at least 1 -2 - n~'% matrices Z[k] and Z[k] exist and we have

7 77 S-4TT
Hw[klz[klw[k] Wik Z W[k1H2 <<
To prove Lemma 3.24 we need the following lemma.

Lemma 3.25. Let k=2 be an integer, p € (0,1) ande € (0,1). Let G = (V,E) be a d-regular and

(k,@,€)-clusterable graph. Let L and M be the normalized Laplacian and transition matrix of G

1010gn

respectively. For any t = and any r and any x € V we have

2
IM,, < O(kz . 1T +@0el )).

Proof. Let L be the normalized Laplacian of G with eigenvectors u;,..., u, and corresponding
eigenvalues A <... < A,. Observe that each u; is also an eigenvector of M, with eigenvalue
1- % Note that G is (k, ¢, €)-clusterable. Therefore by Lemma 3.3 we have

2
Apr = %. (3.87)

We write 1, in the eigenbasis of Las 1, = Z;lzl pjujwhere fj=u;-1y=u;(x). Thus for any
vertex u we have

t s - t L Aj '
ML =M Bjuj|=) BiM ujzz;ﬁj(l——) uj.
=1 =1 j=1 2
Let my = M"'1 . Therefore for any vertex y € V we have
n /11. r
mx(y)=2ﬁj(1—7) uj(y)
/1 n /1]' f
:Z (l——) u](y)+ Z ﬂ](l—?) u](y)
j=1 j=k+1
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Therefore,

Y 1Bl lui() (3.88)

j=k+1

1-

}Lk+1)[

/11 t k
|mx(y)|5(1_7) Zlﬁjl-luj(y)H
j=1

@® 8logn
2 T

By (3.87) we have 14,1 = 5-,and t = . Thus we have

/1 t
(1 _ k+1) < n_z
2

n
Bjl= |2 B7=I1xl2=1. (3.89)
j=1

Morover for any j € [n] and any y € V

Note that for any j € [n]

lujMl<llujll2=1 (3.90)

Putting (3.89), (3.90) and (3.88) together we get

k 2 t n
Imx (< D161 luj()| + 1—%) Y 1Bl lui()
j=1 j=k+1
k
<Y 1Bjl-lujl+n~*n (3.91)
j=1

Note that G is (k, ¢, €)-clusterable and min; |C;| = Q(%). Therefore by Lemma 3.5 for all j < k
we have

Bj=1j(0) < lujlloo < OV n~1/2I9Y).

Moreover
_ 2
uj(y) < lujlloo < O(\/E~ p 1/ @oely ’)

Thus, we get
k
Y 1Bj1-1uj () < O k- - n~1+ 01, (3.92)
j=1
Therefore by (3.91) and (3.92) we get
Imy(y)| < o(k2 : n_1+(40€/‘p2)) +nl
< o(k2 : n‘“(‘“’f/‘/’z)). (3.93)

Therefore we have

1/r

2\ 5
lmll, < (n-o(k2-n—1+(40€/(ﬂ )) ) :O(kZ'n—1+1/r+(40€/(p )).
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Lemma 3.26. Let k =2 be an integer, ¢ € (0,1) ande € (0,1). Let G = (V,E) be a d-regular and
(k,p,€)-clusterable graph. Let M be the random walk transition matrix of G. Let 0 o+ > 0. Let
t, Ry and R, be integers. Let a,b € V. Suppose that we run Ry random walks of length t from
vertex a and R, random walks of length t from vertex b. For any x € V, let ing(x) (resp. my(x))
be a random variable which denotes the fraction out of the R; (resp. R») random walks starting
from a (resp. b), which end in x. Let ¢ > 1 be a large enough constant. If

_ 2 _ 2
k5 . p=2+(100e/9?) c- k2 . p1+0e/p?)
> ,and R Ry, = 5
Uerr Uerr

min(Ry, Ry) =

then with probability at least 0.99 we have

|l iy — (M) T (M) < e

Remark 3.5. The success probability of Lemma 3.26 can be boosted up to 1 — n~'% using

standard techniques (taking the median of O(log n) independent runs).

Proof. Let mq = M'1, and mj, = M'1,,. Let X!, be a random variable which is 1 if the r
random walk starting from a, ends at vertex 7, and 0 otherwise. Let Ylj,r be arandom variable
which is 1 if the r random walk starting from b, ends at vertex i, and 0 otherwise. Thus,
[E[Xf”] = mg(i) and [E[Ylf’r] = my(i). For any two vertices a,b € S, let Z,, = r?lgﬁzb be a
random variable given by

Z(Z drl)(ZYblr

a’b Rle ieV n= 1 rz—
Thus,
R2 .
ElZap] = Z(Z E[X., D(Y E[Y} ]
RlRZ ieV r=1 rp=1 e
1
= (R1 - mq(i)) (Ry - mp (i)
RIRZ IEZV 1 2 b
=Y ma(i)- mp(i) = (ma) " (my). (3.94)
ieV

We know that Var(Z,, ;) = E[Z2 ] —E[Z,5]°. Let us first compute E[ZZ .

Rl Rz Rl Rz

[E[Ztib]_ (R R2)2 Z Z Z Z Z Z (lanier] Yb]r2

i€V jeVn=1n= lr_1r2_1
Ri R, R

I NP IS NIRRT

ieVjeVn=1rn=1 r1_1 r2—1

T R Rz)2
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To compute E[X, Y,; nXa ] Ylf ], we need to consider the following cases.
2h2

Loi#j: E[Xg, Yb’r X] ]:rg’] < mga(i) - my(i) - mq(j) - mp(j). (This is an equality if r # r|

a, r
and rp # 1. Otherw1se, the expectation is zero.)

2.i=j, n=r], rn=r)E aﬁygrxiﬂygdp:mauyn%uy
3.i=}, T1=r{y "2?5”2 El arlyberLJz,r{Yk{,rz’]:m“(i)'mb(i)“mb(i)'

4. i=j, n#r, r2=rykEl arleler] Yéré]=ma(i)-mb(i)-mu(i).

5.i=j, n#r, nAREX, Y XD Y] 1= mali)-my()- ma()- my).

Thus we have,

R R R R

[E[Zg.b] (R R )2 Z Z Z Z Z Z ELX, ur1 Xz]z.,r{ij,rz’]

ieVjeVn=1rn=1 r1—1 r2_1

=Y Y mali) - ma(j) - mp() - mp(j)+ Y ma(i)? - mp(i)*

i€V jeV\{i} eV

mg(i)-m (l)+— mq(i) - my(i)? +— mq(i)? - my (i)
RleleZv b Ry zezv b Ry ,ezv b

= Y ma(@)- ma(j) - mp(i)- mbu)+—2ma(z) my (i)
ijeV RiRy 2 jev

Zma(z) my(i)* + — Zma(z) - mp D).
Rl ieV Ry eV

Therefore we get,

Var(Za,b) [E[Z b]_[E[Zab]

< Y ma()-ma(j)-mp()- mp()+ —— Y. ma(i)- mp(i) (3.95)
i,jev 1R2 iev

2
Z Ma (i) - mp(i)? +R— Y ma(i)*- mb(z)—(z Mg (i) - mb(l))

Rl ieV 2 jev ieV

Y ma(i) - mp(i) + R— Y ma(i) - my(i)* + R— Y ma()*- mp(i)

RIRZ ieV 1jev 2 jeV

1
2
Imallz2llmpll2+ 7 Imgll2llmplly + || mall3Impll2 By Cauchy-Schwarz
1

=
Rle RZ

Since G = (V, E) is (k, ¢, €) clusterable by Lemma 3.25 we have
mgalla<=O (kz . n_3/4+(40€/(p2)).
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and by Lemma 3.22 we have

Imall < Ok p~ /2406199,

Thus we get
k2. —1+(40e/p?) 1 1 ,
Var(Z,y<o| 0 (=& —) kS . p=2+(100/¢?) (3.96)
' RiR, R R,
Then by Chebyshev’s inequality, we get,
Var(Z, p]
Pr [|Za,b - [E[Za,b” > Uerr] = —Z
Oerr
_ 2
-0 1 . k2 . p~1+@0e/9?) (i . i) . n_2+(100€/¢2)
Oerr RiRy R R
(3.97)
1
= —.
100

The last inequality holds by our choice of R; and R, as follows where c is a large enough
constant that cancels the constant hidden in O () in (3.97).

k5. n—2+(1005/zp2)

min(Ry, Ry) =
2
Uerr

and
c-k2- n—1+(40€/(p2)
RiRy =

2
Oerr

Lemma 3.27. Let k=2 be an integer, p € (0,1) ande € (0,1). Let G = (V,E) be a d-regular and
(k,@,€)-clusterable graph. Let o> 0 and lets >0, R >0, t >0 be integers. Let Is = {iy,...,1s}

be a multiset of s indices chosen from {1,...,n}. Let S be the n x s matrix whose j-th column

5. 5,-2+100e/? —1/2+20e/¢?
equals 1;;. Let ¢ > 1 be a large enough constant. Let R > rnax{ ck ; L ckn — : ! } Let

err

4G e RS be the output of Algorithm ESTIMATECOLLISIONPROBABILITIES (G, Is, R, t) (Algorithm

2). Let M be the random walk transition matrix of G. then with probability at least1 — n='% we

have
19— (M'S)T(M'S) ||z < 5+ Tery.

Proof. Note that as per line (2) and (3) of Algorithm 2 we first construct matrices ﬁi € RS
and Q; e R™*S using Algorithm 3. as per line (3) of Algorithm 3 matrix P; (or Q;) has s columns
each corresponds to a vertex x € S. The column corresponding to vertex x is 77i,. as per line 2
of Algorithm 3, 7, is defined as the empirical probability distribution of running R random
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walks of length ¢ starting from vertex x. Thus for any x, y € S we have the entry corresponding
to the x™ row and y™ column of QiTﬁi (or PTQ;) is (fiy, 1,). Since

o2 ' o
err err

c k5. n—2+100€/(p2 c k- n—1/2+20€/(p2
R = max
then by Lemma 3.26 with probability at least 0.99 we have

|f)\1£ﬁ1y— (Mt]lx)T(Mt]ly” = Oerr-

Note that as per line 4 of Algorithm 2 we define ¥; := % (ﬁiT@,- + @fﬁl) Thus for any x, y € I
we have the entry corresponding to the x™ row and y™ column of ¢; (i.e., % (x, y)) with
probability 0.99 satisfies the following:

19;(x,y) — (M1 )T (M'1))| < Ten

Note that as Line 5 of Algorithm 2 we define ¢ as a matrix obtained by taking the entrywises
median of ¢;’s over O(logn) runs. Thus with probability at least 1 — n~1°
X,y € Ig

0 we have for all

19(x,y) — (M'1 )" (M'1))] < Oer.
which implies

19— M ST M) |F<s-Oen.

Since the Frobenius norm of a matrix bounds its maximum eigenvalue from above we get
19~ (M'S)T(M'S)" |2 < 5 Oexr.

O

Recall that for a symmetric matrix A, we write v;(A) (resp. Vmax(A), Vmin(A)) to denote the i th
largest (resp. maximum, minimum) eigenvalue of A.

Lemma 3.28. Let k = 2 be an integer, ¢ € (0,1) and e € (0,1). Let G = (V,E) be a d-regular

and (k,@,€)-clusterable graph. Lett = 201#. Let ¢ > 1 be a large enough constant and s =

¢ n2A0ely? -logn - k. Let Is ={iy,...,is} be a multiset of s indices chosen independently and
uniformly at random from{l,...,n}. Let S be the n x s matrix whose j-th column equals 1;,.
Let M be the random walk transition matrix of G. If % < # then with probability at least

101

1— 71719 we have

_80e/02
Lovi(2- (M SM!S)T) = 25
2. Vi (2- MM =n?.

Proof. Let (uy,...,uy) be an orthonormal basis of eigenvectors of L with corresponding eigen-
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values0 < 1; <... < A,. Observe that each u; is also an eigenvector of M, with elgenvalue 1— s

Note that G is (k, ¢, €)-clusterable, therefore by Lemma 3.3 we have Ay <2¢ and A4, = L We
have

Ak 1 2t
Vi (M?1) = (1 - T+) <n 1% and (3.98)
2t /1/6 —80e/¢p?
Vk(M ) =|1- 7 =n (399)

Proofofitem (1); Let A= (M") (M[)T, and A=2-(M'S) (M[S)T. By Lemma 3.22 we have
B=[(ML)M 1) 2 < M 1e]3 < Ok n~ 1410199

Let¢ = n~8%/9° /2 Therefore for large enough constant ¢ and by choice of s = ¢-k*n24%/¢" log n

40n°B2logn
we have s > —ar Thus Lemma 3.21 yields that with probability at least 1 — 100 we have
_ y—80e/ @?
IIA—AIIzST. (3.100)

Hence, by Weyl’s Inequality (see Lemma 3.17) we have
Vi(A) 2 Vi (A) + Vimin (A= A) = Vi(A) = Vinax(A— A) = vi(A) - [|A- Al

By (3.99) we have v (A) = vi(M2") = n~1%/%* and so

_ 2 _ 2
n 80¢/ ¢’ 80¢/ ¢

A A n
Vi(A) = Vi(A) — | A— Allp = n~ 809" _ — =

Proof of item (2): By Lemma 3.8 we have

Vier1 (A) = g-vkﬂ((MfS)(MtS)T) = % Ve (M'S)T(M!S)) = g Vs (STM2S).

Recall that 1 - % =...21- % are the eigenvalues of M, and X is the diagonal matrix of
these eigenvalues in descending order, and U is the matrix whose columns are orthonormal
eigenvectors of M arranged in descending order of their elgenvalues We have M?! = Uz?'UT.
Recall that 2 is k x k diagonal matrix with entries 1 — 71 =z-z21- ’1—, and X_pyisa (n—k) x

(n— k) diagonal matrix with entries 1 -2 > ... > 1~ 41 We can write US?'U = UnZii Uiy +
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U_2? H U_T[ i thus we get
Vi (A) = g-vkﬂ (ST M?s)
- g-vkﬂ (sTw=2uhs)
- g.vkﬁ (" (V=2 Ufly + Um =240 "9 8)
< g “Virl (ST Uik Zflg] U[J,;] S) + g * Vmax (ST U_ix th[k] Uf[k] S) By Weyl’s inequality (Lemma 3.17)

Here vy (STU»Z2L UL

[k] ™~ (k] (k]
We have,

T 2t T 2t T ool
Viax (STU_ 19224 U 1 S) = Vinax (U-192%} U” 1 SS") By Lemma 3.8
< Vmax (U_[ 02 K U_T[ k]) “Vinax (SST) By submultiplicativity of norm
= Vmax (z%t[k] Ul U—[kl) “Vmax (887) By Lemma 3.8

= Vg (zif[ k]) Viax (SST) Since U” U_jy =1

Next, observe that SST € R"*" is a diagonal matrix whose (a, @)™ entry is the multiplicity of
vertex a is sampled in S. Thus, Vi (SST) is the maximum multiplicity over all vertices, which

2t
is at most s. Also note that vmaX(ZZ_t[k]) = (1 - %) . Thus by (3.98) we get,

«~_n T 2t 54T n Ak+1 2t -10 -9
vk+1(A)S;~vmax(S U_[k]z_[k]U_[k]S)s;-y 1= s 0= a0,

Now we are ready to prove the main result of this section (Lemma 3.24).

Lemma 3.24. Let k = 2 be an integer, ¢ € (0,1) and e € (0,1). Let G = (V,E) be a d-regular

and (k, @, €)-clusterable graph. Let1/n® <& <1 and t = 20;#. Letcy > 1 and ¢, > 1 be
19, (1/2+820-¢/p?)
a large enough constants. Let s = ¢y - n?%'¢" .logn - k* and R = % Let Is =

{i1,...,1s} be a multiset of s indices chosen independently and uniformly at random from
{1,...,n}. Let S be the n x s matrix whose j-th column equals ]li].. Let 4 € RS be the output
of ESTIMATECOLLISIONPROBABILITIES(G, I, R, t) (Algorithm 2). Let M be the random walk
transition matrix of G. Let \/g M'S=UZWT bean SVD of\/g-MtS where U e R™",3 €
R W e RS*". Let 5= WEWT be an eigendecomposition of 5-4. If(’% < # then with

~2 and X% exist and we have

probability at least 1 -2 - n~'% matrices f[k] 7

w2 T _ 7. S-475T
||W[k12[k] Wi = Wi Zy Wiy | |2 <¢
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S) =0, because the rank of %!, is k. We then need to bound Vi (ST U_ ) Z2

(k]

tuT

-kl

S).



Chapter 3. Spectral Clustering Oracles
in Sublinear Time

Proof. Let A=2-(M'S)T (M'S) = wz2wT and A= 2-4. Thus we have
~ 2~
= (2.t (M's)) = WEw!
s

and

e[t .g)z R eSATA

Recall that for a symmetric matrix A, we write v;(A) to denote the i largest eigenvalue of A.
We want to apply Lemma 3.18 to get

16- | A% — A%|l5 +4 - viy1 (A?)
Vi(A2)2

WS4 T T, 2
H‘/‘/[Iclz[k]w[k]_W[k]z[k]Wk]HZS

Hence, we first need to verify the prerequisites of Lemma 3.18. Let c3 > 1 be a large enough
. £, ) (~1-360-€/¢?)
constant that we will define soon, and let o¢; = "CT Let c be a constant from Lemma

3.27. By the assumption of the lemma for large enough constant ¢, > 1 we have

e k9 pl/2+820-e/¢ c- k5. p2t100e/9? | f. pm1/2+20e¢?
R= 3 > max 5 .
€
'3 Oerr Oerr
Thus we can apply Lemma 3.27. Hence, with probability at least 1 — O we have
19— (M' )T (M'S)ll2 < s Terr. (3.101)
Therefore we have

19% = (M) (M'$)) ll2 = 19 (9 — (M' )T (M*$)) + (9 — (M'$)T (M"')) (M*S)T (M* ),
<19 - MM )2 (19112 + 1M )T (M'S)]2)
<5 Oerr (5 Oerr + M) T (M )I2) + 1 (M )T (M S)2)
= (s Oer)? +2- 5 Oere | (M'S)T (ML S) ]I (3.102)

Note that

1M )T (M)l < (M S)T (M )|

Y (M) T M)

X,y€S
D ML 31 ML, Il By Cauchy Schwarz
X,Y€S
< O(\/sz-(kz-n”(‘loe“l’z))z) By Lemma 3.22
= Os- k2. 1 a0ers?)) . (3.103)
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f.n(—1—360-€/q)2)

Puuting (3.103) and (3.102) and by choice of g = o weget
N a2 ) gz.n—mo.e/wz é‘.n—320€/(p2 5.n—3206/¢2
A=A = (=] 19°-(M'HT M) =0 + =0
IB-Rl = () 19°~(1'9)" ') )z T - =
(3.104)

By Lemma 3.8 for any i € [s] we have
vitd) = vi (- ') (M'8)T) = vi (- ') (M)

Let c; be the constant from Lemma 3.28. Since s > c; - n240¢/ ¢* -logn - k* therefore by Lemma
3.28 with probability at least 1 — n~1%° we have

N 9 -80e/@? \2 . —160e/¢?
Vk(Az):Vk((g'(MtS)T(MtS)) )z(n ) n

= 3.105
2 2 ( )

and
~ 2
Vier1 (A2) = Vi ((g Mts)T (Mfs)) ) <n18 (3.106)

By the bound on the vk(ﬁz) and the inequality on IIA2 - ﬁzllg, we know that vk(ﬁz) is non-
zero and so f[_kz] exist. Recall that A= W22W7T. Observing that Ais positive semi-definite,
Visl (A2) < vk(ﬁz)/4, and IIAT2 — A2 o < 1%0 -vk(ﬁz) we can apply Lemma 3.18 and we get
16-[| A2 — A2l +4- Vjs1 (A2)

Vi (A2)2
0 (E,n(—3205/¢2) ) ‘4. n_ls

C3

= (—320¢/¢p?) By (3.104) and (3.105)
‘n

3

C

SO(—
3

—

7. S—497T 17, S—277T
||M/[/€]z[k] Wik — Wiklz[k]W[kJHZ =

s

+64-n7

———

<¢

The last inequality holds since ¢ = n~8 and by setting c3 to a large enough constant to cancel
the constant hidden in O (C%) O

3.5.5 Proof of Theorem 3.2

Theorem 3.2. [Spectral Dot Product Oracle] Lete, € (0,1) withe < %. LetG=(V,E) bead-

regular graph that admits a (k, ¢,€) -clustering Cy, ..., Ck. Let% < &< 1. ThenINITIALIZEORACLE(G, 1/2,¢)
(Algorithm 4) computes in time (%)O(D -pl12+0El9")  (log p)3- % a sublinear space data structure

D of size (%)O“) - n}/2+O0€EP”) . (log n)3 such that with probability at least 1 — n~'%° the following
property is satisfied:

For every pair of vertices x, y € V, SPECTRALDOTPRODUCT(G, x, y,1/2,¢,9) (Algorithm 5) com-
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putes an output value ( fy, f,) _such that with probability at least 1 — n~'%

ap

’ <fx’fy>apx_ (f)mfy)‘ = %

The running time of SPECTRALDOTPRODUCT(G, x, ¥,1/2,¢,9) is (]EC)O(D .pl/2+0El9?) | (log n)?.
1

? .
Furthermore, for any0 < § < 1/2, one can obtain the following trade-offs between preprocess-

ing time and query time: Algorithm SPECTRALDOTPRODUCT(G, x, ¥,0,¢,9) requires (%)O(” .

nd+0El¢*) -(log n)?- # per query when the prepressing time of Algorithm INITIALIZEORACLE(G, §, &)

is increased to (%)O“) - pl=0+0E19") . (log n)3 - #'
To prove Theorem 3.2 we need to combine Lemma 3.19 from Section 3.5.3 with the following

lemma.

Lemma 3.29. Let G = (V, E) be a d-regular and (k, ¢, €)-clusterable graph. Let0 < < 1/2, and
1/n® < & < 1. Let@ denote the data structure constructed by Algorithm INITIALIZEORACLE(G, 6§, §)
(Algorithm 4). Letx,y € V. Let{ fx, fy>apx € R denote the value returned by SPECTRALDOTPRODUCTORACLE(G, X, ,0,¢,%
(Algorithm5). Let t = zo(lpign. Let ¢ > 1 be a large enough constant and let s = c- p240-elp?® logn-k*.
Let Is = {iy,...,is} be a multiset of s indices chosen independently and uniformly at random

Jfrom {1,...,n}. Let S be the n x s matrix whose j-th column equals 1;,. Let M be the ran-
dom walk transition matrix of G. Let \/g-MtS = UZWT be an SVD of\/g-MtS where

UeR"™" 3 e R, W e RS*", If(’% < 1—(1)5, and Algorithm 4 succeeds, then with probability at
10

0 matrix f[_k‘ﬁ exists and we have

least1—n~
n
s

(030, = 0T ) (3 Wi Z WG o' sy o1, <

Proof. Note that as per line 7 of Algorithm 5 { fy, f;) _is defined as

ap
T
<fx»fy>a,,x =ayVay.
where as per line 3 of Algorithm 4 we define matrix ¥ € R**® as
N~ s o7
V== WinZ g Wy

and ay,ay € R’ are vectors obtained by taking entrywise median over all (é,-)T(m;) and
(O,-)T(m;). (See line 5 and 6 of Algorithm 5). For any vertex a € V recall that m, denote
mg = M'1,. We then define

n ~ ~_4—~—
ar=my(M'S), A== -WnIWy, a,=M'9)"m,and

ex:a£—ax, E=¥Y-A, e =ay,-a,
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Thus by triangle inequality we have

= (ax+ey) (A+E)(a,+e,) —ayAayl>

T T n = 47T T
“x‘l’“y—mx(M[S)(;'W[klz[k]W[k])(MtS) my||2

< llexll2l Allzlay ll2 + laxl2l Ell2[layll2 + llaxl2 | All2ley ]2

+lexl2llEll2llayllz + laxl2lEll2lleyll2 + lexll2 [ All2leyll2 + llexl2l Ell2lley 2

Therefore we need to bound [lex |2, lley ll2, | Ell2, llaxll2, llayll2 and | All>. Let ¢’ > 1 be a constant
¢
Cr_k4,n80€/q)2
. . 2
constant in front of R in Lemma 3.24. Thus for large enough ¢ we have s = ¢; - n4%/¢" .logn- k*

_ o2 79, 1/2+820-¢/¢p?
and Rinit = @(I’ll 6+980-¢/¢” , k17/52) > & k n'f’2

Lemma 3.24 applied with ¢’ we have with probability at least 1 — =10 W[i] —and 2,3 exist

we will define soon, and let &' = . Let c; be a constant in front of s and let ¢, be a

as per line 2 of Algorithm 4, hence, by

and we have

Ello= 2| |Wi S 2WE - WS Wik || < 2 N o N 3.107
I IIz—;'H k1216 Wi — Wik k]HZ—;'f_C,‘k4.n80€/¢z.s' (3.107)
Recall that for a symmetric matrix A, we write v;(A) (resp. Vmax(A), Vmin(A)) to denote the i th
largest (resp. maximum, minimum) eigenvalue of A. We have

n — < 4-7 n n 1
IAllz2=—"I VV[k]Z[k]VV[k] lo=— Vmax(VV[k]Z[k]VV[k]) = —
$ § W z W,
k( (k] [k])
Note that 2 - (M*$)T(M'S) = WEZ2WT. Thus by Lemma 3.28 item (1) we have
— =4 g n 2 n—160€/(p2
vk(w[k]z[k]w[k]) = v (WEWT) :vk((;(MtS)T(MtS)) )2 y
Therefore we have
4. n1+1605/¢2
Al <4-—=-p'00l0" =22 (3.108)
5 S
Since G is (k, ¢, €)-clusterable by Lemma 3.22 for any vertex x € V we have
Imal3 < Ok2 . n7t+ 0/, (3.109)
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Then we get

I(m) T (M'S) I,

Y (m)Tma)?

laxll2

aelg
< [ ) Imgl5lmal By Cauchy Schwarz
aelg
< O(\/S.(kZ.n—1+(40€/tP2))2) By (3.109)
= O(V/s- k2. 1 0els?)) (3.110)

By the same analysis we get
layll, < O(\/E- K2 n_l+(40€/"’2)) 3.111)

Now we left to bound |lex|l» and ey |l». Recall that e, = a, — (M'1,)T(M*'S) where a,, ay R
are vectors obtained by taking entrywises median over all (Q;) T(m') and Q) T(r?z;). (See line
5 and 6 of Algorithm 5). Also note that as per line 3 and line 4 of Algorithm 5, /11} and m;, are
defined as the empirical probability distribution of running Rquery random walks of length
t starting from vertex x and y. Also note that Q;s are generated by Algorithm 3 which runs
Rinir random walks from vertices in Is. For any z € Is any i € {1,...,O(logn)} let qé denote the
column corresponding to vertex z in Q;.

Let c3 be a constant in front of Ry and R, in Lemma 3.26. Let 0¢r = — ¢ ____ Thus by

k2. p(1+200e/92) *
1-6+980-¢/¢p? . k72

choice of Rinit = O(n ) as per line 2 of Algorithm 4 and Rguery = O(nd+500€/¢* 9 1E2)

as per line 1 of Algorithm 5, the prerequisites of Lemma 3.26 are satisfied:
c3- k5 p—2+(100e/¢%) c3- k2 1+ @0e/¢?)

> , and, Rinjt - unely = 2
Oerr Oerr

min(Rinjt, unery) =

Thus we can apply Lemma 3.26. Hence, for any z € I with probability at least 0.99 we have
~iyT i T
(M) q,— (my) (M) <0err

Note that as per line 5 and line 6 of Algorithm 5 we take entrywise median over all (@i) T(ﬁft;)
and (@)T(ﬁft;). Since we are running O(logn) copies of the same algorithm with success
probability at least 0.99, thus by simple Chernoff bound with probability at least 1 — n~ 1% for
all z € Is we have

|ax(2) = (m) " (M) < Oerr

r

Therefore by choice of ¢y = > we get

5
Cr,kZ,n1+200~e/<p

Vs-¢

— — T t < . =
lexllz = llax— (my)” (M"S)|> < Vs Oerr ¢’ - k2 - p(1+200e/9?)

(3.112)
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By the same analysis we get
Vs-¢

k2. n(1+2006/(p2) :

leylls < (3.113)

Putting (3.107), (3.108), (3.109), (3.110), (3.111), (3.112), and (3.113) and for large enough n
we get:

T N — =_4t=T T
[€Fe ey =o)L i Zy Wi ') Ty | <
lexlizllAllzllayll2 + llaxli2 I Ellzllayll2 + llaxll2 [l All2lleyll2+

lexl2llEll2llayll2 + laxl2l Ell2lleyll2 + llexl2ll Allzlleyll2 + llexl2 | Ell2ley 2

52‘( \/}5 ) 4_n1+160€/(p2) (

. 12 —1+(40€/(p2))
¢ - k2 . p(1+200e/¢?) OVsk=on

Vs- 180e/¢?) p.2 &on &
+2-
n kA ,,180.2/(,02 .s)\c- \/E n(1+206/<p2)

( N )2 (4_n1+160€/(p2)

c k2. n(1+2006/(p2) S

+0(Vs k- n_1+(40€/(ﬂ2))2( g-n )

c' - k4 n8lelp? . ¢
e i) (s i)

c k2. n(1+200€/(p2) c k- n80€/(p2 .S

<o)
3

n.

=

The last inequality holds by setting ¢’ to a large enough constant to cancel the hidden constant
of O (%) O

Now we are able to complete the proof of Theorem 3.2.

Theorem 3.2. [Spectral Dot Product Oracle] Lete, € (0,1) withe < %. LetG=(V,E) bead-

regular graph that admits a (k, @,€) -clustering Cy,..., Ck. Let# < ¢ < 1. ThenINITIALIZEORACLE(G, 1/2,¢§)
(Algorithm 4) computes in time (%)O(U -pl12+0El9)  (1og p)3. # a sublinear space data structure

D of size (%)O“) - pl/2+0Elp) . (log n)® such that with probability at least 1 — n~ % the following

property is satisfied:

For every pair of vertices x,y € V, SPECTRALDOTPRODUCT(G, x, y,1/2,¢,9) (Algorithm 5) com-
putes an output value ( fy, f,) _such that with probability at least 1 - n~'%

ap

(e £y~ e 0] =
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The running time of SPECTRALDOTPRODUCT (G, X, y,1/2,¢,9D) is (l?c)om - pl/2+O0ElP”) . (1og )2 -
1

¢*"
Furthermore, for any0 < 6 < 1/2, one can obtain the following trade-offs between preprocess-
ing time and query time: Algorithm SPECTRALDOTPRODUCT(G, X, ,8,¢,D) requires (%)O“) :

nO+0El™). (Jog 2. # per query when the prepressing time of Algorithm INITIALIZEORACLE(G, 8, &)

1-6+0(e/¢?)

is increased to (]:5)0(1) ‘n -(logn)3- —2

Proof of Theorem 3.2. Correctness: Note that as per line 3 of Algorithm 4 we set s = @(n*8%€/%" . log - k8/¢2).
Recall that Is = {iy, ..., i} is the multiset of s vertices each sampled uniformly at random (see
line 4 of Algorithm 4). Let S be the n x s matrix whose j-th column equals 1;;. Recall that M is

the random walk transition matrix of G. Let \/g -M'S=UZWT be the eigendecomposition of
\/g' M'S. We define

n —
= |10 ') (5 Wi T W) )" (1)~ 13 U Uiyl

and
6‘2:)(fx»fy)apx_(Mf]lx)T(MtS)( W[k]Z[k] [k])(M T ]1y)|

By triangle inequality we have

|<fx’fy>apx <fx»fy>| |fx’fy apx -1] U[k]U[k]ll |<el+32

Let ¢’ = &/2. Let ¢ be a constant in front of s in Lemma 3.19 and ¢’ be a constant in front of s in
Lemma 3.29. Note that as per line 3 of Algorithm 4 we set s = O(n*to ely? -logn- kS/EZ) Since
o wsands=c- n48°€/ ¢* .logn - k8/&'? by Lemma 3.19 with probability at least 1 — =100
we have e < '% = 5+ Since s > ¢ - n?4%/* .log n- k*, by Lemma 3. 29 w1th probability at least
1-2-n710%we hav 9 < "r . Thus with probability at least 1 —3 - n~1%° we have
¢ S _¢
, —{fx <eteps —+—=<—.
|<fx Iy) e = (S fy)’ 1te S+ =

Space and runtime of INITIALIZEORACLE: Algorithm INITIALIZEORACLE(G, §, ) (Algorithm 4)
samples a set Is. Then as per line 6 of Algorithm 4 it estimates the empirical probability distri-
bution of random walks starting from any vertex x € Is for O(logn) times. To that end as per
line 2 of Algorithm 3 it runs Rjni random walks of length ¢ from each vertex x € I. So it takes
O(logn-s- Rinjt - t) time and requires O(logn- s- Rinjt) space to store endpoints of random walks.
Then as per line 7 of Algorithm 4 it estimates matrix ¢ such that the entry corresponding to
the x row and y™® column of ¢ is an estimation of pairwise collision probability of random
walks starting from x, y € Is. To compute ¢ we call Algorithm ESTIMATECOLLISIONPROBABIL-
ITIES(G, Is, Rinit, t) (Algorithm 2) for O(logn) times. Algorithm 2 runs Rjni; random walks of
length ¢ from each vertex x € I, hence, It takes O(s- Rinit- £-log 17) time and it requires O(s?-log n)
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space to store matrix ¢. Then as per line 8 of Algorithm 4 we compute the SVD of matrix ¢ in
time O(s®). Thus overall Algorithm 4 runs in time O (log 7 s- Rinit - £ + 5°). Thus, by choice of
=0 (l(:pg") Rinit = ©(n1—0+980- <l -k'7/&%) and s = O(n*8” elg? logn-k8/&?) as in Algorithm 4
we get that Algorithm 4 runs in time O (logn- s+ Rinit- £+ §°) = (E)O(D - pl=0+0ElI9") 1088 1 - #

and returns a data structure of size O (52 +logn-s- Rinit) = (?)O(U . pl=0+0(/9?) ~10g2 n.

Space and runtime of SPECTRALDOTPRODUCTORACLE: Algorithm SPECTRALDOTPRODUC-
TORACLE(G, x, ,0,¢,92)(Algorithm 5) repeats O(logn) copies of the following procedure: it
runs Rquery random walks of lenght ¢ from vertex x and vertex y, then it computes 7, - Q,-
and 7y, - Q;. Since Q; € R™S has s columns and since 772, has at most Rquery NON-zero
entries, thus one can compute 7, - Q; in time Rquery - s. Finally Algorithm 5 take entry-
wises median of computed vectors (see line 5 and line 6 of Algorithm 5), and returns value
ax¥ay (seeline 7 of Algorithm 5). Since a,, a, € R® and ¥ € R**® one can compute a ¥ a,
in time O(s?). Thus overall Algorithm 5 takes O (- Rquery 1087 + s Rquery -logn + s%) time
and O (Rquery-logn + s- Rquery -logn + s%) space. Thus, by choice of ¢ = (l(:f" Rquery =
O(nd+500€/¥* . [9/£2) and s = O(*80¢/?" .logn - kB/&2) as in Algorithm 4 and Algorithm 5 we

5+0(el¢?) | 108 n
¢*

get that the Algorithm 5 runs in time (’?)O(” ‘n and returns a data structure of

size (]EC)O(U . p0+0eElp?) -log? n.

3.5.6 Computing approximate norms and spectral dot products (Proof of Theo-
rem 3.6)

To design the clustering algorithm in Section 3.6, since we cannot evaluate the dot-product of
the spectral embedding exactly in sublinear time, we prove that it is enough to have access
to approximate dot-product of the spectral embedding. In Algorithm 7, Algorithm 9 and
throughout the analysis of in Section 3.6 we will use -, ) .. to denote approximate spectral dot

products and |[-||,,,. to denote the approximate norm of a vector. Let r € [k] and B, By,...,B; S

V. Let fi,fi1,...,[ir € R* where fi = ZZfBBle and fi; = ZZf;i"lfz. All dot products we will try to

approximate in Section 3.6 will be of the form ( f, H(,u)) and all the norms that we approximate
are of the form |[T1(Q) ||W, where x € V and II is defined as a orthogonal projection onto
span({fiy, ..., fi;)*. To compute such dot products we call Algorithm 6 in the following way
(see Corollary 3.1):

<fxrﬁﬁ>am : Z <fx; fy apx’ (3.114)
Y€B
||1/—\IIJ apx: |B| ZB<fx’ l’t>(wr (3115)
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Algorithm 6 DOTPRODUCTORACLEONSUBSPACE(G,x,y,é,f,@,Bl,. r) > Need: e/qo < 105
={¥,Q1,...,Qotogm}

1: Let XeR™", hyeR", hy eR".

2: Let &' := ©(& - n(-80/¢) . ~6)

3: fori,jin [r] do

4: X(,j):= m Y zi€B; szij SPECTRALDOTPRODUCT(G, z,-,zj,é,é’,@)

5: > X, ) =(Aif)),,,
6: foriin [r] d

7. hye(i):= B# Y z;,eB, SPECTRALDOTPRODUCT(G, 2}, X, 5, ¢, D) > hy (i) = (ﬁl—,fx>apx
8 hy(i):= |§| Y zieB; SPECTRALDOTPRODUCT(G, 2}, ,6,¢', D) > hy (i) = <ﬁi»fy>apx
9: return <fx,l'lfy>apx := SPECTRALDOTPRODUCT(G, X, y,6,¢', D) — h)fX‘lhy

The following Lemma is a generalization of Lemma 3.14 to the approximation of the cluster
means (i.e, fi1, ..., i), where fi; € R¥ is a vector that approximates the center of cluster C; (i.e.,
u;) such that ||f; — ;|2 is small.

Lemma 3.30. Letk =2 be an integer, ¢ € (0,1), ande € (0,1). Let G = (V, E) be a d-regular graph
that admits a (k, @, €)-clustering Cy, ..., Cy. Let i1, ..., ti denote the cluster means of Cy, ..., Ck.
Let0< (< 20‘{ 7" . Letfiy,..., fix € RF denote an approximation of the cluster means such that for
eachic [k, ||u; — fill2 < {llpill2. Let S<{fiy, ..., dx}. Let|S| =71 and H € R**" denote a matrix
whose columns are the vectors in S. Let 0 : [r] — [k] denote a mapping from the the columns of
H to the corresponding cluster. Let W € R"™" be a diagonal matrix such that W (i, i) = /ICo)|-
LetZ = ﬁW.Thenfor any vector x € R” with || x||, = 1 we have

1. 1xTZTZ-Dx| <

Sls

2. 1xT(ZT 21 - Dx| <

N5

Proof. Proofofitem (1) Let Y € R**¥ be a matrix, whose i-th column is equal to v/C; - it;. By
Lemma 3.9 item (2) for any vector a € RF with ||« | =1 we have

(Y'Y - Da |<% (3.116)

Let Y € R**k be a matrix, whose i-th column is equal to /C; - fi;. Note that for any i, j € [k] we
have (YTY)(i, j) = /IGIIC;1{ps, 1) and (YY) (i, j) = \/IC:IC;1{fi, ;). Therefore for any
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i € [k] we have

(YY), ) - TG D] =1CH [I1will5 - @3]
< ICil - 101illz = 17z 12) Uil + 117571 12)]
<ICil - [@llpill2) Ul + A+ Ollpill2)| - Since [[G5112 < (1 +Ollill2

<3-0Ci - llpill3 Since { < 1
<6-( ByLemma3.7||,u,~||§S T
i
Also for any i # j € [k] we have
T .o ST s o
(Y'Y G, ) -G, (3.117)
:\/lci”le'|<ﬁi,ﬁj>_<#i»/~‘j>|
= \JIGNCH [ + (s = i), + @ — ) = (i 1)
< \IGIC1- (18 = pi Bj = pej )+ 1 — s )|+ — e i) ) By triangle inequality
< \/IGIIC;1- (118 — pallallfj — pjllo + 118 — all2llgjll2 + 11 — pjll2llpill2) - By Cauchy-Schwarz
< /IGHICj1- (@& +20) (Ilill2llpjl2) Since |17 — pill2 < {llp;ll2 for all i
1 2
</IGilICjl-6-- — By Lemma 3.7 ||u;||3 < for all
N ToR o Y Hilz= e
<6-¢ (3.118)
Therefore we have
NYTY) - (I < IYTY) - YT D)IE
k & o 5
Z Z (YT, - (¥ TV, )
: J:
k-¢
sﬁ Since { < ve
2¢ 20-k-¢
Thus for any a € R¥ with [la|l2 = 1 we have
|aT((YTY)—(17T?))a|S£ (3.119)

Putting (3.119) and (3.116) together we get

|aT(17T17—I)a| 54.5§
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Let x € R” be a vector with ||x||; = 1, and let a € R¥ be a vector that is xj=ajiffij€Sand
otherwise x; = 0. Thus we have [|a||2 = [|x|l> = 1 and Yz = Zx. Hence, we get

4.5\/€
®

xTZTZ-Dx|=1a’ (Y'Y - Da| <

Proof of item (2) For any vector x € R” with ||x]||, = 1 we have

4.5\/€ 4.5\/€
® ®

1- <x"(Z"Z)x<1+ (3.120)
Note that Z” Z is symmetric and positive semidefinit. Also note that Z* Z is spectrally close to
I, hence, ZT Z is invertible. Thus by (3.120) and Lemma 3.13 for any vector x € R” we have

5/e

P~ 5
1-<xTZ" ) lx<1+ 2=
@ ¢

Therefore we get

IxT(ZT2) ' - Dx| < 57‘{5.

Theorem 3.6. Let G = (V, E) be a d-regular graph that admits a (k, ¢, €) -clustering C, ..., Cy.
Let k = 2 be an integer, ¢ € (0,1), # <é<1,and % be smaller than a positive absolute constant.
Then there exists an event & such that & happens with probability 1 — n=*® and conditioned on
& the following holds.

Letr € [k]. Let6 € (0,1). Let By,..., B, denote multisets of points. Let b = max;e,|B;j|. Let
o : [r] — [k] denote a mapping from the set B to the cluster C = o(B). Suppose that for all
ie[r],Bico(B;)andforalli# je(r],o(B;)# o (Bj). Letfi; = ﬁ * 2 zeB; [z- Suppose that for
eachie|r], || — powll2 < %Ilpillg. Let Tl is defined as a orthogonal projection onto then
span({ﬁl,...,ﬁr})l. Then for all x,y € V we have

|<fx’ﬁfJ’>apx_<fxrﬁfy>| = %,

where ( f, ﬁfy>u,,x := DOTPRODUCTORACLEONSUBSPACE(G, X, J,6,¢,9, By, ..., By). Algorithm

5+0(elp?) . logn)®
p?

6 runs in time b? - (’EC)O(D ‘n
Proof. Runtime: Note that Algorithm 6, first computes matrix X € R"*", and vectors hy, h) €

R¥. To compute X(i, j) forany i, j € [r], as per line 4 of Algorithm 6, we run SPECTRALDOTPRODUCT(G, 2;, 2,6, &)
forall z; € B; and z; € Bj, where |B;| < band |Bj| < b.

Note that by Theorem 3.2, Algorithm SPECTRALDOTPRODUCT(G, z;, 2j,6,¢,2) runs in time

2 2 . B
()00 . po+OElv). (lo%. Thus one can compute the matrix X! in time O(k® + k* - b* -
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2
(5)0(1) nd+oElp*) . (lo%")). Also, to compute hy(i) (respectively, hy(i)) for any i € [r], as per

line 7 and line 8 of Algorithm 6, we run SPECTRALDOTPRODUCT(G, x, z,6,¢',9) for all z € B;

2
(respectively, z € Bj). Thus one can compute /s, and hy in time k- b- (5)0(1) . p0+0Ely? (10(’%’1).

As per line (2) of Algorithm 6 we set & := O(¢ - n-80¢/#") . k=6)_ Therefore the runtime of the

, 2
algoritm is bZ . (]EC)O(D . n5+0(€/(pz) . (10%

Correctness: Let x,y € V. Let H € R¥*” be a matrix whose columns are fiy, ..., fi,. Then we
have H(H” H)™" H” is the orthogonal projection matrix onto span({fii, ..., fi,}). Let W € R™*"
denote a matrix such that for any i € [r], W(i, 1) = \/|Cys(;)|. Note that

(HW) (HEW) (HW)) " (HW)' = HW (W (H H) W ) wHT = H(H"H) " BT

Thus we have (HW) ((HW) T(HW))71 (HW)T isthe orthogonal projection matrix onto span({fi, ..., i}
and we get
fi=1- W (WHHW) " wHT

Therefore, we have
(folify) = (fu fy) - fTHW (WHT HW) " WHT f, (3.121)

Let ( fx, fy),,. *= SPECTRALDOTPRODUCT(G, X, ,5,¢’,9). Then as per line 9 of Algorithm 6 we
have

(follfy), = {fofy),. —hi X' hy, (3.122)

where as per line (4) of Algorithm 6 for any 7, j € [r] we have X (i, j) = (fl;, ), and as per line

(7) and line (8) of Algorithm 6 for any i € [r] we have h, (i) = (ﬁ,-,fx>apx and hy (i) = (@i;, fy)
Note that

apx’
X 'hy = IWW X 'W'Why = Rl WWXW)'Wh,

Therefore by (3.122), (3.121) and triangle inequality we have

(LT, = (LTl <1 fo ) = (o Sy + [REW WX WY YWy — £ HW (WHT HW) ™ WHT £,

Note that by Theorem 3.2 and by union bound over all pair of vertices with probability at least

1-n"190. 42 forall a, b € V we have

I{far ) g = Jar fi) | = % (3.123)

We define
ay=fl HW, A=WH'HW)™!, a,=WH'f,, and

ex=hiW-a,, E=WXW)'-A e,=Wh,-a,
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Thus by triangle inequality we have

|niwWxwW)'Why - fTHWWH HW)'WH' f| =
I @y +ey) (A+E)(ay+e,) —acAa,l, <
lexlzll Allzllayll2 + llaxl2ll Ellzllayll2 + laxl2ll Allzlley |2+

lexl2llEll2llayll2 + laxl2 | Ell2lleyll2 + llexl2ll Allzlleyll2 + llexl2 | Ell2ley 12 (3.124)

Thus we need to bound ||ax|lz, [y ||z, |lexll2, lleyll2, || Allz, || Ellz. Note that [|a|l2 = || f;f HW|l2,
Thus we have ||ay||» < || £, H||2||W]|>. Note that

[[W]l <max W (i,i) = max+/|C;| < vn (3.125)
l 1

Then we bound || £, H||,. Note that || ] H||, =/ §:1<fx,ﬁ,->2.Weﬁrstbound(fx,ﬁ,->.

1
<fx,/~tl>—_ Z <fx’fz>
Bl' Z€EB;
1
21 /2]
IB Z€B; ? fz ?
1
S IRVLNITACRITATS
Bi| Z€EB;
1 k.n40€/(,0 n
‘|Bil k- O —— By Lemma 3.5 and since minICile(—)
|Bl| iek k

<O(k2- n—1+406/(p2)

Since, r < k, we get

-
1 Hllo =3[ 3 (fo i) < VIe- O - 71406107y < 032 . 17406007 (3.126)
i=1

Thus we get
laclla = AL HWIL < | £ Hllal| Wil < O35 ™ 1/2+106107) (3.127)
By the same computation we also have
llay |l < O(k2.5.n—1/2+406/(p2) (3.128)

Next we bound ||ey||2. We have e, = hJ{W—fxTHW. Thus we get [|e||> < IIh;F —fxTH||2||W||2.
By (3.125) we have abound on || W]|,. Note that for any i € r, we have hy (i) = ﬁzzelgi (fx,fz>

apx
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and (f H)()) = 157 Lzep, { fv, f2)- Therefore with probability at least 1 — % we have

HMD%ﬁHWN=%ZKﬁmmw%REN

ZEB,‘
1 . . .
== Z | <fx,fz>a,,x - (fx,fz> | By triangle inequality
|Bl| Z€EB;
1 !
= “|Bil - & By (3.123)
|Bil n

Since r < k, we have

r /
llhy = £ Hllz = \/Z(hx(i) —a,(i))? < \/%%
i=1

Therefore by (3.125) we have

&'Vk
llexllz < [1hy — i Hll2[[Wlz < (3.129)
vn
By the same computation we also have
&'V
eyll2 = 3.130
lleyll2 NG ( )

Next we bound || A||2. Note that A= (HW) Tctgwy-1. By Lemma 3.30 item (2) for any vector
x € R" with ||x||> = 1 we have

[ (W T cwn) ™ 1) 4] < Sve
4
Therefore
5
||A||2=||((HW)T(HW))1||251+%52 (3.131)

Now we bound ||E|| = |[[(WXW)~! = (WHT HW)~!||,. Forany i, j € [r] we have

. 1
(WXW)(Z;])—\/|C0(Bi)||CU(Bj)|'m' > (fer 1) 0

Z,'GBi,Zj€Bj
and 1
(WHTHW)(i,j)=\/|CU(B,-)||CU(BJ-)|'—' > (farfzy)
|Bl|'|B]| ZieBi:ZjEBj
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Therefore with probability at least 1 — n~98 we have

(WXW)(i, j) —(WHT HW)(i, j)|

S —— 1 N
= ‘ |CU(B,-)||C0(B]-)|‘W|BJ_| Z (fz,—z]-_<fz,-,fzj>)

Z[EB[,ZjEBj

1 A . . .
</ICoB)1CoB- BB Y. faz;—{ferfs)| By triangle inequality
il 1Dj

ZiEBi,ZjEBj

1 ¢’
<n-———-|B;|-|Bi|- = By (3.123) and since |C| < n

BB P, Y
(3.132)

Since r < k and by (3.132) we get

IWXW - WHTHW||,| < [WXW - WH" HW||¢

< J _Zrlil((WXW)(i,j) —~(WHTHW)(, j))?
i=1j=
<k-¢
Thus for any vector x € R” with || x||» = 1 we have
xTWHTHW)x—k-& <x"TWxwW)x<xTWHTHW)x+ k- & (3.133)

By Lemma 3.30 item (1) for any vector x € R” with ||x||, = 1 we have

IxT (HW)T (HW) - 1) x| < 57‘?

Hence we have
5ye 1
sTEHWTEHW)x=>1- Sve = (3.134)
@

Therfore by (3.133) and (3.134) we get for any vector x € R” with ||x||, = 1 we have
1=2-k-&)-xTWHT HW)x < xTWXW)x<(1+2-k-&)-xTWHT HW)x (3.135)

Note that WHT HW is a symmetric matrix. Also note that by definition of X in line 4 of
Algorithm 6, X is a symmetric matrix, hence, W XW is symmetric and positive semidefinit.
Also note that W XW is spectrally close to W HT HW and I, hence, W XW is invertible. Thus
by (3.135) and Lemma 3.13 we have

Q=4-k-&)-xTWHTHEW) Ix<xTWxw) lx<1+4-k-&)-xTWH"HW) ' x
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Therefore by (3.131) we have
IEl = IWH HW) ' = (WXW) Hlp <4-k-& - |WHT HW) Y|, =8 k- ¢ (3.136)

Putting (3.136), (3.131), (3.129), (3.130), (3.127), (3.128) and(3.124) together, with probability

=50

atleast 1 — n~>" we have

|lnfwwxw)'Why - ffHEWWH HW)'WH f,| =
I (ax+ey) (A+E)(ay +e,) —acAa,l, <
lexlzll Allzllayll2 + laxl2l Ellzllayll2 + laxl2 [l All2lley |2+

lexl2llEllzllayll2 + laxl2l Ell2lleyll2 + llexl2ll Allzlleyll2 + lexl2 | Ell2ley 2

3 vk K25 n—1/2+40€/(p2

<0 ro YR +O(k‘f,‘k5‘n_l+806/(p2)
Vvn
+0 é-/ﬁ ké-/kzsn—l/2+40€/(p2) +0 5[25 +O(€’2‘Ek€,)
vn n n
5/.,66 . n806/<p2
=0|———
n
1
<_. ¢ (3.137)
2 n
_80¢/¢%) 16
The last inequality holds by setting ¢’ = w as per line of Algorithm 6 where c is a

E’-kﬁ-nS()EI“’Z )

large enough constant to cancel the constant hidden in O ( 7

Therefore with probability at least 1 — n798 > 1 — n759 we have

[(folify),,. ~(FollF)
<oy = {fo )1+ |RTWWXW) " Why, - fTHW (WHT HW) ™ WHTfy|
¢.1é
n

IA

1
+ —
2

By (3.123), (3.137), and since ¢’ <
(3.138)

IA
S|~

Now let & be the event that for all x,y € V we have |<fx»ﬁfy>a,7x —{folify)l < % Then by
(3.138) and the union bound we get that & happens with probability at least 1 — n~* and it is
the claimed high probability event from the statement.

O

Corollary 3.1. Let G = (V, E) be a d-regular graph that admits a (k, ¢,€)-clustering Cy, ..., C.
Let k = 2 be an integer, ¢ € (0,1), 6 € (0,1), % <&<1l, # be smaller than a positive absolute
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constant. Let & be the event that happens with probability 1 — n™48

Theorem 3.6. Then conditioned on & the following conditions hold.

that is guaranteed by

Let r € [k]. Let By,...,By, B’ denote multisets of points. Let b = max{|Bi|,...,|B,|,|B'|}. Let
o : [r] — [k] denote a mapping from the set B to the cluster C = o (B). Suppose that for alli € [r],
S o(B;) and foralli # j € [r], 0(B;) # 0(B;). Let i; = ﬁ ‘Y zeg [z forallie[r], and let

~

{1 = 37 - Lz, fo- Suppose that for each i € [r1, || = poi|l2 < —20‘,/,5(/, |lill2. Let Tl is defined as a
orthogonal projection onto then span({fi1, ..., fi;})*. Then the following hold:

2) (logn)?
(i_g)ou),nmow/(p)_ oqg)zn

1. There exits an algorithm that runs in time b® - and foranyxeV

returns a value ( f,Tift), _such that

(i), (i =

2 2
o+0(lg7) . —(lof,zn) and returns a

2. There exits an algorithm that runs in time b (?)O(” n

value ||Hp|| such that|||Hp - ||ﬁﬁ||§| <%

apx
Proof. Proof of 1: To compute ( fx, ﬁﬁ)m we call Algorithm 6, b times in the following way:

Z DOTPRODUCTORACLEONSUBSPACE(G, X, ¥,6,9,¢,B1,...,B;)  (3.139)
Y€EB

<er :u>apx : |B|

The runtime of Algorithm 6 is b?- ( )O D), ,0+0(el9?) . -(log n)?. Lz thus the runtime of compu-

tation of ( fy, Tigr), is b*- (5)00- n5+0 €l9°) . (log n)? - o7 Moreover by Theorem 3.6 and the
assumption that & holds we have

|(foTIR),,, = (o IR)| = | = 3 (frally),,, = (o T1)

IB’ =
IB’ Y |< foIly Daps — (o ﬁﬁ>| By triangle inequality
yEB’
1 ;€
<—|B|- 2> By Theorem 3.6
|B’| n
<4
n

Proof of 2: To compute ||ﬁﬁ ||ipx we call the procedure from item (1) b times in the following
way:

2 .

apx " |B |

(foTm),,. - (3.140)

xeB

vz

The runtime of the procedure from item (1) is b® - (’?“)O“) - nd+ 0l (Jogn)? . %, thus the
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runtime of computation of { f, ﬁﬁ)m is b* - (%)O“) - nd+0El9) . (logn)?- #. Moreover by item
(1) we have
a2 o PP PP
Ifia)2, - 1f@i3| = |(a.fa),, - (o))
1 ~ 1 ~
- BN Z <fx’HIJ>apx__l. Z <fx,Hll>
1Bl X€B’ |B'| Xx€B’
1 ~ —~
<— ) [(foll@),, — > (foll@) By triangle inequality
|B'| X€B’ X€B’
1 3 .
Sﬁ.u}q.z By item (1)
<&
n
O
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3.6 The main algorithm and its analysis

In this section we show that, by having access to approximate spectral dot-products for a
(k, @, €)-clusterable graph G, we can assign each vertex in G to a cluster in sublinear time so
that the resulting collection of clusters is, with high probability, a good approximation of a
(k, ,€)-clustering of G. In particular, we can show that the fraction of wrong assignments per
cluster is at most C- % -log(k), for some constant C > 0. In the next subsection we describe
our algorithm then in the remaining part of the section we present its analysis.

3.6.1 The Algorithm (Partitioning Scheme, Algorithm 7)

We first present an idealized version of the sublinear clustering scheme defined by Algorithm 7
and Algorithm 10. In this section to simplify presentation we assume ¢ to be constant.

The algorithm can be thought of as consisting of 3 parts. The first part, described in paragraph
Idealized Clustering Algorithm, is a procedure that explicitly, in iterative fashion, produces
a k-clustering of G. More precisely it recovers clusters in O(log(k)) stages, where for every i
after the i-th stage at most k/2¢ clusters are left unrecovered. The algorithm can be thought
of as a version of carving of halfspaces in R* and it relies on the knowledge of cluster means
Ui,..., Ui (recall that y; = ﬁ Y xec; [x). Thatis why in paragraph Finding approximate cen-
ters we show how to compute approximations of y;’s. To find good approximation to u;’s we
need to test many candidate sets {fi1, ..., i}, which also means considering many candidate
clusterings. This is a problem as we want our procedure to run in sublinear time but the
idealized partitioning algorithm constructs clusterings explicitly! To solve this we explain in
paragraph Verifying a clustering how to emulate the partitioning algorithm to test that, for a
set of {{i1,..., [y}, it indeed induces a good clustering.

Idealized Clustering Algorithm.Assume that the we have access to cluster means {u;,..., i}
and dot product evaluations. The algorithm proceeds in O(log(k)) stages, in the first stage
it considers k candidate sets C;, where x € C; iff fx has big correlation with y; but small
correlation with all other u;’s. More precisely x € C; iff:

{ e i) = 0.93]|pl1? and for all j # i { fr, ;) < 0.9311p11%.

Note that by definition all these clusters are disjoint. Moreover we are able to show (see
Lemma 3.37) that at least k/2 out of @ 's are good approximate clusters, that is for each one of
them there exists j such that IéiAC il < O(e)-1Cj| . At this point we return these good clusters,
remove the corresponding vertices from the graph, remove the corresponding p’s from the set
{u1,..., Uit of still alive centers and proceed to the next stage.

In the next stage we restrict our attention to a lower dimensional subspace IT of R¥. Intuitively
we want to project out all the directions corresponding to the removed cluster centers. Recall
that u;’s are close to being orthogonal (see Lemma 3.12 and 3.7) so projecting the returned
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directions out is almost equivalent to considering the subspace I1 := span({y;,..., up}), where
{u1,..., up} is the set of still alive u’s. Now the algorithm considers b candidate clusters where
the condition for x being in a cluster i changes to:

(e, M) = 0.93|Ty;1|* and for all j € [B], j # i { fi, [Ty ) < 0.93| T[>,

We are still able to show (also Lemma 3.37) that at least b/2 out of them are good approximate
clusters. That is for each i there exists j such that IC. iACj| = O(€) - |Cj| but this time the
constant hidden in the O notation is bigger than in the first stage. In general at any stage ¢ the
bound degrades to O(e - t). At the end of the stage we proceed in a similar fashion by returning
the clusters, removing the corresponding vertices and p’s and considering a lower dimensional
subspace of IT in the next stage.

The algorithm continues in such a fashion for O(log(k)) steps, as we guarantee that in each
stage at least half of the remaining cluster means is removed. Thus the final guarantee is: there
exists a permutation 7 on k elements such that for every i:

ICr(1yAC;] < O(elog(k)) - IC;l.

The decreasing (in the inclusion sense) sequence of subspaces (Ily, ..., Tjog(k)) corresponds to
the subspaces constructed in Algorithm 7, while this offline algorithm as a whole corresponds
to the sublinear Algorithm 10 that implicitly tries to construct a sequence of subspaces that
(with respect to Algorithm 7) defines a good clustering.

Finding approximate centers.Note that cluster means are defined by the clustering, so it may
seem that finding approximate means is a difficult operation. However, there is a relatively
simple solution to this. In Algorithm 10 we find approximate cluster means by sampling
O(%2 Kt log(k)) points, guessing cluster memberships and considering the means of the sam-
ples as cluster centers. We use that the mean of a random sample of a cluster is typically close
to the true mean of its cluster and so our sample means will provide a good estimation of the
true means. We also remark that sampling a single vertex from each cluster does not seem to
provide a sufficiently good estimate, i.e. we require to take the mean of a sample set.

Verifying a clustering.We also need a procedure that given an implicit sequence of subspaces
(TTy, ..., Theg(k)) checks whether they indeed define (via Algorithm 7) a good clustering. In fact,
for every guess of cluster centers and the corresponding (as implicitly created by Algorithm 10)
sequence of IT’s we need to be able to check efficiently if the resulting clustering is a good
approximation of a (k, ¢,€)-clustering. Since we would like to do this in sublinear time as
well, we need to do this verification by random sampling. Then we design a procedure that
consists of two steps. In a first step, we check if the cluster sizes are not too small. This is
only a technical step, which is needed to make sure that the later steps work. The main step
is to test whether every cluster has small outer conductance (Algorithm 11). In order to do
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so, we sample vertices uniformly at random and check whether they are contained in the
cluster that is currently checked. If this is the case, we sample a random edge incident to
the sample vertex. This way, we obtain a random edge incident to a random vertex from the
current cluster (this follows since the conditional distribution is uniform over the cluster). We
use standard concentration bounds to prove that we get a good approximation.

In the partitioning scheme and in the analysis a useful definition are subsets of vertices
called threshold sets. A threshold set of a point y is the set of vertices with dot products (or
approximate dot product) with y being above a specific threshold, more formally:

Definition 3.8 (Threshold sets). Let G = (V, E) be a (k, ¢,€)-clusterable graph (as in Defini-
tion 3.2). Recall that f; = F1 . For y € R¥,0 € R* we define:

Cyo:=1{xeV:{fo,y)z0llyll*}

Definition 3.9 (Approximate threshold sets). Let G = (V, E) be a (k, ¢,€)-clusterable graph
(as in Definition 3.2). Recall that f, = Fl,. For@ e R" and y € R¥ such that Y= ﬁ(ﬁ), where I
is the orthogonal projection onto span({fi,..., fip})* and each fi, iy, ..., fi, is an average of a
set of embedded vertices:

o= (xe Vi{foy),, 20|yl (3.141)

Recall that a discussion of how (-, -) 4px and | - [ 4px are computed is presented in Section 3.5.6.

Algorithm 7 HYPERPLANEPARTITIONING(x, (T1, 1>, ..., Tp))
> Tj’s are sets of [i; where fi;’s are given as sets of points
> see Section 3.5.6 for the reason of such representation

1: fori=1to bdo

2 Let IT be the projection onto the span(U j<i Tj)L.

3 LetSi:szi T]‘

4: for e T; do

5 ifxe Cﬁ%o.% \Upres vy CF[’Z(’,O.Q?, then > see (3.141) for definition of C;i;
6 return [i

HYPERPLANEPARTITIONING is the algorithm that, after preprocessing, is used to assign vertices
to clusters. In the preprocessing step (see COMPUTEORDEREDPARTITION in Section 3.6.3) an
ordered partition (T7,..., Tp) of approximate cluster means {fiy, ..., i} is computed. HYPER-
PLANEPARTITIONING invoked with this ordered partition as a parameter induces a collection
of clusters as follows:

Definition 3.10 (Implicit clustering). For an ordered partition (73,..., T}) of approximate
cluster means {{iy, ..., iy} we say that (T1,..., T) induces a collection of clusters {6;11, cee) Cﬁk}
ifforall i € [k]:

éﬁi = {x € V: HYPERPLANEPARTITIONING(X, (T1,..., T})) = fii} .
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Remark 3.6. Ordered partition (11,..., Ty), precomputed in the preprocessing step (assuming
access to {1, ..., 1x}), will correspond to the Idealized Clustering Algorithm in the following
sense. Number of sets in the partition (i.e. b) corresponds to the number of stages of Idealized
Clustering Algorithm and for every i € [b] T; contains exactly the i’s returned in stage i.

In the rest of this section we explain how to compute an ordered partition (T1,..., T) of a set
of approximate centers (fiy, li2, ..., i) such that the induced clustering {éﬁl Yeeey éﬁk} satisfies
that there exists a permutation 7 on k elements such that for all i € [k]:

~ €
CpsCrio| = O Z5-logth) I Co.

We start, in Subsection 3.6.2, by studying geometric properties of our clustering instance.
Recall, that we denote with y; the center of cluster C; in the spectral embedding. We show
that, for specific choices of 8, the threshold sets of i; have large intersection with the cluster
C; and small intersections with all other cluster C;. This fact intuitively suggests that our
partitioning algorithm works. Unfortunately, as discussed in the technical overview, this is
not enough to prove a per cluster guarantee. For this reason in Subsection 3.6.3 we analyze
the overlap structure of {Cu -+, Cyy 9} more carefully and we give an algorithm (see COM-
PUTEORDEREDPARTITION) that given real centers {y;,..., x} and access to exact dot product
evaluations computes an ordered partition of {u,..., ur} that induces a valid clustering. In
Subsection 3.6.4 we present an algorithm that guesses the cluster memberships for a set of
randomly selected nodes and, using those guesses, approximates cluster centers. Interestingly,
we can show, in Subsection 3.6.4, that for the set of correct guesses the algorithm returns
a good approximation of the cluster centers. Finally in Subsection 3.6.5 we show that we
can find an ordered partition that induces a good clustering even if we have access only to
approximate quantities. That is we show that even if we have access only to approximate
means {fi,...,dx} and the dot product evaluations are only approximately correct then we
can find an ordered partition (77, ..., Tp) that induces a good collection of clusters. The last
ingredient is to show that we are able to check if the clustering induced by a specific ordered
partition is good. To solve this problem, we design an efficient and simple sampling algorithm
which is also analyzed in Subsection 3.6.5.

3.6.2 Bounding intersections of C,;, o with true clusters C;

In this subsection we show that, for specific choices of 8, the threshold sets of u; (recall that
1;’s are cluster means in the spectral embedding) have large intersection with C; and small
intersections with other clusters. The main idea behind the proof is to use the bounds on
dot product of cluster centers presented in Lemma 3.7. In particular, we use Lemma 3.6 to
relate % with the directional variance of the spectral embedding in the direction of y; (i.e.
Yxec; {fx— Wi a)?). Then we use the definition of threshold set to upper and lower bound
(frr ”Zﬁ) and Lemma 3.7 to upper and lower bound the dot product between cluster centers.
By combining the bounds we obtain the following result:
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Lemma3.31. Letk=2,¢€(0,1) and # be smaller than a sufficiently small constant. Let G =
(V,E) be a d-regular graph that admits a (k, p,€)-clustering{C1,...,Ci}. If ;s are cluster means
then the following conditions hold. Let S c {y,, ..., ui}. Let 1 denote the orthogonal projection
matrix on to the span(S)*. Let w € {u1,..., ur} \ S. Let C denote the cluster corresponding to the
center |. Let

= {x € V:(TIfy, TTy) = 0.96]| T3}

then we have:

4
|C\C|<&|CI
¢*

Proof. Let x€ C\ C. Then:

‘<” f"’nr?uuz>‘ ’< (B f")’nn:l|2>’

>0.04- [Tyl Since (ITf, TTy) < 0.96/Mul3

Ve
=0.04-(1-24—|Ilull2 By Lemma 3.12

2

1

>0.04- (1 —40£) — By Lemma 3.7

¢ ]\ IC|

1 . € . .
=0.024/ — Since — is sufficiently small
IC] %

Then by Lemma 3.6 applied to direction a = ”gﬁ we have ¥ ¥ e, (fi — i, a)’ < %. On
the other hand

de _ & My \2 IC\C|
— Z Y (fi-mna) = Y <fx—u,—“> >0.0004 - .
(P i=1xeC; +eC\E (ITTgello |C|
Using the above we conclude with |C\ 6| < 104éICI. O

Remark 3.7. Notice that the constants in Lemma 3.32 are different, they are equal 0.96 and 0.9.
The reason is that the real tests for membership in Algorithm 7 are performed with constant 0.93
and the slacks are needed as we have access only to approximate dot products. See (3.214) for
the formal reason.

Lemma 3.32. Letk=2, ¢ € (0,1) and 5> be smaller than a sufficiently small constant. Let

= (V,E) be ad-regular graph that admlts a (k,p,e)-clustering{Cy,...,Cy}. If ;s are cluster
means then the following conditions hold. Let S < {i,...,ux}. Let I1 denote the projection
matrix on to span(S)*. Let € {u,..., i} \ S. Let C denote the cluster corresponding to the
center L. Let

C:={xe V: (IIf,, ) = 0.9]Tull3}
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then we have: .
IChn(V\O)| = IOOEICI.

Proof. Letxe CN(V\C). Then there exists cluster C’ # C such that x € C'. Let 1 be the cluster
mean of C'. Then:

it | = g ) [t )| By wiangeneaqua
- , Iy, By triangle inequali
’<f’“ Ml Jx IIHﬂllz ST ytriangle inequatity

, Tp ~
20.9||H,u||2—’<1'[u,”Hﬂ”2>‘ AsxeC

Note that either ¢’ € S and then Iy’ = 0 and in turn |{(IIg/, )| = 0 or ¢’ ¢ S and then

|{Ty, )| < 6?p‘2/5 \/ICIIW by Lemma 3.12. Thus we have

II 60ve 1 1
’<fx—u’,—“> = 0.9l Myl - 2YE
(1Tl VICl-1C7) M pell2
1 120/ 1 1
>0.8 - -v/IC| byLemma 3.12 and Lemma 3.7, |[TTu|l, =
VICT 9> /ICI1C| 2-VICl
1 . € . IC]
=024/ — Since —; sufficiently small and —- constant
IC] ¥* IC|

(3.142)

Then by Lemma 3.6 applied to direction a = ”1}[1% we have Zle Y ec, {fx— 1i» a>2 < %. On
the other hand using (3.142) we get

My, \? ICN(V\O)
_>Z Z <fx I'Ll’a> Z <fx_I'LX) H > 2004T

i=1xeC; xeCn(V\O) Tkaccll2

Therefore we have |6ﬂ (V\C)| < 100§|C|. O

3.6.3 Partitioning scheme works with exact cluster means & dot products

The goal of this section is to present the main ideas behind the algorithms and the analysis. In
this section we make a couple of simplifying assumptions. We assume that:

* We have access to real centers {ly, ..., Ui},
* Dot products computed by the algorithm are exact,

* Atest, that relies on computing outer-conductance of candidate sets, for assessing the
quality of clusters is perfect.

Whenever we use one (or more) of these assumptions we state them explicitly in the Lemmas.
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Later in Section 3.6.5 we show that we can get rid of all of these assumptions.

In the previous section we showed geometric properties of the threshold sets. Recall that
threshold sets are defined as follows:

Cyo:=1xeV:(fay) > 0||yll%.

In this section, using these properties of threshold sets, we show an algorithm that given exact
centers, access to real dot products and a perfect primitive for computing outer-conductance
computes an ordered partition (T4, ..., Tp) of {u1,..., ur} such that (711, ..., Tp) induces a good
collection of clusters.

Algorithm 8 COMPUTEORDEREDPARTITION(G, i1, [i2, ..., Uk, S1, S2) > [i;’s given as sets of
points

> s is # sampled points for size estimation

> sp is # of sampled points for conductance estimation

L Si= {0, )
2: for i =1 to [log(k)] do
3: Ti:=¢
4 forjieSdo
5: ¥ := OUTERCONDUCTANCE (G, i, (T1, T2, ..., Ti-1), S, 81, 2) > Algorithm 11
6: ify < O(ﬁ -log(k)) then
7: T;:=T;U {ﬁ}
8: S:=8\T;
9: if S= @ then
10: return (TRUE, (Ty,...,T;))

11: return (FALSE, 1)

To explain and analyze COMPUTEORDEREDPARTITION we first need to introduce another
algorithm and some definitions.

Definition 3.11. For a set {ay,..., a;} we say a sequence (Sy,...,Sp) is an ordered partial parti-
tion of {ay, ..., a;} if:

° U]E[p] S] < {aly LX) ai}»

e §;’s are pairwise disjoint.
Intuitively Algorithm ISINSIDE emulates CLASSIFYBYHYPERPLANEPARTITIONING on ordered
partial partition (T1,..., Tp). This intuition is made formal, after introducing Definition 3.12,

in Remark 3.8. For this we need additional notation for clusters that are implicitly created by
ISINSIDE. We define:
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Algorithm 9 ISINSIDE(x, {i, (T, T, ..., Tp), S)
> Tj’s are sets of [I; where fi;’s are given as sets of points
> see Section 3.5.6 for the reason of such representation
> S = set of not yet processed centers, fi € S

1: fori=1tobdo

2: Let IT be the projection onto the span(U;<; Tj)l

3: Let Si:(szi Tj)US

4: for 1;€ T; do

5 if x € Cz. .03 \Upresinian iy .95 then > see (3.141) for definition of C;f’g
6: return FALSE

7. Let IT be the projection onto the span(U;<p Tj

8 ifxe Cl‘f[Z‘O 93 \Umres\ia CHﬁ’,0.93 then > see (3.141) for definition of C;f’g"
9:

return TRUE
10: return FALSE

Definition 3.12 (Candidate cluster). For an ordered partial partition P = (T1,..., T) of ap-
proximate cluster means {fiy, ..., ¢} and [ € {{y, ..., Gx}\Uie(p) Ti we say that 65 is a candidate
cluster corresponding to [ with respect to P if:

65 = {x € V : ISINSIDE

xR, m\ U T,')ZTRUE}.
ie[p]

Furthermore we define: V? := V\|J; j<pUper; C(ATL’ T

Algorithm ISINSIDE receives a vertex x, the centre of a cluster fi, and an ordered partial
partition, then it tests if vertex x is not recovered by any of the previous stages (see line (5)
of Algorithm 9) and can be recovered at the current stage using fi. More formally, it can be
recovered at the current stage if it only belongs to the candidate cluster corresponding to the
center [i (see line (8) of Algorithm 9).

Remark 3.8. Note that Definitions 3.10 and 3.12 are compatible in the following sense. For an
ordered partition (Ty,..., Tp) of approximate cluster means {{iy, ..., i} that induces a collection
of clusters {Ca,, .., Cp,} it is true that:

{ [y Cﬂk}_ U U {C(T1 ..... ll)},

ie[b) geT;

Equipped with Definition 3.12 we are ready to explain Algorithm COMPUTEORDEREDPARTI-
TION. The Algorithm proceeds in O(log(k)) stages. It maintains a set S of approximate cluster
means, that initially is equal to {fi;, ..., fix}, from which [i’s are removed after every stage. At
every stage i a collection of sets

(g U{C Tlr )Tl 1)}
[es
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is implicitly considered. In fact sets in this collection are, by definition, pairwise disjoint
(see Defnition 3.12 and line: 8 of ISINSIDE). C‘%TI"“’TH)’S are defined as threshold sets (see
Definition 3.8) that are made disjoint by removing intersections. The main idea behind
the Algorithm is to use properties from Section 3.6.2 so that we can show that (A?LAT"“"T"’I)’S
match some C;’s well. Unfortunately after removing the intersections the above property
might not hold for every cluster in €;. In the rest of this section we show however that it is

true for a constant fraction of sets from %;. The Algorithm COMPUTEORDEREDPARTITION
T Ti
. [

implicitly removes the vertices of Cgl"“’T“) from consideration. Moreover it projects out the

proceeds by discarding, from set S, the fi’s for which - matches some C i's well and

directions corresponding to the removed [i’s and restricts its attention to a lower dimensional
subspace IT of R* (see Idealized Clustering Algorithm from Section 3.6.1 for comparison).
The Algorithm doesn’t know which sets from %; are good as it runs in sublinear time. That is
why we develop a simple sampling procedure that computes outer-conductance of candidate
clusters (see Algorithm 11). Then the Algorithm removes the f’s for which the corresponding
A%Tl""’Ti“) have small outer-conductance. We conclude using the robustness property of

(k, @, €)-clusterable graphs (Lemma 3.16) that these tests are enough.

The rest of this subsection is devoted to showing that if COMPUTEORDEREDPARTITION is
called with (@1, ..., i) equal to (u1,..., 4x) and the algorithm has access to real dot products
then COMPUTEORDEREDPARTITION returns TRUE and an ordered partition (71, ..., Tp) (of
{u1,...,ux}) that induces a collection of pairwise disjoint clusters {éﬂl Yooy éﬂk} such that for
every i:

¢(C,) =0 (% «log(k)). (3.143)

Then using Lemma 3.16 we get that there exists a permutation 7 such that for all i € [k]:

~ €
|Ci ACH(| < o(E -log(k)) |Criy)- (3.144)

The core of the argument is an averaging argument that, for every linear subspace of R,
bounds the average distance of embedded points to their centers in this subspace. What is
important is that the bound depends linearly on the dimensionality of the subspace.

Lemma 3.33. Letk =2, ¢ € (0,1) and ﬁ be smaller than a sufficiently small constant. Let
G = (V, E) be a d-regular graph that admits a (k, @, €) -clustering {Cy, ..., Ci}. Then for all L < R¥
- a linear subspace of R¥, 1 the orthogonal projection onto L we have:

Y Idfe-Tuxl3< 0 (dim(L) : é)

xeV

Proof. Letb:=dim(L) and {w;,..., wp} be any orthonormal basis of L and recall that for x € V
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[ is the cluster mean of the cluster which x belongs to. Then

b
Z ”fo_HHx”g = Z <fx_/-lxr wi>2
xeV xeVi=1
b
= Z Z (fx— b wi>2
i=1xeV
4e
<b- E By Lemma 3.6

O

In order to show (3.143) we need to show that a constant fraction of candidate sets CLTI """ Tirg
match some C;’s well. To do that we argue that that sets of the form Cpp 09 (Where ITis the
orthogonal projection onto the span(U i<i Tj)L) don’t overlap too much. We do this in two
steps. First in Lemma 3.34 and Lemma 3.35 we show that points from the intersections are far
from their centers. Then in Lemma 3.36 below we show that having too many such vertices
would contradict Lemma 3.33.

Lemma 3.34. Letk =2, ¢ €(0,1) and % be smaller than a sufficiently small constant. Let
G = (V,E) be a d-regular graph that admits a (k, @, €)-clustering {Cy, ..., C¢}. Let{vy,..., vi} € RK
be a set of vectors satisfying:

L] 7 i ﬁ 1
|<Vlryj>lso((ﬂ)\/m

lwill? - | <o

S5

)

lvjl Il
vl
IR

Then for every pair i # j € [k] for every0 € (0,1) ifa := andl:=Cy gN C,,j,g ={xe

lvill2+lv; 12

Vi (foviy =2 01vill® A{fy, vj) = 01lv|1?} then the following conditions hold:

1. Correlation of vector v, with the direction a is as follows:

e forallpe (k] \{i,j},<ﬁ,vp> < o(ﬁ)-M foralli # j € [k]

? ) v+’
.. lvil-lv;l .
e forallpe {l,]},<ﬁ, vp> < (1 + O(%E)) . ”:}’inz—jljlfvjnzforalll € [k]

2. Spectral embeddings of vertices from set I have big correlation with direction a.

(1) oo E]) -
=1 el O JIvil2 + ;12

5o - lv,lI — T _ 27,
Proof. For all p € [k] let U, := vp/|lvpll. Lety := NI @ :=yv;++/1-7y°V}, and

a:=alllall. Fixi # je[l,..., k]. First we show that since v;’s are close to orthogonal we have
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|lal* = 1. More precisely we will upper bound [||a||* - 1|

y2||v,-||2+(1—y2)||ﬁ,~||2+27\/1—Y2<17iﬁj>—1‘
_ 2(vi )
llvill2 +1lvjl1?

2:0(%) o=
(-
O

()
|

E)W
°f

lllell*-1| =

as [|vill =117}l =1

IA

By assumptions

I\
Qo

SERE

ICil +1Cjl
) VIGiICjl
a8 ——— =<
max(|C;l,1Cjl)
(3.145)

IA

Observe the following fact:

VI=v2-lvjll=y-lvill (3.146)

Next notice the following:

(a, vi) =yIlvill + D3, Uy -/ 1= Y2l will (3.147)
(a,vj) =0, 7)) - yllvjll+/1=y?v;ll (3.148)

Forall p€{L,2,...,k}\{i, j}
(@, vp) = (01, Up) - yllvpll + (T}, Up) /1= V2lIpll (3.149)

Moreover for all p # g € [1,..., k] we have

! (vg,vp) <O(\/E ! ICpl ! By assumptions
—— , = —_— y
wplP =0 T e (- o))
C
<0 (ﬁ M for small enough %
@ )\ 1Cql P
C
< O(ﬁ as M =0(1) (3.150)
@ |Cql
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Using the above we can prove:

(Ui, 0j)-\/1—7 2[|vill| =

‘\/1 y? ||v,|| |2 (v, vj)
s\/l—y2-||v,-||-o(?) By (3.150)

=O(£)'Y‘||Vi|| By (3.146) (3.151)
®
And similarly we show:
~ 1
[T, 7)) -yllvjll| = ‘y llvill- ToE (vi,vj)
sO(ﬁ)thlvill By (3.150) (3.152)
4

Forall pe{l1,2,...,k}\ {i, j} we get

[, p)| = [(@ 7)Yl + (T, 5p) (1= 1211w, By (3.149)
—’(l}' vp) - —=|lvilly| + (v, v >; v
TR N N TP
50(%).%”1&.“ By (3.150) and (3.146)

(3.153)

Combining (3.147), (3.148), (3.151), (3.152) and (3.153) we get that for all p € {i, j} we have

(a,vp) < 1+O(§))'Y'””i“ (3.154)
andforall pe{l,..., k}\{i, j}
(a, v,,)so(g)-y-nvin (3.155)

Now using (3.145) we get that for all p € {i, j}

(@ vp) < ;(Ho(g))w-llvm < (1+o(§)). valllio;

1_0( ) VIil2+ 11112

S5

andforall pe{l,..., k}\{i, j}

4

e — V. ] < S —
1_0(%5) ¢ VIlill?2+1vjl12

These two inequalities establish the first statement of the Claim.

(@, vp) <

1 O(ﬁ) v IIVzII—O(\/E)' ltvillllv;ll
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Recall that
I={xeV:{fov)Z0llvill* A{fe, vj) 2 0llvjl1%}

Now let x € I. Then observe

(an ) = (-7 fy+ (V1 =10 1)

2y-0-|vill +1/1-7y2-0-||vjl| because x € [
=20-y-llvll by (3.146)

Hence

- 1
(@, fx) 2 —==20-y-llvill By (3.145)
€
1+ 0(7

z(ze—o(f))-y-nvin

5

Now we use technical Lemma 3.34 to show that vertices from the intersections of Crj 0.9’ are
far from their centers.

Lemma 3.35. Letk =2, ¢ € (0,1) and % be smaller than a sufficiently small constant. Let
G = (V,E) be a d-regular graph that admits a (k, @,€) -clustering {Cy, ..., Ci}. If u; s are cluster
means then the following conditions hold. For all S c {u,...,ux} if L:= span(S)* and 1l is the
projection on L then if x € V is such that

(T fie, T ) = 0.9 Mg 15 A (T1f, T ) = 0.90 Mg 113

forsome pi, i €y, ..., uxt\ S, ui # . Then:

1
ITLfy — Myl 2 0.3y —————
fx ! maxpe(k |Cpl

Proof. Let x € V be such that (I1fy, Iy;) = 0.9(My; )35 and (I fy, ;) = 0.9k l5. Note
that by Lemma 3.12 set {I1yy,..., [y} satisfies assumptions of Lemma 3.34. So applying
Lemma 3.34 for 6 = 0.9 we get that there exists a € span{llu;, Iy}, [|a|| = 1 such that:

« (@, fe)=(@,IIfs) = (1.8 - O(%)) Lol

/I 124+ (1T 112
o Ve . 1T |- 11 TTga |
(a, Ty ) < 1+ O( o) W for all p € [k]
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Thus we get

[T fr — Mgl = [ (@, T fi) — {a, Ty ) |

§ (0.8_O(£)). Mgl - 1T |
P\ I + T 12
T - 1w

s, Ml T

By assumption that % small (3.156)
V12 + 10012 ¢

without loss of generality we can assume |[I1y;|| = |[T1g[|. Then we get:

Il Il I
VT 2+ 10012 /1 0 2 T2
1
= — ||yl
vzt
1 €
> Lemma 3.12, assumption that — small
2\/ maXpek |Cp| ¢
(3.157)
Combining (3.156) and (3.157) we get:
1
[IIfx —pxll 20.3 —==—=
\Y4 maXp(—:[k] |Cp|
O

Combining Lemma 3.33 and Lemma 3.35 we show that sets Cyy;,0.9’s don’t overlap much.

Lemma 3.36. Letk =2, ¢ € (0,1) and % be smaller than a sufficiently small constant. Let
G = (V,E) be a d-regular graph that admits a (k,@,€)-clustering {Cy, ..., Ci}. If u;’s are cluster
means then the following conditions hold. For all S c {uy, ..., ux} if L:= span(S)*, dim(L) = b
and I1 is projection on L then:

€

U Crip,09 N Criw 09| = O (b- —2) .

(VS IDI N )
HEY

13

Proof. Let x € V be such that (I1fy, Iy = 0.9]Mpull5 and (T1fy, Mg’y = 0.9y |13 for some
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W, 1" € {uq,..., gt \ S. Then by Lemma 3.35 we get that

1
ITIfy — Tl 20.3‘/—. (3.158)
fx Hx max,eqq 1G]

On the other hand Lemma 3.33 guarantees:

Y ||fo—Hux||§so(dim(L)-§) (3.159)

xeV

maXpex 1Cpl

Combining (3.158), (3.159) and the fact that Mty 1] = O(1) we get
€\ n
U Crig,0.93 N Criy,0.93| = O|b-— T
ol €41k \S @

O

Our bounds above enable the following analysis. At every stage of the for loop from line 4 of
Algorithm 8 at least half of the candidate clusters:

e A(Ty,..., Ti—1)
%= U1IC; b
Hes
passes the test from line 6 of Algorithm 8, which means that they have small outer-conductance
and satisfy condition (3.143).

Lemma3.37. Letk=2,¢p¢€ (0,1) and ﬁ -log(k) be smaller than a sufficiently small constant.
Let G = (V, E) be a d-regular graph that admits a (k, p,€)-clustering {Cy, ..., Cy}.

If COMPUTEORDEREDPARTITION (G, [i1, iz, . .., Hk, S1, S2) is invoked with (11, ..., ix) = (U1, ..., L)

~ ? ~
and we assume that all tests Algorithm 8 performs (i.e. (follg) >0.93 ||Hﬁ ||ipx) are exact

apx
and OUTERCONDUCTANCE computes outer-conductance precisely then there exists an absolute
constant Y such that the following conditions hold.

Foranyi € [0..1og(k)] assume that at the beginning of the i -th iteration of the for loop from line 4
of Algorithm 8 |S| = b and, up to renaming of u’s, S = {l1, ..., p}, the corresponding clusters
are 6 ={Cy,...,Cy} respectively and the ordered partial partition of u’s is equal to (Ty, ..., Ti_1).
Then if for every C € € we have that |V Tv-Ti-0 n C| > (1 -Y-i- %) |C| then at the beginning
of (i + 1)-th iteration:

1. |S| = b/2 (that is at least half of the remaining cluster means were removed in i-th
iteration),

where (Ty,..., T;) is the ordered partial partition of u’s created in the first i iterations.
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Proof. Leti € [0..1og(k)], without loss of generality we can assume that S = {y,,..., up} (if not
we can rename the p’s) at the beginning of the i-th iteration and the corresponding clusters
be € = {C1,...,C}} respectively. Assume that for every C € € we have that |V7Ti-0 1 C| >
(1 -Y-i- é) |C|. We start by showing the first part of the Lemma.

At least half of the cluster means is removed from S:

Let u € S, T1; be the orthogonal projection onto the span(U<; Tj)L, where (T7,...,T;—1) is the
ordered partial partition of {y,..., ux} created before iteration i by COMPUTEORDEREDPARTI-
TION. For brevity we will refer to (11, ..., T;—1) as P in this proof. Let

I:= U Cr;pr,0.93 N Cr,p7,0.93-
wop"E{un, . i}

By Lemma 3.36 we have that

€ n
Il< 0O b_ - —
= ( wz) k

So by Markov inequality we get that there exists a subset of clusters Z < € such that || = b/2
and for every C € # we have that
€\ n
ICmIISZ-O(—Z)-— (3.160)
9-) k
We will argue that for any order of the for loop from line 4 of Algorithm 8 it is true that for every
C € Z with corresponding mean p the candidate cluster éﬁ satisfies the if statement from line
6.

First note that behavior of the algorithm is independent of the order of the for loop from
line 4 of Algorithm 8 as by definition 65 's for u € S are pairwise disjoint. Now let C€ &, u
be the corresponding mean to C and 65 be the candidate cluster corresponding to p with
respect to P = (T1,..., Ti_1). By inductive assumption |[VF nC| = (1 -Y-i- #) |C| so by (3.160),

maxpex) 1Cp

| .
Lemma 3.31 and the fact that mn,e0 1G] = O(1) we get that:

IEPnCl= (1—Y-i-%)|C|—o(%)ﬁ—o(%)m
¢ o)k e
> (1—0(%-10g(k)))|C| (3.161)

To prove that 65 passes the outer-conductance test we also need to show that 65 doesn’t
contain a lot of points from V' \ C. By Lemma 3.32 we get that:

|éﬁm(VP\C)|s|65n(V\C)|so(iz)|C|. (3.162)
¢
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Combining (3.162) and (3.161) we get that:
~ €
ICPACI < O(E -log(k)) IC| (3.163)

Now we want to argue that 65 passes the outerconductance test from line 6 of Algorithm 8.
From the definition of outer conductance:

E(C,V\CO) +dICEAC]
d(Cl-1CHAC))

¢(C,) <

E(C,V\C)+ d-O(# -log(k)) IC|

<

from (3.163)
d(ICI- 0[5 log(k)) ICI)

0() -0 tos®)

E(C,V\(O) ( € )
< because —— < —
1—0(§-log(k)) d|C| @
<0 (% . 1og(k)) for sufficiently small % -log(k)
and it follows that

P(CH) = o(% -log(k)),

which means that 65 passes the test as we assumed that OUTERCONDUCTANCE computes
outer-conductance precisely.

Clusters corresponding to unremoved p’s satisfy condition 2:

Now we prove that for every p that was not removed from set S only small fraction of its
corresponding cluster is removed.

Let u € Sbe such thatitis not removed in the i-th step. Let II; be the orthogonal projection onto
the span(U<; Tj)i. Let C € € be the cluster corresponding to . By assumption |V nC| =

of u’s created in the first i-th steps of the for loop. We get that there exists u' € {u1,..., up}
such that x € 65, (recall that 65, is the candidate cluster corresponding to u’ with respect to
P=(Ty,...,T;_1)). Recall (Definition 3.12) that 65, is defined as:

Cﬁ, = {x € V : ISINSIDE

x 1, B, .o u\ U Tj)zTRUE}.
jeli-1]

This in particular means (see line 8: of Algorithm ISINSIDE) that:

AP
Cu € Crmyp 093 \ U Cuuross
[J”ES\{[J'}
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which, as p € S\ {u'}, gives us that:
65/ NCr,1,093 = 9,
and finally, using Definition 3.8, we have:

{fr, T; ) < 0.93||T1; % (3.164)

But by Lemma 3.31:

€
l{x € C: (IT; fr, ;1) < 0.93||TT; ll5}| < O(F) -|Cl (3.165)

Combining (3.164) and (3.165) we get that:

1€ (VT Ti0\ T Ty < o(%) Cl. (3.166)
¢

By assumption that VT Tic) A O = (1 -Y-i- %) |C| and (3.166) we get that:

[V T A ) = (1_Y-(i+1)-i2)|C|,
¢

provided that Y is bigger than the constant from O notation in (3.166), which is the same
constant as the one in the statement of Lemma 3.31.

Remark 3.9. Note that in this section we assume that the Algorithm has access to real centers
{u1,..., uxt. If it was the case in the final algorithm we could in fact prove a stronger guarantee,
i.e. "Algorithm 8 returns TRUE and an ordered partition (T1,..., Tp) (of {u1,..., ui}) that induces
a collection of pairwise disjoint clusters {CM, ceo é#k} such that there exists a permutation n
such that for alli € [k]:

~ 6 n
| ACri| < O(? '10g(k)) 1Criin|™

Compare the above statement with with (3.144) and the main theorem of this section, Theo-
rem 3.7. The reason we present it this way is the following.

The final algorithm doesn’t have access to u’s but instead tests many candidate sets {{iy, ..., Ui}
Moreover Algorithm 8 returns an ordered partition (11,...,Tp) that induces a collection of
clusters {C\,...,Cy} whenever every set from this collection passes the test from line 6 of COM-
PUTEORDEREDPARTITION, that is when for every C € {Cy, ..., Ci}:

6(C) < o(% -log(k)).
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This in particular means that Algorithm 8 may return TRUE even for a set {{iy, ..., [i;} that is not
a good approximation to {{iy,..., Ui}.

Because of that, once we know that COMPUTEORDEREDPARTITION invoked with {u;, ..., Ui}
returns an ordered partition (T4, ..., Tp) that induces a collection of clusters (Cy,..., C’k}, when
proving the final result of this section (Theorem 3.7) the only thing we assume about C’s is that
they passed the outer-conductance test. And that is why we use Lemma 3.16 and we "loose" a
factor % in the final guarantee.

Moreover structuring the argument in this way helps the presentation as later, in Section 3.6.5,
the proof will follow a similar structure.

The following Theorem concludes this subsection by showing (3.144). It does so by induction
using Lemma 3.37 as an inductive step. At the end it uses Lemma 3.16 to go from the guarantees
for outer-conductance to guarantees for recovery.

Theorem 3.7. Letk=2, € (0,1) and % log(k) be smaller than a sufficiently small constant.
Let G = (V, E) be a d-regular graph that admits a (k, @, €)-clustering {Cy, ..., Ci}.

If COMPUTEORDEREDPARTITION (G, {i1, 2, . .., lk, S1, S2) is invoked with (i1, ..., (k) = (U1,..., Lk)

~ ? ~
and we assume that all tests Algorithm 8 performs (i.e. (follg) =>0.93 ”Hﬁ”ix) are exact

apx
and OUTERCONDUCTANCE computes outer-conductance precisely then the following conditions
hold.

COMPUTEORDEREDPARTITION returns (TRUE, (11,..., Tp)) such that (1y,..., T) induces a col-

lection of clusters {éﬂl e éﬂk} such that there exists a permutation n on k elements such that
forallie[k]:

~ €
|C,u[ACn(i)| <0 (ﬁ log(k)) |Cn(l')|

and
-~ €

Proof. Note that for i = 0 in the for loop in line 2 of COMPUTEORDEREDPARTITION S and
clusters {Cy, ..., Cy} trivially satisfy assumptions of Lemma 3.37. So using Lemma 3.37 and
induction we get that for every i € [0..[log(k)]] at the beginning of the i-th iteration:

o |S| < k/2,

« forevery u € S and the corresponding cluster C we have |V 70 Ti-)n(C| = (1 -Y-i- %) IC|
(where Y is the constant from the statement of Lemma 3.37).

In particular this means that after at most [log(k)] iterations set S becomes empty. This
also means that COMPUTEORDEREDPARTITION returns in line 10, so it returns TRUE and the
ordered partial partition (71, ..., Tp) is in fact an ordered partition of {u;,..., ux}.
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Note that by definition (see Definition 3.10) all the approximate clusters {éﬂl,...,éﬂk} are
pairwise disjoint and moreover for every constructed cluster C € {Cy,,..., Cy, } we have:

$(0) < o(% -log(k)),

as it passed the test in line 6 of COMPUTEORDEREDPARTITION. So by Lemma 3.16 it means
that there exists a permutation 7 on k elements such that for all i € [k]:

~ €
G sCrio| = O Z5-logth) I Cio.

3.6.4 Finding the cluster means

In the previous subsection we showed that COMPUTEORDEREDPARTITION succeeds if we have
access to real cluster centers (i.e. y;’s). In this section we present a search procedure for
finding the centers.

The main idea behind our algorithm is to guess the clustering assignment of few random
nodes and use this assignment to compute the approximate cluster means. More precisely,
the first step of our algorithm is to learn the spectral embedding as described in Section 3.5.
Then we sample s = Q( %2 -k*log(k)) random nodes and we consider all the possible clustering
assignments for them. For each assignment, we implicitly define the cluster center for a
specific cluster as fi; := ﬁ Y xep, fx.

Remark 3.10. We note that in FINDCENTERS we don't necessarily find y,..., Uy exactly but
we are able to show (see Section 3.6.4) that it finds a good approximation to u;’s. Then in
Section 3.6.5 we show that such approximation is sufficient for the partitioning scheme to work.

Algorithm 10 FINDCENTERS(G, 17, 6)

1: INITIALIZEORACLE(G, )
2: for te[1...1og(2/n)] do

3: S := Random sample of vertices of V of size s = @(%2 Kt log(k))
4 for (P1,P,,...,P;) € PARTITIONS(S) do
5: fori=1to kdo
6 o= ﬁ > xep; [x > Note that we compute the centers only implicitly.
7: (r,C):= , 4
8: COMPUTEORDEREDPARTITION(G, ({11, o, ..., i), © (% k°log? (k) log(l/n)) ,0 (‘é’—z k°log? (k) log(l/n)))
9: if r = TRUE then
10: return C
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Quality of cluster means approximation

In the previous Section 3.6.3 we showed that the partitioning scheme works if we can find
U1,..., Ui exactly. In this section we show that it is possible to estimate the cluster means with
a small error factor (i.e u; = fi;). Later in Section 3.6.5 we show that such an approximation to
ui’s is enough for the partitioning scheme to work.

In the rest of this section we show that if PARTITIONS(S) (see Algorithm 10) computes a correct
guess of cluster assignments then the cluster means computed in line (6) are close to the real
cluster means with constant probability. Then we repeat the procedure O(log(1/n)) times to
achieve success probability of at least 1 —n.

In particular, in Lemma 3.39 we show using Matrix Bernstein that if we have enough samples
in a cluster i then ||y; — ill2 < ¢ - llg;ll2 . Then we prove that if we sample enough random
nodes we have enough samples in every cluster.

Before proving Lemma 3.39 we show a tail bound for the spectral projection of a node that will
be useful to apply Matrix Bernstein.

Lemma 3.38. Letk=2,¢p€(0,1) and # log(k) be smaller than a sufficiently small constant.
Let G = (V,E) be a d-regular and a (k, @,€) -clusterable graph. Let 5 > 1 .Let

10
T=<xeVilfille=pP | ——— +.
{ Jelleo = P \/ mlnie[k]|ci|}

B —?/20-¢ .
Then we have |T| < k- (E) - (min;epg 1Cil).

Proof. Recall that f, = U[i]ll ., and u; denote the i™ column of Ux;- Thus we have || fxlloo =

max;e i {u; (x)}. Let Smin = min;ex |C;|. We define

Ti:{erzlui(X)lzﬂ‘ - }

Smin

—@%120-€
Therefore, by Lemma 3.4 we have |T;| < (g) - Smin- Note that T = U;'C:I T;. Therefore we
have

* Smin

ﬁ)—(pz/ZOf

ITISk-(
2

Now we are ready to derive a bound on the difference between u; and fi;.

Lemma3.39. Let{,0€(0,1),k=2,¢€(0,1), “;’ﬁk be smaller than a positive sufficiently small

constant. Let G = (V, E) be a d-regular graph that admits a (k, @, €)-clustering Cy,...,Cy. Let s =
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1/(1-(80-¢/9?))
80€/p?) (1)2
e[l tog(5)- (1" (1)
be the multiset with s vertices sampled uniformly at random from cluster C. Let 1 = ﬁ Y xec fx
denote the cluster mean, and let [i = %Z?zl [x denote the empirical cluster mean. Then with

for large enough constant c. Let S = {x1, Xp, ..., Xs}

probability at least 1 — 6 we have
=gl <¢- lplz

Proof. Let spin 1= min;¢g |C;|. We define

k (40€/<p2) 10
C = {xec 1 filloo <2 (35 )

Smin
(40-e/¢?)
Note that by Lemma 3.38 and by choice of § =2- (%) e we have
-@?1(20-€) k)2
IC\C| k- (g)  Smmin < k- (%) 1CI= (k- s72-62) - |C

Thus we have
IC"1= (1= (k"-s72-6%)IC]| (3.167)

Let u' = IC’I Y xec' [x- By triangle inequality we have
- pllz <11 ll2+ 114 = pll2 (3.168)
In the rest of the proof we will upper bound both of these terms by % |l 2.

Step 1: We first prove ||g— |2 < ( -||ull2. By the assumption of the lemma for sufficiently

2
small El(zgk we have k40¢/9) < 2, Thus for any x € C’ we have || fx|loo < (g)(40 el \/Sli,".
Therefore by triangle inequality we have

(_)(406/(p ) 160-]6.

eIz = (3.169)

|c’ L f

xeC’

|C’ Z ||fx||2— Z ”fx“oo

xeC’ xeC’ Smin

By (3.167) and by union bound over all samples in S with probability atleast 1—s-(k™!-s72-52) =
2
1-st. k6221 —g for all x; € S we have x; € C', hence, || fx|loo < (g)(40 €l97) . /160 Thys

Smm

with probability at least 1 - g, S is chosen uniformly at random from C’ so for all x; € S we
have

[ fxlloo < (3.170)

Smin

In the rest of the proof of step 1 we assume S < C’ which holds with probability at least 1 — %.
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Therefore conditioned on S < C" we have E[fy,] = 1/
i)

We define z; = f———,sollu uIIZ—IIZ zlllg.Observethat[E[zi]:[E[%]—%zo,thuswe

N
can apply Lemma 3.20. Therefore we get

IE—p'llz =

2

P|la-t1l,>4q]=P |l Zzl||z>q

—_‘iz

<(k+1)-exp o7 | (3.171)
o2+

where 02 = max{]| le':l [E[zizl.T] 2, |l Zle [E[zl.Tzi] 2} and b is an upper bound on ||z; ||, for all

random variables z;. Therefore we need to upperbound | z; |, and o2. Note that

vk

!
) 1
fo W == Uiy loo+ < -IIKII (3.172)

N

fu

N

N

1z;ll2 2’ <
2 2 2

Therefore by (3.169), (3.170) and (3.172) we have

k .2 (s\4oelp) 160k
zillo < Y5 N 42 <2 (2 . , 3.173
Izill2 < = fgloo + < I ll2 = < - 5] - 3.173)
. 2
Thusbs%-(%)(me“’))- 150k ‘we also need to upper bound o%. By (3.173) we get
s s 4 [s\60€/9?) 160-k
azzmax{nZrE[ziziT]nz,nZ[E[z{zi]nz}=s-[E[||zl-||§]ss-—2~(5) . 3178
min

i=1 i=1

We set g = g -||ull2. Having upper bound for ¢ by (3.174) and on b by (3.173) we can apply
Lemma 3.20 and we get

-7
P ||ﬁ—l/||2>g-llullz <(k+1)-exp| —=2 )

=2l

8
<(k+1)-exp 640-k~(£)‘8°'€/"’2) (3.175)

(40-¢/p2)
5 +_ ||I-l|| 2( ) /160-k
$*Smin 2’ 3 Smin

By Lemma 3.7 for small enough -< 2 we have ||,u||2 =5 |C| and since min; ; Ilgt\ > Q(1). Thus for a

small enough constant ¢’ we have

2 Smin ’
Smin * = =C, 3.176
min ||,U||2 2-1C| ( )

10°-k-log(5)-(3) (&)

Thus by (3.176) and by choice of s1-80¢/¢") > %@-k-log(%)(%)(go €/9°) (%) >

Smin-||1l13
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we get

§* Smin

2 2 (80-€/¢?)
. k 640- k-
i%?&24“*“45)( . )

and

¢ llulis kY[ ¢
3 2400‘108(5) E'||H||2'

o 2\ 1/(1-(80-¢/¢?))
Therefore since s > c- (k-log(%) (1)@l )(%) )
and putting (3.175), (3.177) and (3.178) together we get

b 100
|

< (k+1)- e200108(3) < (—

- ¢
P lla-ll, > 5 -l
] . s (8100
Thus with probability at least 1 — 5 — (,—C) =>1-0 we have

IE—plz < g Nl

Step 2: Next we want to bound ||u— '||2. We have

' = pll2 =
I'L I’l 2 |C, xez(:’fx |C|X§Cfx
= — By triangle inequali
IC'| ,;Cf" |C|,;;fx , |C’|x€;\'C,fx , y triangle inequality
1 1
= -1 +|| = Since |C'| = (1
1_(](:_1'5_2'52) )HMHZ |C/|x€;\67fx , lnce| | (
_ _ 1
<2.(k' 57269 |l + Tl Y fx
x€C\C' 9

It thus remains to upper bound the second term. We now note that

1

> fx

/
1C7] xeC\C'

Y felloo

xeC\C'

1 vk
IC’I Z 1 fxll2 = 1o

xeC\C'

2

For any y = 1 we define

s-k (406/(/)) 10
T(y): xeV: ||fx||oo>2 Y- ( 5 ) s
min

€/ p?
2-(2)® 160k
3-s Smin

— (k'

(3.177)

(3.178)

for large enough constant c,

(3.179)

s72-6%)IC| by (3.167)

(3.180)

(3.181)
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Therefore, by Lemma 3.38 we have

o) d0€/9?) ~¢*l@0e)
2'y'(T) s.k - _ /(206)
T <k- 5 Smin = (7) y ¢ N (3.182)
Using the bound on |T'(y)| above, we now get
Y lfilloo (3.183)

xeC\C'

oo (5 k|40 [ 40
Sf Yol . AT(I-dy
1 6 Smin

160 (s\@0e/p*) o0

Smin
B [
< 160 S (S)(40€/<.0) (s k) 1

Smin o @%/(20-¢) -2
<k?2 Smin

Therefore we get

T

2 |C,|xeC\C’
<\/_-k‘ s \/Smin
B |C'|

ks /Smin
|C] VIC|
kl.s7!

VICI
<2-k71.s71

1

> [

Il xeC\C'

\S}

=

=

Al

Therefore by (3.180) we have

By definition of T(y) and C’

Since k“%€/¢") < 2 for small enough

in-dy By (3.182)

(0]
Since for any ¢ < O,f ydy =
1

For small enough % (3.184)
¢

By (3.181)

By (3.184)
By (3.167)

Since |C| = Smin

1
By Lemma 3.7 ||ull2 =
2-vVIC|

I —pllz <2k 5720l +||—= Y fil| <2(k"-s72-6%+k71 sl < E iul,
I x|, 2

) (3.185)

The last inequality holds since s > 8- (%) , hence, 2(k™1-572-6%+-k71-571) < g Putting

(3.168), (3.179) and (3.185) together with probability at least 1 — § we get

- - ¢
Na—pllz < 11E— @Iz + 111 = pll2 < E'Ilullz+g-llullz < - llull2
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O

To conclude our argument we show that if we sample enough nodes, we have a large number
of samples in each cluster.

Lemma3.40. Letk=2,¢€ (0,1), d:;fk be smaller than a positive sufficiently small constant.
Let G = (V,E) be a d-regular graph that admits a (k,,€)-clustering Cy,...,Cy. Let S be the
multiset of s € Q(klog k) vertices each sampled independently at random from V. Then with
probability at least %, foreveryiel[k],

09-s . 1Cl

ISNC;| = min ——.
k  paeik |Cyql

Proof. Forie[k],and1=<r <s,let Xi’ be a random variable which is 1 if the r-th sampled
vertex is in C;, and 0 otherwise. Thus E[X lr 1= % Observe that |SN C;| is a random variable
defined as }.;_, X[, where its expectation is given by

C . .
|SﬂCl|]_Z[E[X]—S | 1| S Smin

r=1 n k'Sma_X

Notice that random variables X are independent, Therefore, by Chernoff bound,

r{ISNCil <

9S |C| ( 1 S'Smin)
200 k- Smax )

By union bound and since s =500 k-logk- 2‘1‘1—1‘: we have

[ 9s |Gl

1 1
i |SﬁC|<— — | =k- exp( al Smm)
10 n

<—.
200 k-smax) 10
Therefore with probability at least for all i € [k] we have

9-s |C,-|>0.9-s Smin
10 n ~  k  Smax

ISNCil =z —

Approximate Centers are strongly orthogonal

The main result of this section is Lemma 3.41 that generalizes Lemma 3.12 to the approximate
of cluster means.

Lemma3.41. Let k =2 be an integer, ¢ € (0,1), ande € (0,1). Let G = (V, E) be a d-regular graph

that admits a (k, ¢, €)-clustering Cy,...,Cy. Let0 < { < 20\@/; Let uy, ..., Ui denote the cluster

means of C1,...,Cy. Letfiy,..., fix € R denote an approximation of the cluster means such that
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foreach i€ [k], ||u; — [ill2 < {ll;llo. Let S € {fiy,..., ik} denote a subset of cluster means. Let
Il € R**k denote the orthogonal projection matrix into the span(S)*. Then the following holds:

1. Forall fi; € {fiy, ..., fig}\ S we have |ITiG; 1% - |G113| < %E-Hmng.

PO N PGP 50Ve 1
2. Forallfi; # fij € {fiy,..., fi} \ S we have T, i) | < = Cc

To prove Lemma 3.41 we use Lemma 3.30 from Section 3.4 and we prove Lemma 3.42.

Lemma 3.42. Let k = 2 be an integer, ¢ € (0,1), and e € (0,1). Let G = (V,E) be a d-regular

graph that admits a (k, @,€) -clustering Cy,...,Cy. Let0 < { < %. Letfiy,...,fix € R* denote

an approximation of the cluster means such that for each i € [k], ||u; — Hill2 < {lluill2. Let
S={fy,..., g\ ;! LetH= (b1, H2, ..., di-1,Hi+1,---, U] denote a matrix such that its columns
are the vectors in S. Let W € R&=D**=1 gonote a diagonal matrix such that for all j < i we

have W (j, j) = VICjland forall j = i we have W (j, j) = VICjsl. Let Z = HW. Then we have

Proof. Note that ZZT = (25?:1 ICjIﬁjﬁ]T) —|Cil@ii] . Thus we have
k

812270 = ﬁ,.f(
]

Ileﬁjﬁ]T)ﬁi—ICiI-IIﬁiII‘Z‘. (3.186)
1

By Lemma 3.9 for any vector x with ||x||], = 1 we have

k 4\/e
xT(Z|cj|uju}r—1)x57‘/_ (3.187)
j=1
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Note that

k k
13 ICHR;A] = Y 1C)Ikuj Iz
j= j=1

IA
M» L

.
Il
—

Il
.M*

(-
Il
—

131 (10 + @5 = 1) bt + B = 1) = g )

IA
'M”

j=1
k
< Y ICj-(® +20) - 113 Since |13 — pjll2 < ¢lpjll2
j=1
k 1 2
<Y ICjl-6-¢-— By Lemma 3.7 ||p;l5 < —
=1 |C;l ICil
<6-(-k
sﬁ Since ( < ¢
2¢ 20-k-¢@
Thus for any vector x with ||x||, = 1 we have
k Ve
x' ZICjIﬁjH, ZIC IH]H])X— 20 (3.188)
j=1 j=1

Putting (3.188) and (3.187) for any vector any vector x with ||x||> = 1 we have that

k o~ 5V€
xt Z|cj|pjpf—z)xs_f
j=1
Hence we can write
k k R 5\/—
(ZIC]Iu]u])u P | 2 ICsImj; - )uﬁul fi < (14—7)“#1“2
Jj=1 j=1

Therefore by (3.186) we get

5Ve

'z22%p; = 1+7—|Ci|-||ﬁ,-||§)||ﬁi||§

k
al Z|cj|ﬁjﬁf)ﬁi—|Ci|-||ﬁ,~||3s
j=1

By Lemma 3.7, and since ||z;]| = (1 — ()Il,ul||2and(520k we have that

4v/e

5
Cil - 11115 = (1——)(1_()2 > 1_£
® ¢
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Thus we get

rasT~ 5/€ R R
alzzhp; < 1+%—|ci|-||ui||§)||ui||§s(1+ 113

5/€ 5e 10ve
—-1+ ||/Jz||2— .
¢ ¢

We now prove the main result of this section (Lemma 3.41).

Lemma3.41. Letk =2 be an integer, ¢ € (0,1), ande € (0,1). Let G = (V, E) be a d-regular graph

that admits a (k, @,€)-clustering C1,...,Cy. Let0 < { < zo\iw Let uy, ..., Ui denote the cluster

means of Cy,...,Cy. Letfiy,..., ix € R denote an approximation of the cluster means such that
foreachie[k], |lu; — dill2 < Cllwillo. Let S € {fiy,..., i} denote a subset of cluster means. Let
Il € R*** denote the orthogonal projection matrix into the span(S)*. Then the following holds:

1. Forall fi; € {fiy,..., fix}\ S we have ||T; 1% - |G5113| < %-Hmng.

50Ve 1
- ¢ VIGHCT

2. Forall; # fij € {i,..., dit\ S we have |(T1fi;, I

Proof. Proof of item (1): Since Il is a orthogonal projection matrix we have ||II||, = 1. Hence,

20\/e
®p

we have

||ﬁﬁ,-||§s||ﬁ,-||§s(1+ )||ﬁ,~||§.

20\/

Thus it’s left to prove ||l'[p,||2 > (

v

|IZ;112. Note that by Pythagoras [IT1f;12 = ||fi;]13 —

I1(I - T 2;113. We will prove ||(I—H),u,-||2 < Zo(pfnuinz which implies

N €\, ~
ITTR15 = (1 —zog) 115

2V 113 Let ' =

{fi1,..., 0k} \{fI;}. Let I’ denote the orthogonal projection matrix into span(S)+. Note that

S< 8, hence span(S) is a subspace of span(S'), therefore we have ||(I-11) ;|12 < ||(I-11) ;] |§.

2V | 3113. Let H = [y, iz, ... fli—1, i1, . fix] denote

a matrix such that its columns are the vectors in 8. Let W € R*~D*(*=1 denote a diagonal
matrix such that for all j < i we have W(j, j) = V/ICjl and for all j = i we have W, j) =
VICj+1l. Let Z = HW. Then the orthogonal projection matrix onto the span of §' is defined
as (I — ﬁ') = 2(2T2)_12T. By Lemma 3.30 item (2), (ZTZ)_1 is spectrally close to I, hence,
(2 rz )~L exists. Therefore we have

Thus in order to complete the proof we need to show ||(I - ﬁ)ﬁillg <

Thus it suffices to prove ||(I-1T) ;|12 <

WI-Mals=0 ZZ" 2 Z";
=plZZ" 2 -nZ i +pf ZZ7 (3.189)
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By Lemma 3.30 item (2) we have

s ST ol BT BVE ST
alrz(2"2 I—I)ZT/,ti|57\/_||ZTuiII§ (3.190)
Thus we get
WI-TYalé<pl 22" 2 -n2 i+l 227 By (3.189)
5v€ ~
< (‘—f + 1) NZ" 2 By (3.190)
¢
—~ €
<2- ||ZTA1-||§ For small enough —
®
By Lemma 3.42 we have
T2 TeeT. 10VE
WZ'mls =0 ZZ"p; < N1l
®
Therefore we get
o L S 2 20\E
NI - a5 < 1 -Ta115 < 21 27 fl15 < p 113 (3.191)

Hence,

~ € .
1T 115 = (1—20§||ui||§).

Proof of item (2): Note that
(@i, ) = (I =@ + 0@, -, + 1@y = (0 -, I -a;) + [, Ta;)
Thus by triangle inequality we have
(s, O < 1K@, B+ KU - TD @, (-,
By Cauchy-Schwarz we have

K- @;, (I-Dan! < 11U - a1 - DAl
20+/€

=

l@ill2l1 ]Iz By (3.191)

540‘/5- 1

¢ /IGIIC,I

By Lemma 3.7 and ||fz; — pill2 < {1l l2
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Also for any i, j € [k] we have

|<ﬁl’ﬁ]>_<ﬂlrul>|
= (i + (@ — ), pj + (@ — 1)) = i )]

< [ = s 1 — ) |+ V= pa i) L+ (G — o i) | By triangle inequality
< @i — pill2ll@j — pjll2 + N — pill2lpgllz + 1@ — pjll2llggllz - By Cauchy-Schwarz
< @ +20) (Ilill2llpjll2) Since |7 — pillz < {llpill2 for all i
1 , 2 _
<6-(- ——— By Lemma 3.7 ||u;||5 < — forall i
A T To Y TN
(3.192)
Note that
@ B <1t )+ i) = (B ) By triangle inequality
8v/€ 1 1
< . +6( - By Lemma 3.7 and (3.192)
¢ IGICI VIGIC]
510\/5; Since { < ve
¢ IGIC)l 20-k-¢

Therefore we get

KT, T )| < K, @)+ K- TD g, (- TD ;)| < 50ve !
Hi) Uil = 1\, 1 j i n=— |Ci||Cj|.
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3.6.5 Partitioning scheme works with approximate cluster means & dot products

In Section 3.6.3 we showed that the partitioning scheme works if we have access to real centers
(i.e. u1,...,Ux), to exact dot product evaluations (i.e ¢:,-)) and OUTERCONDUCTANCE is precise.

In this section we show that approximations to all above is enough for the partitioning scheme
to work. More precisely we show that if we have access only to (-,-),,. = {-,-), the search
procedure finds i;’s that are only approximately equal to y;’s and OUTERCONDUCTANCE is
only approximately correct then FINDCENTERS still succeeds with high probability.

In order to prove such a statement we first show a technical Lemma (Lemma 3.43), that relates
the approximate dot product with approximate centers to the dot product with the actual
cluster centers.

Note that the following Lemma 3.43 works for any S c {1, ..., 4} and the corresponding S.
This is useful for application in Lemma 3.45 because it allows to reason about candidate sets
C'Ty,..., Tp)g, after we associate Uje(p) T; with S.

Lemma3.43. Letk=2,¢p€(0,1), ﬁ be smaller than a sufficiently small constant. Let G = (V, E)
be a d-regular graph that admits a (k,@,€)-clustering Cy,...,Cy. Then conditioned on the
success of the spectral dot product oracle the following conditions hold.

Let [y, [y, ..., iy be such that for all i € [k] ||; — p;l* < 10712 (pf,kz luil?>. Leti € [k] and

Sciuy, ..., mwid Vil and Sc {f1,..., Akt \{f1;} be the corresponding subset to S. LetI1 be the
orthogonal projection onto span(S)* and TI be the orthogonal projection onto span(S)*.
Let also 1r; : R¥ — R* be the projection onto the subspace spanned by Nu; and Iifi;. Then if
1L fell2 < =22 then:

minpg[k] |Cp|

. g,
(fx»HIJz> _ <fx 'u'l>apx 50.02
Ml g |

apx

(fx’ﬁﬁi> apx
TP
”H/Ji ”apx

~ o) ~
time with preprocessing time of O, (( k) - pl/2+ 0l ‘/’2)) and space O, (( k

~ o)
Furthermore iffi; s are averages of s points, then can be computed in O, (34 : (%) . n”2+o(€/‘/’2))

)O(l)

k k . 1/2+0(e/?)
€ € n

Proof. First we prove the runtime guarantee and then we show correctness.

Runtime.We first bound the running time. If we set the precision parameter of Algorithm 6 to
~ oM
E=1075. ‘/?E then by Theorem 3.2 the preprocessing time takes O, (('g) - pl/2+0eEl ‘/’2)) time,

<fx)ﬁﬁi>apx

)O(l)
= 2
”H:ui”apx

. n1/2+O(€/(,02)

€

~ o)
Oy ((k) - pl/2+ 0l p?) space, and by Corollary 3.1 computing .

takes 54, (54 . (]—C

time.
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Correctness.Now we show that we also obtain a good approximation. We will show it in two
steps:

<erH,uz) <fx»nlu >

L e~ mae

<0.01

(foll@) Umnﬁi)aﬂx

; <0.01
PS T 12
HH,UZ ”2 ” Hﬂi ”apx

If we are able to prove 1 and 2 then the claim of the Lemma follows from triangle inequality.

Before we present the two proofs we show a useful fact:

TIA; — T || < TIA; — 4 1T — ]+ 11 — ] By triangle inequality
20 1/4 16 1/4
< ¢ [l + ¢ IIui||+10_6-£II,uiII By Lemma 3.41, 3.12 and the bound on ||; — ;|1
N 7 ¢k
40 1/4 N 3
NG — il As || — pill> <1072 7 kznu,n
(3.193)

Proof of 1: Notice that

(ol (fo TIf)
ITill® 1T 12

3 Iy, Mg;
- fx, 2 - T 2
||H,Ui|| [ TTgz;|

Wi Mg; >‘ .
= , — By definition of 7;
'< ifx ||r1;ul||2 10112 Y ’

' M;
||Hu,||2 ||Tig; 112

[TT; fll By Cauchy-Schwarz ~ (3.194)

My; f[ﬁi
Mwl? ~ e

First we will upper bound | |

. We split it into two cases:

l'I,u,>ﬁ

Case 1. If Ml? 2 T

then we have:

~

H My I
Ml 2 ||Tg) 12

Ip; g
(- 295 g2 D11

By Lemma 3.12

Hui ﬁﬁ; s
< - Lemma 3.41, assumptions
16ve 2 20Ve -12, _¢ 2
(1—T)||Hi|| (1+T)(1+10 '(pZ.kz)”ﬂi“
2 1600v€) ~
= > H,ul-—(l— \/_)Hﬁi '
[l ¢
2 1600 1600 ~
< TP ( (p\/EHu, + (1 - T\/E) [|T1f; —H,Ltill) By triangle inequality
1
12800 1
< —\/E T By (3.193) and Lemma 3.12
@ Hi
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iy, H#z .
Case 2. If —— e < e then we have:

I M Mu; T
H Hi 5~ p; Hi - Afl By Lemma 3.12
T2 || 2 (1"’%5)”/””2 TG 1
Ty; Mg;
< 16\/I:l — NG Hi Lemma 3.41, assumptions
L+ Ol P (= =55 (1= 10712 ) 12
1600 ~
5 (1 + \/E) g;
||IJ'l|| P
2 1600 1600 ~
< 5 ( \/EH + (1 + —\/E) [ITIf; — H,Ui“) By triangle inequality
Il @ ¢
12800 1
_ 12800ve By (3.193) and Lemma 3.12
@ lpill
Combining the two cases we get:
H My, M _ 12800v€ 1
sl 2 T 112 ¢ il
Substituting into (3.194) we get:
follpn)  (fo Tl Lfull- 12800\ 1
e ||ﬁﬁ,-||2 o o il
100 12800 1
< - . ve By assumption of the Lemma
v/minpe g 1Cpl ¢ il
1 maxpe(k |Cpl
<0.005 As % is sufficiently small and ,Lk]p =01
vmaxpex [Cpl - 1114l @ minpe g |Cpl
<0.01 By Lemma 3.7
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Proof of 2:
=12 =2 -6 \/E -1 . .
|11 ope = TIEGT=1077 - —-n By Corollary 3.1, setting of { and assumptions
2
20v/e €
=|1- \/_) JI@iF-0.01-n7" By Lemma 3.41 and —; small
P P
-12 2 S 2 -12_ € 2 €
>(1-10 k) -0.99-[|uill“=0.01-n7" Byllf; —y;ill“ <10 mlluill and?small
4 €
=|1- —\/_) 0.98-n71-0.01-n7" By Lemma 3.7, |C;| < n, — small
'z 4
-1 €
=205-n As ? small (3.195)

Next notice that:

N =N -~ o~ -6 ve_ -1
Ta; follgg;), Rin? RN 1076. X5 p
<fiAul> - {r l> Pl< <fiAul> i Ml> — By Corollary 3.1
I | Ag a0 || g, |1z
apx apx apx
< [ fo T L ! + 107 By (3.195) and € small
= bt} i ”ﬁﬁl ”2 ”ﬁﬁl ||§px 05- n—l . (p2
< (i) L_ |10 3196
T img l||2 g%, '
Now we will separately bound | fx, [1fi;)| and ||r1 - ”ﬁ)“z from (3.196). As |{a, b)| <
Hill gpx

[lall-11b]| we get:
[ fo, T Y| < 1T £l - 11T (3.197)
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Now we bound the second term from (3.196):

a2 N,
1 1| (T, - g
02 g% | | ufme o)
'ul apx IJl IJZ apx
1076. Y& . 1
< |— (pA 3 Corollary 3.1, setting of ¢ and assumptions
T2 112 || T,
€ 0.5-n7!
510‘5-£- —— By (3.195)
¢ |IM;12-0.5-n71
€ 1
<1075. Y5 — o By (3.193)
¥ ||Hﬂi||'(||n.ui||_%“Ni”)
€ 1 €
<107*- £ R By Lemma 3.12 and — small
@ |- gl ¢
(3.198)
Substituting (3.197) and (3.198) in (3.196) we get:
(fo Pﬁ;» B <fx;nui2>apx 1054 104, VE LAl
I I I |, ¢ il
€ 100 1
<107°+107%. £ . - . By assumption
¢ /minge1Cyl il
1 maxpe(k |Cpl
<1075+1073 As — small, —"2 2 — o)
vmaxpe k) [Cpl - 1114l @ minye g |Cpl
<0.01 By Lemma 3.7
O

Now we are ready to show that there exist an algorithm (Algorithm 11) that can estimate
accurately the size of candidate clusters of the form C\l%Tl’“"Tb) and then, if the size is not too
small, estimate outer-conductance of all candidate clusters. The proof of correctness of the

algorithm is based on applications of standard concentration bounds.

Lemma 3.44. Let k =2, ¢,e,y € (0,1). Let G = (V,E) be a d-regular graph that admits a
(k,,€)-clustering Cy,..., C.

For a set of approximate centers {[iy,..., i}, where each [i; is represented as an average of at
most s embedded vertices (i.e fy’s), an ordered partial partition (Ty,..., Tp) of {fi1, ..., A} and
gedfy,..., gkt \Ujep Ti the following conditions hold.
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Algorithm 11 OUTERCONDUCTANCE(G, [i, (T, T>, ..., Tp), S, 51, $2)
> Tj’s are sets of [i; where fi;’s are given as sets of points
> see Section 3.5.6 for the reason of such representation
> s; is # sampled points for size estimation
> s is # sampled points for outer-conductance estimation

1: cnt:=0

2: for t=1to s; do

3: X ~ UNIFORM{1..n} > Sample a random vertex and test if it belongs to the cluster
4 if ISINSIDE(x, [i, (Ty, T2, ..., Tp), S) then

5: cnt:=cnt+1

6: if s—’i -cnt < minepx |Cpl/2 then

7 return co > If the estimated size is too small return oo
8 e:=0,a:=0

9: for t=1to s, do
10: x ~ UNIFORM({]..n}
11: ¥y ~ UNIFORM{w € A (u)} > A (u) = neighbors of uin G
12: if ISINSIDE(x, i, (T1, 1>, ..., Tp), S) then
13: a=a+1
14: if 2ISINSIDE(y, i, (T1, T2, ..., Tp), S) then
15: e=e+1
16: return £

If Algorithm 11 is invoked with (G, [, (Ty,..., Tp), {{i1,-.., i} \ Ujerw) Ti» $1, $2) then it runs in
~ o) .
o, ((S1 -5t (£)0 n1/2+0(6/w2)) time and if s = ©(klog(1)) and s, = ©( X log(})) then

with probability 1 —n it returns a value q with the following properties.

AT, T . ATy, T ATy T
. [f|Cl%1 b)) > f‘—lmlnpe[k] |Cpl then q € [%(/)(C}%l b)) —el(pz,% (Cl%l b)) +€/(p2],

AT T : AT T
o IFIC ) < 2 minyeg Cpl then g = 1 (T4 elg?.
Proof. We start with the runtime analysis then follows the correctness analysis.

Runtime.Algorithm 11 has two phases: one from line 1 to line 7 and second from line 8 to line
16.

During the first phase Algorithm 11 calls Algorithm 9 s; times and Algorithm 9 runs in 5¢(S4 .

o) 0
(’—C) -n1/2+0€/9) time as it computes k°U values of the form %’Zﬁii“’“
illapx

- which are computed

k
€

)O(l)

= OM  1/2+0lp?) . . . .
in time Oy(s™ - ( ) ‘n €/97)) by Lemma 3.43, so in total the runtime of this phase is

5¢(S1 st (Izc . pl/2+0Gelg?)y
During the second phase Algorithm 11 calls Algorithm 9 25, times so the runtime of this phase
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_ om
is O(,,(32~s4'(§) nl/2+0E/9? ) in total.

~ o)
So in total the runtime is Oy ((s1 + 52) - s* - (’g) - pl/2+0Elp)y,

Correctness.For simplicity we denote éij"""Th) by C and min e |Cpl BY rmin in this proof.
Notice that the Algorithm 11 in the first phase computes cnt = Zle X;, where X;’s are inde-
pendent Bernoulli trials with success probability p = g Let z:= S—”l Zflz , Xi- We introduce
notation x =5, ¥ to denote x € [(1 -6)y — «, (1 +6)y + al. By Chernoff-Hoeffding bounds we
get that there exists a universal constant I' such thatforall0<§ < 1/2,a >0

Z %5 q.n |C| with probability 1 — 2779190,

Settingd =1/2,a = rg}“—n‘“ we get that z =12 /8 |C| with probability

1 _ 2—1—‘51?;71;: > 1 _ 2—9(51/](?),

maxpex] 1Cpl
minpe[kl |Cp|

=0(1). So if s; = ©(klog(1/n)) then with probability 1 —n/2 we have

z=1/25./8|Cl. (3.199)

Observe that if C < rmin/4 then by (3.199) we have that z < (1 + 1/2)|Cl+ F'min/8 < Tmin/2, which
means that Algorithm 11 returns co. Note that it is consistent with the conclusion of the
Lemma.

For the analysis of the second stage we assume that |C| = Fenin/4. We will analyze what value
is returned in the second stage. First we will bound the probability that a < Szgr% For
i€[l...s2] let X; be a binary random variable which is equal 1 iff in i — ¢/ iteration of the for
loop we increase the a counter. We have that, for every i, P[X; = 1] = |C|/n and the X;'s are
independent. Notice that a = Zfzzl X;. From Chernoff bound we have that for § < 1:

>6-F <2e FEIZE X, (3.200)

2
> Xi

i=1

S2 S2
Y Xi—E|) X;
i=1 i=1

Noticing that E[Y? | X;] = zl—Sl if we set § = 1/2 we get that

ICI
> Sr—
n

ICI

ICI 52 'min

<2e %1m <2¢ ®@n | (3.201)

So with probability at least 1 —2e™ Lo >1 -2 /K (ag maXpein|Cpl _ O(1)) we have that

minpeg [Cpl

i l |_6| $2 * 'min
i1 T2

n

\%

= Q(s2/k). (3.202)
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Now observe that line 14 of OUTERCONDUCTANCE is invoked exactly a times. Let Y; be the
indicator random variable that is 1 iff e is increased in the j-th call of line 14. Notice that

PlY; =1] = ¢(C) (3.203)

That is because if U; is a random variable denoting a vertex u sampled in i-th step then U;
is uniform on set C conditioned on X; = 1 and the graph is regular. Now by the Chernoff-
Hoeffging bounds we get that forall0 <6 <1/2, @ > 0 we have:

a

1 .
— Y V; =5, $(C) with probability 1 —2¢774%,
ai=1

Setting 6 =1/2,a = % we get that %Z?zl Yi =1/2,6/¢2 ¢(C) with probability:

1—2e7Taell9") 5 1 _ 9 p=Qlacly?) (3.204)
Now taking the union bound over (3.202) and (3.204) we get that if we set s, = @(@ log(1/m))
then ézle Yi ®1/2,e19? ¢(C) with probability:

_ _ _ -Q(52
1-2e Q(sa/k) —2¢ Q(a€/<p2) >1-2¢ Q(s2/k) —2e (q,z.k) BY (3.202)

=1-n/2

To conclude the proof we observe the following.

e IfIC| < r‘j‘T"“ then with probability 1 —7/2 the Algorithm returns oo,

e If|C| € [r’j‘%, S‘mei“) then either the Algorithm returns co in the first stage or it reaches the
second stage and with probability 1 —7 it returns a value ¥ such that ¥ =3 ¢/¢? ¢(0),

o If|C|= % then by the union bound over the two stages with probability 1 — 7 it reaches
the second stage and returns a value ¥ such that ¥ =, ¢/ ¢o(0).

The above covers all the cases and is consistent with the conclusions of the Lemma.

O

Before we give the statement of the next Lemma we introduce some definitions. In Lemma 3.44
we proved that for every call to OUTERCONDUCTANCE the value returned by the Algorithm 11
is, in a sense given by the conclusions of Lemma 3.44, a good approximation to outer-
conductance of é:ALT"""Tb) (where g, (T1, ..., Tp) are the parameters of the call) with high proba-
bility. What follows is a definition of an event that the values returned by OUTERCONDUCTANCE
throughout the run of the final algorithm always satisfy one conclusion of Lemma 3.44. Later
we use Definition 3.13 in Lemma 3.45 and then in the proof of Theorem 3.8 we will lower
bound the probability of &.onductance-
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Definition 3.13 (Event &.onductance). L€t k =2, ¢,€,7 € (0,1). Let G = (V, E) be a d-regular
graph that admits a (k, ¢, €)-clustering Cy, ..., Cy.

We define &.onductance aS an event:

For every call to Algorithm 11 (i.e. OUTERCONDUCTANCE) that is made throughout the run of
FINDCENTERS the following is true. If Algorithm 11 is invoked with (G, fi, (T3, ..., Tp), {i1, - - -, i\
Ujen Ti» 51, $2) then it returns a value g with the following property.

o If Iél%Tl""’Tb)I > f’—lminpe[k] |Cpl then g € [%([)((ATETI""’TI’)) —e/(pz,% (CETI""’TZ’)) +€/(p2].

The following Lemma is the key part of the corresponding proof of correctness of Algorithm 8
(see Theorem 3.8 below). It is a generalization of Lemma 3.37. We show that if fi’s are close
to real centers and & and &onductance hold then at every stage of the for loop from line 4 of
Algorithm 8 at least half of the candidate clusters:

e A~(Ty,...,Ti1)
(gl - U {Cﬁ })
Hes
pass the test from line 6 of Algorithm 8, which means that they have small outer-conductance
and satisfy condition (3.143).

Lemma3.45. Letk=2,¢p€(0,1), % be smaller than a sufficiently small constant. Let G = (V, E)
be a d-regular graph that admits a (k,@,€)-clustering Cy,...,Cr. Then conditioned on the
success of the spectral dot product oracle there exists an absolute constant Y such that the
following conditions hold.

If COMPUTEORDEREDPARTITION (G, iy, i, - . -, ik, S1, S2) is called with ({iy, ..., [ix) such that for
every i € [k] we have ||fi; — p;||> < 10712 (pze_kz i |? then the following holds. Assume that at
the beginning of the i-th iteration of the for loop from line 4 of Algorithm 8|S| = b and, up to

renaming of i’s, S = {{i1, ..., hp}, the corresponding clusters are € = {Cy,...,Cp} respectively and
the ordered partial partition of u'’s is equal to (T, ..., T;_1). Then if for every C € € we have that
|V T Tic) A O = (1 -Y-i- ﬁ) |C| then at the beginning of (i + 1)-th iteration:

1. |S| < b/2 (that is at least half of the remaining cluster means were removed in i-th
iteration),

2. forevery u€ S the corresponding cluster C satisfies |V T-T) 1 C| = (1 -Y-(i+1)- #) ICl,
where (Ty,...,T;) is the ordered partial partition of u’s created in the first i iterations.

Proof. Outline of the proof. We start but defining a subset of vertices called outliers and then
we show that the number of them is small. Next we prove that for vertices that are not outliers
<f x 'ﬁﬁ i > apx

the evaluations of —
” I; ” apx

are approximately correct (as in Lemma 3.43). Next we mimic the
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structure, and on the high level the logic, of the proof of Lemma 3.37: we first show the first
conclusion of the Lemma and then the second one.

For simplicity we will denote mine(x) |Cp| by rmin in this proof. Without loss of generality we
can assume S = {{iy,..., {1} at the beginning of the i-th iteration of the for loop from line 4 of
Algorithm 8 and the corresponding clusters be Ci, ..., Cj, respectively. Assume that for every
C &6 we have that |V =10 1 C| = (1-Y i+ & |C.

Let I1 be the projection onto the span(Uj<; Tj)l. Recall that each T is a subset of {fiy, ..., fix}.
For every j <ilet

Ti=J .

ﬁE Tj
Thatis T ]’ 's are T;’s with [i’s replaced by the corresponding u’s. Now let IT be the projection
onto the span(Uj«; T]'.)L.

Outliers.First we define a set of outliers, i.e. X, as the set of points with abnormally long
projection onto the subspace spanned by {I1yy,..., [Ty, ﬁﬁl, e, ﬁﬁb}. Then we show that the
number of outliers is small.

Let Q be the orthogonal projection onto the span({I1yy, ..., Iy, I, ..., I} and let:

min

X::{xe VIQfP > :04}

By Lemma 3.33 we get that

€
> IIQfx—qullst(b-—z). (3.205)
xeV ¢
Moreover for every x € X:
Q fix = Quxll = 11Q fill = Qx| By triangle inequality
= |Qfxll = luxll As projection can only decrease the norm

10 1
> - (1 +0 (ﬁ)) By Lemma 3.7 and Definition of X

I'min @ I'min
90 €

> For — small enough (3.206)
I'min @

Combining (3.205) and (3.206) we get:

|X|so(b.iz)-rminso(b.i). (3.207)
¢

n
¢0*) k
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Tests performed for non-outliers are approximately correct.Observe that by the fact that
spectral dot product succeeds we have by Lemma 3.43 that for all x € V'\ X and for all i € [k]:

ol (follf),,
Il | fig |

apx

=<0.02, (3.208)

as |Qfxll* < 10° 4nd the norm in any subspace can only be smaller and thus the assumption

T'min

of Lemma 3.43 is satisfied.

1. At least half of the cluster means is removed from S.Now we proceed with proving that
most of the candidate clusters égl"“'Ti’l) have small outer-conductance and thus the corre-
sponding fi’s are removed from set S (see line 6 of COMPUTEORDEREDPARTITION). For brevity
we will refer to (71,..., T;—1) as P in this proof.

LetpueS. Let

I:= U Criy,0.9 N Cripr,0.9-
W' efuy, .., pat

By Lemma 3.36 we have that

1] < O(b- é) (3.209)

=13

So by (3.207) and (3.209) and Markov inequality we get that there exists a subset of clusters
Z < € such that || = b/2 and for every C € # we have that:

|Cm(1uX)|so(iz)-E (3.:210)
¢°) k

We will argue that for any order of the for loop from line 4 of Algorithm 8 it is true that for every
C € Z with corresponding means , i the candidate cluster 65 satisfies the if statement from

line 6 of Algorithm 8. Recall that as per Definition 3.12:

65 = {xe V:ISINSIDE(x,ﬁ,P,{ﬁl,...,ﬁk}\ . pu Tj) =TRUE}.
JEIL—

First note that behavior of the algorithm is independent of the order of the for loop from line 4
of Algorithm 8 as by definition 65 s for fi € S are pairwise disjoint. Now let C € £, y, [i be the
means corresponding to C and 65 be the candidate cluster corresponding to fi with respect to
P=(T,...,Ti-y).

Now the goal is to show:

[ INE o(% -log(k)) 1cl,

from which we will later conclude that the outer-conductance of the candidate set 65 is small.
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Intuitively we would like to argue that

Cr1p,0.96 cCcor Crip,0.9, (3.211)

fif,0.93

and then use Lemmas from Section 3.6.2. The equation (3.211) is true up to the outliers as
Lemma 3.43 guarantees a bound of 0.02 for the test computations for vertices of small norm.

Now we give a formal proof, which is split into 2 parts:

Showing ICP NC|= (1 O( log(k))) |C|.First we note that by (3.208) Cryy,0.96 is mostly con-
i . Recall that (see Definition 3.9 and Definition 3.8) we have:

upx}

Crigo0.96 = {x € V1 (fi, Tt} = 0.96]| Tl [*} .

tained in C
fig,0.93°

05 = {xe Vi {fofip),, =0.93 |0

And (3.208) gives us that the errors for non-outliers are bounded by 0.02, so formally we get:

Cnﬂogg\CA 093CX (3.212)
Similarly, also by (3.208) we get that the intersections of candidate clusters C“” iy lie mostly
in I. Formally:
l?['”“o o L;J C“”j‘, 0gg ETUX (3.213)
By Lemma 3.31 we get that
|Cr1Cnu096|>(1 O((p ))ICI (3.214)

Note that having two thresholds (0.9 and 0.96) is very important here (see Remark 3.7). Intu-
itively we need somf slack to show Cri0.96 S Clig,o.ss
<fX’Hﬁi> apx

” Mg, ”fsz ‘

< Criy,0.9 as there is always some error in

computation of

Now combining inductive assumption IVPncC|= (1 -Y-i- %) |C], (3.210), (3.212), (3.213) and
(3.214) we get that:

IG§OC|z(1—Y-i-%)|C|—o(%)-f—o(%)-|c:|
¢ ) k ¢

> (1 - o(% -log(k))) ICl (3.215)
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Showing |65 n(vP\O) <0 (ﬁ) |C|.Recall that as per Definition 3.12 we have:

VP — V\ U U C\(Tl,...,Tj_l)

J<ipeT; A
By Lemma 3.32 we get that:
€
ICrig09 N (VPN O = [Cripoe N (V\C)| < O(—z) Cl (3.216)
4
By (3.208) we get:
apx
12,093 \ CH,u,O.9 cX (3.217)

Let 71’ be the projection onto the span of {I1y, Iifi}. Moreover let:

10*
X' = {xe Vella fiell® > }

min

Note that by Lemma 3.33 we have:

Y IIn’fx—ﬂ’,uxllst(%) 3.218)

xeV

Moreover for every x € X’ we have:

172" fro = 70" pll = 1170 fel| = 1170 el By A inequality
= 10* 2 By Lemma 3.7
B v/ Tmin Tmin Y )
90
= (3.219)
I'min
Combining (3.218) and (3.219) we get that:
X120 rmin< 05|~ 3.220
| X' < E'rmln— E% (3.220)

Then similarly to the analysis of (3.208) by Lemma 3.43 and the fact that spectral dot product
succeeds we have that for every x € V'\ X'

(fXIHH> <fx’ﬁﬁ>apx

- =0.02
TTul? SN
ITLell |Tig "
Thus we get:
apx !
172,093 \ C]'[“_().g cX, (3.221)

as for points not belonging to X’ the error in the tests performed by the Algorithm is upper
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bounded by 0.02. Combining (3.216) and (3.221) we have:

LA (WP \O)l s o(%)m (3.222)

And finally putting (3.215) and (3.222) together we have:
~ €
ICgACI < O(? -log(k)) -|C| (3.223)

Outer-conductance of 65 is small.Now we want to argue that C 5 passes the outer-conductance
test from line 6 in Algorithm 8. From the definition of outer-conductance:

E(C,V\C) +d|é§AC|
d(cC|- |65AC|)

~

$(C) <

E(C,V\C)+ d~0(§ ~log(k)) IC|
d(IC1- 0 (& -log(k) ) IC)

ofg) o[ ot

<

from (3.223)

E(C,V\O) ( € )
< because ——— < —
1-0( -log(k)] d|C| @
<0 (% . log(k)) for sufficiently small % -log(k)
and it follows that

$(C) < o(% -log(k)),

To conclude we notice that by (3.223) we have Iég | > 3%, SO as Econductance 1S true we get

that the candidate cluster 65 passes the test.

2. Clusters corresponding to unremoved [i’s satisfy condition 2.Now we prove that for every
[ that was not removed from set S only small fraction of its corresponding cluster is removed.

Let fi € S be such that it is not removed in the i-th step and let u be the corresponding real
center. Let C € € be the cluster corresponding to u. By assumption |V nC| = (1 -Y-.i é) ICl,
where recall that P = (T1,..., Ti—1).

Now the goal is to show:

1A (VT T\ (T T"))ISO(%)ICHO(%
@

n €
Z<o|—=|ic|,
<P) k= (<p2)||

that is, that there is only a small number of vertices that were removed in the i-th stage and
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belong to C at the same time. Intuitively we want to show that:
(V(TlnnnTi—l) \ V(le-yTi)) n CH,u,O.96 ~Q,

and then use Lemmas from Section 3.6.2. The equation above is true up to the outliers as
Lemma 3.43 guarantees a bound of 0.02 for the test computations for vertices of small norm.

Now we give a formal proof. Let x € V@ Tic) \ (T = Py (T where (Th,...,T%)
is the partial partition of [i’s created in the first i steps of the for loop of COMPUTEORDERED-
PARTITION. Then there exists (' € {fi, ..., fip} such that x 65, (recall that 65, is the candidate
cluster corresponding to i’ with respect to P = (T1, ..., Ti—1)). Recall (Definition 3.12) that 65,
is defined as:

65, = {xe V:ISINSIDE(x,ﬁ”P,{ﬁl,_,.,ﬁk}\ . [Ul] T]-) :TRUE}.
Jjeli-

This in particular means (see line 8 of Algorithm ISINSIDE) that:

65’ < ;[pf' 0.93 \ Cli[”f” 0.93’
0. ﬁrres\{ﬁr} 0.

which, as i € S\ {{i'}, gives us that:
~P apx _
Co 0 Cﬁﬁ,0.93 =2

which using Definition 3.8 gives that:

(3.224)

2
apx *

(foTm),  <0.93|Ta

We define X’ similarly as in point 1. Let 7’ be the projection onto the span of {ITy,Iif}.
Moreover let:

10*
X’:={x€ Viln foll? > }

min

Similarly to the proof of (3.220) we get

€ €\ n
| X'| so(ﬁ)wmmso(ﬁ)% (3.225)
Again similarly to the analysis of (3.208) we note that by Lemma 3.43 and the fact that spectral
dot product succeeds:
) H <f ) ﬁﬁ>a x
for every y € V\ X’ we have Sy 1 Y 5 21 <0.02 (3.226)

Il ||fig

apx
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Combining (3.226) and (3.224) we get that if x € V'\ X’ then

Follp) _ (fp0m), .

gz S e H0.02
K Imal,.
<0.93+0.02
<0.96
which also means that x ¢ Cry,0.96. This means that:
(VT T\ T Ty o g 96 € X (3.227)
But by Lemma 3.31:
2 €
l{x € C: (I1fy, M) <0.96]ul5} < O i -1C| (3.228)
Combining (3.227), (3.225) and (3.228) we get that:
€ €\ n €
|Cn VT Ty Ty < o(—z) ICI+0 —2) =< o(—z) |Cl. (3.229)
) k ¢

By assumption that |[V(Tv-Ti-) A C| = (1 -Y-i- %) |C| and (3.229) we get that:

T 0 0l = (1 S+ ) iz) icl,
¢

provided that Y is bigger than the constant hidden under O notation in (3.229).

The following Lemma is a generalization of Theorem 3.7 that uses Lemma 3.45 as an in-
ductive step to show that if COMPUTEORDEREDPARTITION is called with fi’s that are good
approximations to u’s then it returns an ordered partition that induces a good collection of
clusters.

Lemma 3.46. Letk=2,¢p € (0,1) and ﬁ -log(k) be smaller than a sufficiently small constant.
Let G = (V, E) be a d-regular graph that admits a (k, ¢, €) -clustering C1, ..., Cy. Then conditioned
on the success of the spectral dot product oracle the following conditions hold.

If COMPUTEORDEREDPARTITION (G, i1, [i2, ..., Hk, S1, S2) is called with (i1, ..., {l) such that for
every i € [k] we have ||fi; — p;]|> < 10712 (pf,kz | 4i1? then COMPUTEORDEREDPARTITION returns
(TRUE, (Ty,..., Tp)) such that (T, ..., Tp) induces a collection of clusters {éﬁl eees éﬁk} such that
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there exists a permutation nt on k elements such that for alli € [k):
N €
|Ca ACk) | < O(@ '10g(k)) 1Cria)|

and
~ €

Proof. Note that for i = 0 in the for loop in line 2 of COMPUTEORDEREDPARTITION S and
clusters {Cy,..., Cy} trivially satisfy assumptions of Lemma 3.45. So using Lemma 3.45 and
induction we get that for every i € [0..[log(k)]] at the beginning of the i-th iteration:

o |SI=k/2,
« for every fi € S with corresponding i and corresponding cluster C we have |V Tt Ti-)

Cl= (1 -Y-i- é) |C| (where Y is the constant from the statement of Lemma 3.45).

In particular this means that after O(log(k)) iterations set S becomes empty. This also means
that COMPUTEORDEREDPARTITION returns in line 10, so it returns TRUE and the ordered
partial partition (71, ..., Tp) is in fact an ordered partition of {fiy, ..., i}

Note that by definition (see Definition 3.10) all the approximate clusters {éﬁl,...,éﬁk} are
pairwise disjoint and moreover for every constructed cluster C € {éﬁu cee éﬁk} we have:

¢ = o(% -log(k)),

as it passed the test in line 6 of COMPUTEORDEREDPARTITION. So by Lemma 3.16 it means
that there exists a permutation 7 on k elements such that for all i € [k]:

~ €
CpsCrio| = O Z5-logth) G,

Recall Remark 3.9 for why the proof follows this framework of first arguing about outer-
conductance and only after that, using Lemma 3.16, reasoning about symmetric difference. [

Now we present the final Theorem of this section which shows that FINDCENTERS with high
probability returns an ordered partition that induces a good collection of clusters. The proof
is a careful union bound of error probabilities.

Theorem 3.8. Let k=2, ¢ € (0,1), Ekzpi;k) be smaller than a sufficiently small constant. Let
G = (V,E) be a d-regular graph that admits a (k, p,€)-clustering Cy, ..., Cy. Then Algorithm 10
with probability 1 —n returns an ordered partition (T, ..., Ty) such that (Ty,..., Tp) induces a
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collection of clusters {éﬁl yeeos éﬁk} such that there exists a permutation w on k elements such
that for alli € [k]:

~ €
|Ca ACap| <O (ﬁ '10g(k)) 1Caii)]

and
$(Ca) = o(é -log(k)).

Moreover

* Algorithm 10 (FINDCENTERS) runs in time
2
Oy (Ing(]_/n) -20("’7~k410g2(k)) . n1/2+0(€/‘/’2)) ]

)O(l)

A k L 1/2+0(e/¢?)
and uses Oy (( . n space,

* Algorithm 7 (HYPERPLANEPARTITIONING) called with (Ty,..., Tp) as a parameter runs in
~ o)
time Oy (( b )

2 .
= -pl/2+0Ely )) per one evaluation.

Proof. We first prove the runtime guarantee and then we show correctness.

Runtime.The first step of FINDCENTERS (Algorithm 10) is to call INITIALIZEORACLE(G, 1/2) (Al-

~ oM . ~ o) .
gorithm 4) which by Lemma 3.43 runs in time O, ((%) -n!12+0El9) | and uses O, ((%) - pl/2+0ly?)
space (It’s the preprocessing time in the statement of Lemma 3.43). Then Algorithm 10 repeats
the following procedure O(log(1/n)) times.

2
It tests all partitions of a set of sampled vertices of size s = O(% -k*log(k)) into k sets. There is

o? 2 . .. ~ .
200 k'log’ (k) of them. Notice that for each partition each fi; is defined as

> fo

|Pl| X€EP;

atmost k£’ =

1

i

so as the number of sampled points is O(%2 Kk log(k)) then each [i; is an average of at most

O(%2 -k*log(k)) points. To analyze the runtime notice that:

For each partition Algorithm 10 runs Algorithm 8,

Algorithm 8 invokes Algorithm 11 (OUTERCONDUCTANCE) kOW times,

2 10(1)
OUTERCONDUCTANCE takes, by Lemma 3.44, (s +52)-#-s4-(% k) 2019 602 (py)

time,

§1= @(%zk5log2(k) log(1/m)) and s = (9(%4 k®log?(k)log(1/m)).
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So in total the runtime of FINDCENTERS is

1 2
e
@p €

Substituting for s, s1, 52 it simplifies to:

o) oM

4 2
n”2+0(€/"’2)logg(n)Jrlog(l/n)ZO(Vf'k4l°g2(k))k0(”(sl+82)s_2(_k) n!/2+0€l9 1062 (n)
() €

1 2
E logz(l/n) . 90Uk log*(k)) | ,1/2+0(el ) logs(n)

Runtime of Algorithm 7: Each fi; is an average of at most s points, where s < O(%2 kA log(k)),
Algorithm 7 performs k°W tests (fxrﬁ(ﬁ»a,,x > 0.93|TI(@)||> and by Lemma 3.43 each test

takes 6tp (54 . (5)0(1)

BYHYPERPLANEPARTIONING(:, (T1,..., Tp)) is in:

. pl/2+0el ‘Pz)) time. So in total the runtime of one invokation of CLASSIFY-

6‘P

o)
(E) 1/2+O(e/(p2))
‘n
€

Error of OUTERCONDUCTANCE algorithm.Now we analyze the error probabilities of OUTER-
CONDUCTANCE across all the iterations of our algorithm. Note that we run the test for each
cluster for each partition and for each of the log(2/7) iterations of the algorithm. So in total

9% 14 2 . . .
we run OUTERCONDUCTANCE test 200 k10807 Jog (%) times. By setting s; in

2 2
o) (k (log(4/17) +log(klog(1/m) + % e 1og2(k))) <0 (% k5 -log? (k) -log(lln)) :

and s, in:

¢ ¢ ¢!
o( . (log(4/n)+log(klog(1/n))+?~k4log2(k)))S0(6—2~k5'log2(k)~log(l/n)),

we get by Lemma 3.44 that the probability that the conclusion of Lemma 3.44 is not satisfied
in a single run is bounded by

02 : 2
(&-k10g? (k)

100- 2" klog(1)

So by union bound over the clusters, the partitions and the iterations we conclude that with
probability 1 - 517—0 the algorithm for every invokation returns a value satisfying the statement
of Lemma 3.44. Moreover observe that this also means that &.onductance 1S true as conclusions
of Lemma 3.44 are stronger than the property required for event &¢onductance t0 be true.
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W.h.p. every returned ordered partition defines a good clustering.By the lower bound on
the error probability of OUTERCONDUCTANCE algorithm above we get that with probability
1-2& o every cluster C that passes the test from line 6 of Algorithm 8 has to satisfy:

$(C) = o(é -log(k)),

as for C to pass the test the value g returned by OUTERCONDUCTANCE has to satisfy g <
0} (ﬁ . log(k)) but by Lemma 3.44 we have g = %(/) ((ATIALTI""’TI’)) —e/¢?. Now by Lemma 3.16 this
implies that if Algorithm 10 returns an ordered partition, then with probability 1 - ;7—0 the
collection of clusters it defines satisfies the statement of the Theorem.

Each iteration succeeds with constant probability.In the remaining part of the proof we will
show that a clustering is accepted with probability 1 — 2. First note that from the paragraph
Error of OUTERCONDUCTANCE algorithm we know that &conductance holds with probability

- 577—0. Next we show that in each iteration of the outermost for loop of Algorithm 10 it succeeds
with probability 1/2 (conditioned on &¢onductance)- By amplification this will imply our result.

Now consider one iteration. Let S be the set of sampled vertices. Observe that there exists a
2

partition of S = PyuUP,U---U Py such thatforall i € [k], P; = SNC;. We set s = 1015. % NS log(k).

Therefore by Lemma 3.40 with probability at least 19—0 we have for all i € [k]

0.9-
S, min 159101 (p K log(k).

ISNC;| = mi
k  paeik |Cql

Letd =k and { = ‘[ . Therefore, we have

¢

1 (80-€/¢p?) 12 1/(1-(80-€/¢%)
)

’ k
1SN Cil 29-1014-%-k310g(k) > C-(k-log(g)-(—

where c is the constant from Lemma 3.39. The last inequality holds since % log(k) is smaller

€lp?)
than a sufficiently small constant, hence, (‘p ) € O(1), and k¢’ 9 ¢ 0O(1). Therefore by
Lemma 3.39 for all i € [k] with probability at least 1 — k5% we have:

—6\/’

||ﬁi—ui||25('||,uz'||2— il

Hence, by union bound over all sets P;, with probability at least 1% —k k50 > % we get

G — will2 < 10:k )il for all i € [k] simultaneously.

Now by Theorem 3.2 and the union bound we get that spectral dot product oracle succeeds
with probability 1 -8, So by Lemma 3.46 and the union bound FINDCENTERS with probabil-

ity g —n 8> % returns an ordered partition (77,..., Tp) which induces a collection of clusters
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{Cﬁl yees @ﬁk} such that there exists a permutation 7 on k elements such that for all i € [k]:
. €
|Cat, ACq(i| < o(E -log(k)) |Cri

and
~ €

3.6.6 LCA

Now we prove the main result of the paper. Recall that a clustering oracle (Definition 3.4) is
a randomized algorithm that when given query access to a d-regular graph G = (V, E) that
admits (k, ¢, €)-clustering Cj,..., Cy it provides consistent access to a partition 61, s, ék such
that there exists a permutation 7 on k elements such that for all i € [k]:

~ €
|Ca, ACriy| < o(E -log(k)) |Ciyl. (3.230)

Consistency means that a vertex x € V is classified in the same way every time it is queried.

First we will show a Proposition (Proposition 3.3) that shows that it is enough to design
an algorithm that returns a collection of disjoint clusters (not necessarily a partition) that
satisfies (3.230) to get a clustering oracle. Using this Proposition as a reduction we then show
Theorem 3.3, which is the main Theorem of the paper.

Proposition 3.3. If there exists a randomized algorithm O that when given query access to a
d-regular graph G = (V, E) that admits a (k, ¢, €)-clustering Cy, ..., Cy, the algorithm O provides
consistent query access to a collection of disjoint clusters € = (Cy,...,Cy) of V. The collection
€ is determined solely by G and the algorithm'’s random seed. Moreover, with probability at
least 9/10 over the random bits of O the collection € has the following property: for some
permutation i on k elements one has for every i € [k]:

~ €
ICiACq@m| = O(_3)|Ci|-
¢

. . €en
Then if clusters have equal sizes and P Klog(®

algorithm @' that is a (k, @, €)-clustering oracle with the same running time and space up to

is bigger than a constant then there exists an

constant factors.

Proof. The idea is to assign the points outside U;e (g C; randomly. That is to assign vertex
x € V, 0" works exactly the same like @ but if @ left x unassigned then ¢’ assigns x to a value
chosen from [k] uniformly at random.

Let R = V\Ujex C; and for every i € [k] let S; € R be the set of vertices that were randomly
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assigned to C;. By the fact that for every i € [k] |C; ACy (5l < O (%) |C;| we get that there exists
a constant C such that:
€
IRI=C-—-n. (3.231)
4

Now let i € [k]. By the Chernoff bound we have that for every 6 = 1:

|R| |R| _5 1Rl
IS;)|—-—|=6—|<e 93k (3.232)
Setting 6 =
|R| € n —Len
[S; |—_ CEE <e 30k (3.233)

Combining (3.231) and (3.233) and the assumption that <p3-k€i—gg(k) is bigger than a constant we

get that
1

<
100- k

P|lISil=2C €.z
1= (ps k

Using the union bound we get that with probability 9/10 - k- 100 Too% = 8/10 we have that for

everyie [k] |S;|<2C- (pg k. So finally with probability 8/10 for every i € [k]:

1Ci A(Criy U Snin)| < 1Ci ACq(iy | + 1Sni]

<o( ) ICi|+0 ) n By definition of @
¢° @) k
max [Cyl
<O()IC| As —LZPL o,
¢ minpei [Cp
which means that @’ is a (k, ¢, €)-clustering oracle. O

3
Theorem 3.3. For every integer k = 2, every ¢ € (0,1), everye < k‘)”?, every 6 € (0,1/2] there
exists a (k, @, €)-clustering oracle that:

~ o* 4]

* has O, (20( =K og' () n1‘5+o(€/"’2)) preprocessing time,
~ o)

* has O, ((’g‘) . n‘S*O(e/"’Z)) query time,
~ o)

e uses O, ((%) onl“”O(e/‘Pz)) space,

)O(l)

o usesO ((k nO(E/‘PZ)) random bits,

where Oy, suppresses dependence on ¢ and O hides all polylog(n) factors.
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. , .~ 2 i lod?
Proof. By Theorem 3.8 we get that there exists an algorithm thatruns in O, (20( k' log' (k) . y1/2+0(elg?)

time and that with probability 9/10 returns an ordered partition (71, ..., Tp) of {fi1, ..., fix} such
that the induced collection of clusters {Cy,, ..., Cy,} satisfies the following. There exists a
permutation 7 on k elements such that for every i € [1,..., k]:

N €
|Gy ACy | = O (@ ~log(k)) |Criy

That algorithm is the preprocessing step of oracle &. Then for each query x; € V we run
Algorithm 7 which outputs fi; such that x; € (Ajﬁj (Note that x; might not belong to any of
Cgi, see Proposition 3.3 for how to deal with that). Algorithm 7 by Theorem 3.8 runs in

~ o)
O(p ((%) . n1/2+0(e/<p2)) time.

Runtime tradeoff.Notice however that by Theorem 3.2 we can achieve a tradeoff in the prepro-
. . . ~ 2. 2 _ 2 S
cessing/query runtime and achieve O, (20( e Kiog (k) . py1-0+0G! ‘/’Z)) for preprocessing time

1

_ o) _ o)
and O(p((’f) . pl—0+0(/p?) space and O, ((%) . n5+o(€/"’2)) for query time.

Random bits.The only thing left to prove is to show that we can implement these two algo-
rithms in LCA model using few random bits. There are couple of places in our Algorithms
where we use randomness.

First in INITIALIZEORACLE (Algorithm 4) we sample @(no(e“”z) -k°%M) random points. For that
we need @(no(e“”z) - k9%1) random bits.

For generating random walks in Algorithm 4 and Algorithm 5 we need the following number of
random bits. Notice that in all the proofs (see Lemma 3.26) we only need 4-wise independence
of random walks. That means that we can implement generating these random walks using
a hash function h(x) that for vertex x € V generates O(log(d) - # -log(n)) bit string that can
be interpreted as encoding a random walk of length O(# -log(n)) (remember that graphs we
consider are d-regular so log(d) bits is enough to encode a neighbour). It'’s enough for the hash
function to be 4-wise independent so it can be implemented using O(# -log(d)-log(n)) = 5(/, @))
random bits.

The partitioning scheme (see Algorithm 7) works in O(log(k)) adaptive stages. The stages are
adaptive, that is why we use fresh randomness in every stage. For a single stage we observe
that in the proof of Lemma 3.44 we only use Chernoff type bounds. So by [SSS93] we don’t
need fully independent random variables. In our case it’s enough to have O(log(n))-wise
independent random variables which can be implemented as hash functions using O(log?(n))
random bits. This means that in total we need O(log(k)log®(n)) = O(1) random bits for this.

For sampling set S in Algorithm 10 we can use O(‘%2 -k*log(k) -1og(n)) = Oy (£ - k°W) fresh
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random bits.

So finally the total number of random bits we need is in:

~ 2 1 ~ (1 2
Oy [nO€P) kOW 4141+~ ko(”) <0, (— - pO€v) . | O
€ €

O

Remark 3.11. Note that threshold sets Cyo (recall Definition 3.8) are well defined in LCA
model because for all x, y € V whenever we compute { fx, fY>apx the result is the same as we use
consistent randomness (see Definition 3.4).
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Conclusion

In this thesis, we have introduced new spectral techniques for understanding the cluster
structure of graphs in sublinear time. In Chapter 2, we have developed an optimal sublinear
algorithm for testing k-clusterability in the property testing framework. Next, in Chapter 3,
we have extended our testing result to an efficient clustering algorithm in the LCA model that
misclassifies a small fraction of vertices in every cluster. These results have resolved important
graph clustering problems while, at the same time, opening several directions for further
progress.

An interesting open problem would be to go beyond flat-clustering regime by generalizing
the spectral clustering techniques and applying them to the hierarchical clustering problems.
Hierarchical clustering is the task of partitioning vertices of a graph into nested clusters. Das-
gupta introduced an objective function for formulating hierarchical clustering and initiated
aline of work developing algorithms that optimize the cost of the hierarchical tree solution
[Dasl16]. This leads to a natural open problem: Given a k-clusterable graph, can we design a
local computation algorithm that recovers a hierarchical structure of the graph in sublinear
time?

Another research direction is to generalize the spectral clustering results to more robust set-
tings in which the input graph might contain noisy structures such as noisy clusters [Pen20], or
the graph might be obtained by semi-random models [MMV12]. The existence of noisy struc-
tures is closer to real-world applications and modern data analysis require new techniques to
quickly detect clusters in the noisy datasets.

Designing robust clustering algorithms, prompt us to address clustering problems in dynamic
settings. In most applications, the graph is changing over time and the communities evolve
dynamically (for example in social networks, or web graph). We would like to maintain a
reasonable clustering solution of the graph at all times. The goal is to design a framework that
maintains a good clustering of the graph with fast update time and query time. In Chapter 3,
we have designed a sublinear algorithm for graph clustering when the external conductance
of clustersi.e., € is bounded by O(1/logk). This result leads to a fully dynamic algorithm for
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graph clustering with pl/2+0(e)

o(1)

update and recovery time. Can we decrease the update and

recovery time to n°"’ while respecting the external conductance assumption?

Finally, another open problem is to develop differentially-private sublinear algorithms for
spectral clustering in which the goal is clustering the vertices of a graph while preserving the
privacy of individuals in the dataset.
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.\ Supplementary Materials for Chapter
1

A.1 ProoflLemma 2.4

Proof of Lemma 2.4. For the first part, let V- matrix whose columns complete the columns
of V to an orthonormal basis. Then V'V projects a vector onto the column space of V, and
(VH(vHT projects onto the columns space of V+, which is also the orthogonal complement
of the column space of V. Therefore, VV + (VYH)(VH)T = I,,,m. Thus,

pn(ATA) = wp(ATVVT A) + pmin (AT VEVH T A) = ppaTvv T a)

where the first inequality follows from Weyl’s inequality, and the second one holds because
ATVEWHT Ais positive semidefinite.

The second part follows from the first part by observing that u, (U? AT AU) = u;,(AUUT AT)
and up(ATA) = up(AAT). O

A.2 Proof of Lemmas from Section 2.3.2

Lemma 2.19 (restated). Let G = (V, Eg) be a graph. Let0 <o <1t >0, ey >0, k be an
integer, and let S be a multiset of s vertices, all whose elements are (o, £)-good. Let

100520172 200s5*03/2
R =max R

2
Herr Herr

For each a € S and each b € V;, let q,(b) and q),(b) be random variables which denote the
fraction out of the R random walks starting from a, which end in b. Let Q and Q' be matrices
whose columns are (D‘%qa)aes and (D‘%q’a)aes respectively. Let ¢4 = % (QTQ'+Q'TQ). Then
with probability at least 49/50, |t+1(94) — pes1 (D2 MLS)T(D™2 M!S))| < ferr.

Proof. Let X! . be a random variable which is —— if the r random walk starting from a,

\/deg(i)
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] = _pi)

\/deg(i)

ends at vertex i, and 0 otherwise. Thus, E[X?

that the entry ¢, ;, is a random variable given by

Gab = R2 Z(Z drl)(z brz

IEVG n= 1 7'2—

Thus,

lEV(, rn= 1 rz—
_ pa(l) . pb(l)
iev, /deg(i) /deg(i)

= (D :M'1)T (D2 M'1,).

We know that Var(¥,, ;) = E[9% ] — E[%,,5]°. Let us first compute E[4> Bl

B9, =E| 5 ¥ ¥ Y Y Y Y Xb, X, x) x]

l(—:VG]eVGrl 1= 1r1_1r2_1

Y TSR Y Y e, XXX

ieVg jeVgn=1r= 1r1_1r2_1

To compute E[X,

xi x/ , X J .1, we need to consider the following cases.
61 n*br," a,r; " bry

. For any two vertices a, b € S, observe

(A.1)

. tos tors tos ts
1. l#] E[ arle X] X] 1< P. (i) . p,(0) . P.() . p,(J) (Thisisanequalityif

bry” = \/deg(d) +/deg(d) +/deg(j) +/deg())’
ri#ryand ry #7. Otherv\nse, the expectation is zero.)

. i j j L(i) P, () 1 1
2.i=j, n=r, r=rpEX, X x/ x/ 1= Pl . b . . :
J 1 1 2 2° [ an*br," " a,r b,rz] V/deg(i) +/deg(i) +/deg(i) +/deg(i)
. j L) p; (i) O]
3.i=j, rn=r, rn#rpEX,, X! X] Jop=Ral . Do . =
bon=n n#En XX, X 0 Xy V/deg(i) +/deg(i) +/deg(i) +/deg(d)
4. i :]- r ;é r/ Fo = r/ [E[Xz Xl X] X] _ pfz(i) . pi(l.) . p:tz(i) A 1
’ ’ 1 r 2 2° an b,r, \/deg(i) \/deg(i) \/deg(i) \/deg(i) ’
. A0) P, () p.() p, ()
5.i=j, r#r, rn#rhEX! X’ X] R U VI L /1
J 17 1 2 7 2 [ arn a,r b £ I= \/deg(i) \/deg(i) \/deg(i) \/deg(i)
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Thus we have,

R R R
b] R4 Z Z Z Z Z Z[E[XLZ”IXI”ZX] X] /]

i€V jeVgn=1r= 1r 1r2

pL() - PL() - Ph (D) Pl () 5> p,()?-pl (i)’

< + N
iggjel%\{i} deg(i) - deg(j) iev,  deg(i)?

Ll 5 pz(i)-p,@m 1 « pi()- pb(z) L] pa(D)?-pj,()
R? /& deg(i)? "R i€V  deg(i)? "R iV,  deg(i)?

¥y pZ(i)-p;(j)-pZ(i)-pf,(])+i 5 AOR HO)
' ' R2 deg(i)2

L v deg(i) - deg(j) ieVg

AR HOR(AGE: pb(l))

P

R .. deg(i)?
Therefore we get,
Var(9,, ) = E[92 )] — E[94,0)?
AR AVE HOB /AT INS! > P pa()-p, (D)
_i,jeVG deg(i) - deg()) Rzzevp ~deg(i)®
Z Pa() Py (D) (PL(D) +Py (D) 5 p.(i)-p (D)’
u—:Vc deg(i)? ieVg deg(?)
1 ;(z‘)-p;(z) 1 « PL()* pb(z) 1 o Pali)-p,()?
" R2 ,.;G deg(i)2 RleVG  deg(i)? RleVG  deg(i)?
1 pi() P,

- R? &y, \/deg(i) \/deg(d)
p,() )2_ p, () 1 pL() ( p(0) )2
Vdeg(i)] +/deg(i) R ey, +/deg(i) \/deg(i)

-2t —=

1 _1 _1 1
SEIID 2phll2-1ID 2Pb||2+E||D 2pa||4‘||D 2pb||2+—||D 2pallz 1D~ 2pr|4

1

R ieVg

1 _1 oy _1 1 1,05 _1 1 1 _1
Sﬁ”D 2pgll2-11D 2pbllz+EllD 2p,llz 11D 2pb||2+E||D 2pallz'llD 2pbllg
(A.2)

Notice that all vertices in S are (g, t)-good, therefore we get,

o 20.3/2

Var(‘ﬁa,b) < E + T
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Then by Chebyshev’s inequality, we get,

Pr |19, —E[9,p]l >

Perr] Varl9,,l  s? (o 202 1
S Tl =2 |R2T =S
s (Hem) 12, \R R 50s

where the last inequality follows by our choice of R. By the union bound, with probability at
least 49/50, we have forall a,b € S,

_1 1
(o~ (D72M)T (D ZMt))a,b|=|Za,b—[E[Za,b]|5’uzrr,

which implies |4 — (D2 M!'S)T(D™: M!S) | F < terr- This, in turn, implies
|tes1 (D) — e (D2 M) T (D2 M'S)| < perr,

due to Weyl’s inequality and the fact that the Frobenius norm of a matrix bounds its maximum
eigenvalue from above. O

Lemma 2.20 (restated). For all 0 < a < 1, and all G = (Vi Eg) which is (k, ¢in)-clusterable,

there exists V(’; c Vi with vol(Vé) > (1 - a)vol(Vg) such that for any ¢ = Zlanl(VG)), every u € Vc’;

in

. 2k
is (wvol(VG)’ t)-good.

Proof. Recall that we say that vertex u is (o, t)-good if ||D_%p{t |I§ < g. We can write D_%pfl as
_1 1y _1 o 1—f 1 —r 1
D :p,=D":M'l,=D2(D:M D 2)1,=M D 21,

Recall from section 3.2 that 1 — % >...>1- %, are eigenvalues of M, and vi,..., U, are
1 —_—
the corresponding orthonormal eigenvectors. We write D™ 21, in the eigenbasis of M as

D_%]lu = Z?:l a;(u) - v; where a;(u) = (D_%]lu)Tvi = YW _ Therefore we get,

v/ deg(u)
_1 —t 1
ID"2p |13 =M D 21,3

oc-(u)2 (1 — &)Zt
! 2

.\ 2t n 2t
ai(u)z(l—%) + Y ai(u)z(l—%)

Il

i=1

Il
.M?V

i=1 i=k+1
k /1k+1 2t n
sZai(u)2+(1— ) > aiw?
i=1 2 i=k+1
k (pz 2t
< Zai(u)2+(l——m) .
i-1 4
The last inequality follows from Lemma 3.1, and the fact that ¥ a;(w)? < ||v;||5 < 1. We
now bound h(u) := Zle a;(1)?. Let 2 denote the degree distribution of G (i.e., 2(v) = 3%((5))).
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Observe that
degu) [& ) deg(u) [& vi(w)?
IE h = . i = .
2 [h(u)] MEZVG vol(Ve) i:ZIa () ) MEZVG vol(Ve) l:ZIdeg(u)
1 k

1 k k
vi(t) vol(Vg) i3 il vol(Vg)

i=1ueVg

~ vol(Vo)

Thus by Markov’s inequality there exists a set V. < Vi with vol(V]) = (1 - a)vol(Vg) such that
forany ue V/,

1 k
h(w) = —

a Vol(V(;)

Thusif t = % for any u € V, we have
2 \2t
_1 ®; 2k
ID7Zpll s ————+[1-—2| =———f
a-vol(Vg) 4 a-vol(Vg)

therefore every u € V/. is (WIEVG), t)-good. O

Lemma 2.18 (restated). Let G = (Vg, Eg). Let a€ Vg, 0 >0,0<8 <1, and R = 28Vl@ [t
¢ =1, and p/, be the probability distribution of the endpoints of a ¢-step random walk starting
from a. There exists an algorithm, denoted by éz-norm tester(G, a, o, R), that outputs accept if

||D‘%pu II§ < %, and outputs reject if | D™2 pall2 > o, with probability at least 1 —§. The running

time of the tester is O(R - £).

Proof. The description of the algorithm Z%-norm tester(G, a, o0, r) is simple:

1. Run 2R random walks of length  starting from a.

2. Let X, i - be arandom variable which is ——— if the rt random walk starting from a,
\/deg

ends at vertex 7, and 0 otherwise.
3. Let Z be arandom variable given by Z = RZ YieVs (Zrl 1Xa rl)(Zsz R+1 X!

a, rg)

4. Reject if and only if ||D_5p;||2 >

By equation A.1, and inequality A.2, in the proof of Lemma 2.19, we have E[Z] =
_1
ID~zp’ 115, and

1 1 1 1 1 1 1 1 1
Var(Z)SﬁllD 2p2||2'||D 2pﬁ,llz+EI|D 2pﬁ,llz-IID 2pflllz+E|ID 2p2||2'||D 2p§,|I2
1 _1 2 2 _1 3
< IID 2pZI|2+EIID 2pllls
ElZ] + 2E[2)}
= i
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210

Then by Chebyshev’s inequality, we get,

3
E[Z]] Varlz] wEIZ]1+2E[Z]2 4 8
Pr||Z-E[Z]]| > 7 < 5 =— + -
2 (%)2 E[Z] R*-E[Z]  R.E[z]2
£ 2
Now Observe that E[Z] = ;’:1 (ggg()i)) , is a convex funtion which is minimized when for
t(s L
alll<i#j<n, fe“g((lg) = ggg((fi)) = vol(lvc)' Thus we have
. deg(i) 2
(p;(l))2 (VOl(V(;)) 1

n
E[Z] = = = .
[Z] ; deg(i) ;:21 deg(i) vol(Vg)

1

Hence, we get,

Pr||Z-E[Z]| > <9.

E(Z] ] _ 4volVg) 8-vol(Vg)3
2 |T 7 R R

The last inequality holds since R > 18Vl ”‘g’l(G).

Thus if IID_%pZH% < %, then E[Z] < 2, and hence, with probability at least 1 — §, we
have Z< Z + % <. And if IID_%pZH% > g, then with probability at least 1 — §, we have
Z = % > 7. Therefore, the tester outputs the correct anwer with probability at least

1-94.
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