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Abstract: We consider a type-I seesaw framework endowed with a flavour symmetry,
belonging to the series of non-abelian groups ∆(3n2) and ∆(6n2), and a CP symmetry.
Breaking these symmetries in a non-trivial way results in the right-handed neutrinos being
degenerate in mass up to possible (further symmetry-breaking) splittings κ and λ, while the
neutrino Yukawa coupling matrix encodes the entire flavour structure in the neutrino sector.
For a fixed combination of flavour and CP symmetry and residual groups, this matrix
contains five real free parameters. Four of them are determined by the light neutrino mass
spectrum and by accommodating experimental data on lepton mixing well, while the angle
θR is related to right-handed neutrinos. We scrutinise for all four lepton mixing patterns,
grouped into Case 1) through Case 3 b.1), the potential to generate the baryon asymmetry
of the Universe through low-scale leptogenesis numerically and analytically. The main
results are: a) the possible correlation of the baryon asymmetry and the Majorana phases,
encoded in the Pontecorvo-Maki-Nakagawa-Sakata mixing matrix, in certain instances; b)
the possibility to generate the correct amount of baryon asymmetry for vanishing splittings
κ and λ among the right-handed neutrinos as well as for large κ, depending on the case
and the specific choice of group theory parameters; c) the chance to produce sufficient
baryon asymmetry for large active-sterile mixing angles, enabling direct experimental tests
at current and future facilities, if θR is close to a special value, potentially protected by an
enhanced residual symmetry. We elucidate these results with representative examples of
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flavour and CP symmetries, which all lead to a good agreement with the measured values
of the lepton mixing angles and, possibly, the current indication of the CP phase δ. We
identify the CP-violating combinations relevant for low-scale leptogenesis, and show that
the parametric dependence of the baryon asymmetry found in the numerical study can be
understood well with their help.
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Heavy Neutrinos
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1 Introduction

The Standard Model (SM) of particle physics has proven to be of unprecedented success.
However, it fails to explain important observations such as non-vanishing neutrino masses,
the peculiar flavour structure in the quark and lepton sector as well as the baryon asymmetry
of the Universe (BAU), YB = (8.61± 0.05) · 10−11 [1].

Many mechanisms have been proposed in order to generate neutrino masses, see e.g. [2].
Most of them predict neutrinos to be Majorana particles. In the case of the three different
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types of seesaw mechanisms, type-I seesaw, type-II seesaw and type-III seesaw, only one
new species of particles is added to the SM, right-handed (RH) neutrinos, Higgs triplets
and fermion triplets, respectively. The smallness of neutrino masses is usually related to the
heaviness of the new particle species for couplings of order one. It is, however, also plausible
that these particles have masses below the TeV scale, if some of the couplings are suitably
suppressed. An elegant and minimalistic example is the Neutrino Minimal Standard Model
(νMSM) [3, 4] with masses of the heavy neutrinos being (much) smaller than the electroweak
scale. The important advantage of frameworks such as the νMSM is the fact that these
can be comprehensively tested in different types of terrestrial experiments, e.g. colliders,
precision tests of flavour physics observables and fixed-target experiments [5, 6].

Likewise several approaches have been studied to predict the number of fermion
generations and the peculiar flavour structure in the quark and lepton sector, see e.g. [7–10].
A symmetry acting on flavour space, a so-called flavour symmetry, which possesses at
least one irreducible three-dimensional representation can explain (some of) these features.
Several different types of symmetries have been investigated and discrete non-abelian groups
have shown to be most useful in the description of the features of the lepton sector. If such
a symmetry is broken in a specific way, i.e. to residual symmetries in different parts of the
theory (e.g. the charged lepton mass matrix and the matrices responsible for neutrino masses
are governed by different residual groups), this approach turns out to be very constraining
regarding the lepton mixing parameters accessible in neutrino oscillation experiments. The
predictive power can be further enhanced, if a CP symmetry, also acting non-trivially
on flavour space in general, is involved [11–19]. Most successful is the combination of a
non-abelian flavour group Gf and a CP symmetry that are broken to the residual symmetry
Gl among charged leptons, contained in Gf , and to Gν = Z2 × CP , with Z2 in Gf , among
neutrinos. In this approach, the three lepton mixing angles θij and the three CP phases, the
Dirac phase δ and the two Majorana phases α and β, only depend on one real parameter, up
to permutations of the rows and columns of the Pontecorvo-Maki-Nakagawa-Sakata (PMNS)
mixing matrix [11]. Suitable candidates of a flavour group are found among the series of
groups ∆(3n2) [20] and ∆(6n2) [21], n ≥ 2. The automorphisms of the flavour group then
determine the possible CP symmetries. See [22] for resulting lepton mixing patterns.

The generation of the BAU in the SM could in principle be successful, if the electroweak
phase transition were first order and a sufficient amount of CP violation could be achieved.
Given that this is impossible without an appropriate extension of the SM, e.g. adding
further scalars to the SM, leptogenesis [23] is an interesting alternative. In leptogenesis the
BAU is produced from a generated lepton asymmetry which is converted into a baryon
asymmetry through sphaleron processes [24]. Indeed, many mechanisms leading to neutrino
masses also offer the possibility to have viable leptogenesis, for a review see e.g. [25]. We
focus in the following on low-scale leptogenesis [3, 26–28] in the context of the type-I seesaw
framework with three RH neutrinos.

In this work, we consider the aforementioned framework, endowed with flavour and CP
symmetries.1 The three generations of left-handed (LH) lepton doublets and of the RH

1Leptogenesis has been discussed in several scenarios with flavour (and CP) symmetries, see e.g. [29] for
a concise review as well as the following publications for explicit examples [30–38].
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neutrinos are assigned to irreducible three-dimensional representations of the flavour group,
whereas the RH charged leptons transform as singlets in order to ensure the possibility
to achieve the hierarchy among charged lepton masses without fine-tuning. The RH
neutrinos are degenerate in mass, since their mass matrix does not break the flavour and CP
symmetry, while the neutrino Yukawa coupling matrix YD relating LH and RH neutrinos
instead preserves the residual symmetry Gν = Z2 × CP . For fixed Gf and CP as well as
residual groups Gl and Gν , the matrix YD contains five real free parameters, yf , f = 1, 2, 3,
θL and θR, which correspond to the three light neutrino masses, the free parameter adjusted
to accommodate well the experimental data on lepton mixing and the free parameter θR
related to the RH neutrinos. The residual symmetry Gl among charged leptons is taken
to be a Z3 group, the minimal symmetry which allows to distinguish between the three
generations. Indeed, we can without loss of generality assume that the Z3 group is always
generated by the same element of the flavour group. Depending on the choice of Gν , we
obtain different lepton mixing patterns. These can be grouped into four different cases, Case
1) through Case 3 b.1). As is well-known, successful leptogenesis requires a non-vanishing
mass splitting among the heavy neutrinos. One possible source is the (small) breaking of
the flavour and CP symmetry in the RH neutrino mass matrix, either arising from the
symmetry breaking present in the charged lepton sector, encoded in the splitting κ, or from
other sources, as exemplified with the splitting λ. To calculate the BAU we numerically
solve the quantum kinetic equations from [39], supplemented with the interaction rates
from [40]. Although these equations can in general not be solved analytically, we can gain
significant insight into the parametric dependence of the BAU by identifying and evaluating
the relevant CP-violating combinations that arise when perturbatively solving the equations.

The paper is organised as follows: in section 2 we first discuss the low-scale type-I
seesaw framework and then its extension with flavour and CP symmetries. In section 3
we elaborate on the results for light neutrino masses and lepton mixing, depending on
the residual symmetry in the neutrino sector. Section 4 is dedicated to the numerical
analysis of the lepton mixing parameters for the different cases, Case 1) through Case 3
b.1), characterised by different Gν . We give representative examples of the index n of
the flavour group and the parameters describing the CP symmetry which give rise to an
acceptable agreement with experimental data [41] for at least one value of the free parameter
θL. We scrutinise the possibility to generate a sufficient amount of BAU for a subset of
these representative examples in section 5. In section 6 we discuss analytic expressions for
source and washout terms which are very useful in order to understand the dependence
of the generated BAU on the different parameters of the scenario at hand, e.g. the choice
of the CP symmetry and the size of the splitting κ of the heavy neutrino masses. We
show in section 7 that special values of the free parameters θL and θR can be related to
an enhancement of the residual symmetry in the neutrino Yukawa coupling matrix YD.
Section 8 contains the summary of the main results and an outlook. The appendices,
appendix A–G, contain details on the group theory of the flavour symmetries, the form of
the representation matrices of the residual symmetries and of the CP transformations, the
conventions of lepton mixing, neutrino masses and the corresponding experimental data, as
well as supplementary information such as further tables belonging to section 4, additional
plots for section 5 and formulae for the CP-violating combinations found in section 6.
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2 Scenario

In this section we first summarise the main features of the low-scale type-I seesaw which we
use as framework. We then endow this framework with flavour and CP symmetries and
define the scenario we investigate in detail. In doing so, we fix our notation and specify the
used symmetries and their residual groups.

2.1 Low-scale type-I seesaw framework

One of the most straightforward and commonly employed explanations for neutrino masses
is the type-I seesaw mechanism [42–47], which requires complementing the SM field content
with RH neutrinos νR. This mechanism is not only appealing because all other fermions
in the SM exist with both chiralities, but also because the CP-violating interactions of
the RH neutrinos in the early Universe can generate a matter-antimatter asymmetry in
the primordial plasma through leptogenesis [23]. In this way, another important question
in cosmology is simultaneously addressed, namely the origin of ordinary matter in the
observable Universe.2

Being SM gauge singlets RH neutrinos can have a Majorana mass term νcRMR νR. The
implications of the existence of RH neutrinos for particle physics and cosmology strongly
depend on the magnitude of the eigenvalues Mi of the Majorana mass matrix MR [49].
While the original proposals of both the type-I seesaw mechanism and leptogenesis assume
that the seesaw scale is several orders of magnitude larger than the electroweak scale, it
has meanwhile become clear that low-scale seesaw models can successfully explain current
neutrino oscillation data as well as the BAU. This does not only lead to a variety of
leptogenesis mechanisms even in minimal models [50, 51], but also opens up the possibility
to discover the heavy neutrinos — which are often referred to as heavy neutral leptons
— in direct searches at the LHC [6, 52–55], future colliders [6, 56–58] or fixed target
experiments [6, 55], and thus to potentially test the origin of the BAU [5]. For theoretical
motivations of a low seesaw scale see e.g. section 5 of [55].

In the following, we consider the renormalisable Lagrangian

L ⊃ i νR /∂ νR −
1
2ν

c
RMR νR − lL YD εH∗ νR + h.c. , (2.1)

where MR is the Majorana mass matrix of the RH neutrinos νR (with the index i), YD the
neutrino Yukawa coupling matrix, H the SM Higgs doublet and lL are the three LH lepton
doublets (with the lepton flavour index α = e, µ, τ).

We focus on the case of three generations of RH neutrinos νR i, i = 1, 2, 3. Studies of
low-scale leptogenesis in this case [26, 59–65] have been either limited to specific parameter
choices or performed by scanning over all possible values of the elements of the matrices MR

and YD that are consistent with current neutrino oscillation data (and constraints on light
neutrino masses). Taking the latter approach leads to a large available parameter space [65]
which does not only pose a practical computational challenge for a complete exploration
of the parameter space due to its high dimensionality (without additional assumptions on

2See e.g. [48] for a detailed discussion of the empirical evidence for a matter-antimatter asymmetry.
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their form MR and YD encode 18 new parameters in the case of three RH neutrinos), it
also severely limits the predictive power of the framework.3 In the present work, the (main)
structure of the matrices MR and YD (as well as of the charged lepton mass matrix ml) is
determined by the flavour and CP symmetries and their residual groups. This drastically
reduces the number of free parameters, see section 2.2.

Before closing this section we briefly define the quantities necessary to characterise the
mass eigenstates of the neutral fermions and their mixing. After electroweak symmetry
breaking there are two sets of neutrino mass eigenstates, the light neutrinos νi and the
heavy neutrinos Ni, which can be described by the Majorana spinors

νi =
[
V †ν νL − U †νθνcR + V T

ν ν
c
L − UTν θ∗νR

]
i
, Ni =

[
V †NνR + ΘT νcL + V T

N ν
c
R + Θ†νL

]
i
.

(2.2)

Here the matrix θ, θ = 〈H〉YDM−1
R , encodes the mixing between LH and RH neutrinos.

〈H〉 is the vacuum expectation value (VEV) of the SM Higgs doublet H, 〈H〉 ≈ 174 GeV.
The matrix Vν , Vν = (1− 1

2θθ
†)Uν , is the light neutrino mixing matrix, while the matrix VN ,

VN = (1− 1
2θ

Tθ∗)UN , is its equivalent in the heavy neutrino sector. The unitary matrices
Uν and UN diagonalise the matrices

mν = −θMRθ
T and MN = MR + 1

2
(
θ†θMR +MT

Rθ
Tθ∗

)
(2.3)

as U †νmνU
∗
ν and UTNMNUN , respectively.4 The squared masses of the light neutrinos νi and

of the heavy neutrinos Ni are given at tree level by the eigenvalues of the matrices mνm
†
ν

and MNM
†
N , respectively. The eigenvalues of the matrix MN are close to those of MR, but

in the regime of quasi-degenerate masses discussed in the following, corrections of the order
O(θ2) to the splitting between them can impact both, leptogenesis [72] and lepton number
violating (LNV) event rates at colliders [73]. The suppression of the weak interactions of
the heavy neutrinos, relative to those of the light neutrinos, is given by the elements of the
so-called active-sterile neutrino mixing matrix

Θ = θU∗N . (2.4)

For the discussion of event rates at accelerator based experiments it is convenient to
introduce the quantities

U2
αi = |Θαi|2 , U2

i =
∑
α

U2
αi , U2

α =
∑
i

U2
αi and U2 =

∑
i

U2
i . (2.5)

3Note that one can strongly constrain the parameter space, if the framework with three RH neutrinos
can not only explain current neutrino oscillation data and leptogenesis, but also provide a Dark Matter
candidate [66, 67]. In this minimal scenario, known as νMSM [3, 4], the constraints on the Dark Matter
candidate are so strong [68, 69] that this particle plays practically no role for leptogenesis and the generation
of light neutrino masses. The reduced parameter space of the remaining two heavy neutrinos is then
sufficiently small to be predictive and testable, cf. e.g. [70, 71].

4The matrix Uν coincides with the PMNS mixing matrix in eq. (D.1) in appendix D.1 in the charged
lepton mass basis. In this work, we ignore the difference between Vν and Uν .
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If one were to estimate the expected magnitude of the active-sterile mixing angles from
eq. (2.3) without taking into account the matrix structure in flavour space, the smallness of
the light neutrino masses would constrain these to be extremely small

U2
i ∼

√∑
jm

2
j

Mi
. 10−10GeV

Mi
, (2.6)

where mj denote the light neutrino masses and we have ignored the difference between
the eigenvalues of the matrices MR and MN . The estimate in eq. (2.6) is called the naive
seesaw limit and it would strongly constrain the possibility of any direct detection of the
heavy neutrinos in the near future. However, in low-scale seesaw models the smallness of
the light neutrino masses is usually not the result of a suppression by the seesaw scale, but
is explained by an approximate B − L̄ symmetry [74–76], where L̄ is a generalised lepton
number. This, in principle, allows for large active-sterile mixing angles (meaning order-one
Yukawa couplings) and heavy neutrinos with sub-TeV masses without fine-tuning, as the
B − L̄ symmetry dictates cancellations in the product of the matrices in eq. (2.3).

2.2 Type-I seesaw framework with flavour and CP symmetries

In the following, we endow the low-scale type-I seesaw framework with a flavour and a CP
symmetry. These determine together with their residual groups Gν and Gl the form of the
matrices MR and YD as well as the charged lepton mass matrix ml. In particular, they lead
to the heavy neutrinos being (almost) degenerate in mass.

In the present study, we impose the flavour and CP symmetries as well as Gν and Gl
directly on the matrices MR, YD and ml. In concrete models, additional motivation for the
choice of a particular flavour and CP symmetry can exist, for example in certain string
theory inspired models, see e.g. [77]. Furthermore, the breaking of these symmetries to the
residual groups Gν and Gl often occurs spontaneously. For this to work, certain flavour
(and CP) symmetry breaking fields are introduced that acquire peculiar VEVs such that Gl
and Gν remain as residual symmetries [7–9]. Numerous realisations of such a spontaneous
symmetry breaking of a flavour symmetry, belonging to the series of groups ∆(3n2) and
∆(6n2) with n integer, (and CP) to residual groups can be found in the literature, for
examples see [35, 78–85].5

We leave aside these specifications and assume in the following as relevant degrees of
freedom only those mentioned in section 2.1, meaning that additional degrees of freedom
are either sufficiently heavier than the involved scales (electroweak scale, seesaw scale,
temperature during leptogenesis) such that they can be ignored, or their abundances and
strength of their interactions with the SM particles and RH neutrinos are sufficiently small
so that they do not have to be treated dynamically during leptogenesis.6

As flavour symmetry Gf we use a group which belongs to the series ∆(6n2) with 3 - n
(n is not divisible by three) [21]. This group can be generated by four generators, called

5Another option is to consider the (explicit) breaking of the flavour symmetry at the boundaries of an
extra dimension very much like the breaking of the gauge symmetry, see e.g. [86, 87].

6See e.g. [88, 89] for some recent studies that investigate the impact of additional degrees of freedom
on leptogenesis.
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a, b, c and d.7 They are given in the relevant representations in appendix A. The groups
∆(6n2) for n > 2 are interesting, as they possess at least one irreducible, faithful, complex
three-dimensional representation 3.8 In the following, we assign the three generations of LH
lepton doublets lLα, α = e, µ, τ , to 3. For concreteness, we choose the representation as
31 (1) according to the nomenclature used in [21]. The RH charged leptons are assigned to
the representation 1, the trivial singlet, of Gf , while the three generations of RH neutrinos
νR i, i = 1, 2, 3, are unified into an irreducible, in general unfaithful, real representation 3′

of Gf .9 The latter requires the index n of the group ∆(6n2) to be even, see appendix A for
details. In the nomenclature of [21] the representation 3′ is denoted as 31 (n/2). Assigning
LH lepton doublets and RH neutrinos to these different three-dimensional representations
of Gf is crucial, as the assignment lLα ∼ 3 allows to fully explore the predictive power of
Gf (and not only of one of its subgroups), while νR i ∼ 3′ permits the RH neutrinos to have
a (flavour-universal) mass term without breaking Gf and the CP symmetry. In addition,
we assume the existence of a Z3 symmetry, called Z(aux)

3 , which is employed in order to
distinguish the three RH charged leptons eR, µR and τR. These are assigned to 1, ω and ω2

with ω = e2πi/3, respectively, whereas LH lepton doublets and RH neutrinos are invariant
under Z(aux)

3 .
The CP symmetry imposed on the theory corresponds to an automorphism of Gf [11–

19], belonging to those studied in [22]. They are represented by the CP transformation
X(r) in the different (irreducible) representations r of Gf and depend on the parameter(s)
specifying the automorphism. Note that we always choose X(r) symmetric and that it fulfils
X(r)X(r)∗ = X(r)∗X(r) = 1. For completeness, we show the form of the automorphisms
and of X(r) for the relevant representations in appendix C.

The residual symmetry Gl is chosen as Z(D)
3 , which is the diagonal subgroup of the

group, generated by a of Gf , see appendix A, and the auxiliary symmetry Z(aux)
3 , while Gν

is Z2×CP , where the Z2 symmetry is a subgroup of Gf . Its generator Z is denoted as Z(r)
in the different representations r. The Z2 symmetry and CP commute, i.e. they satisfy

X(r)Z(r)∗ − Z(r)X(r) = 0 (2.7)

for all representations r of Gf . The mismatch of the residual symmetries Gl and Gν
determines the form of the PMNS mixing matrix, as has been discussed in general in [11]
and, in particular for the groups ∆(3n2) and ∆(6n2), in [22] as well as in [90]. It has been
found in [22] that the patterns, potentially compatible with experimental data on lepton
mixing parameters, can be classified according to four types, called Case 1), Case 2), Case
3 a) and Case 3 b.1), that have different features. The form of the PMNS mixing matrix
for the four different types is shown in section 3.

The form of the charged lepton mass matrix ml, the neutrino Yukawa coupling matrix
YD and the Majorana mass matrix MR of the RH neutrinos is determined by Gl and Gν , at
least at leading order. In the chosen basis, see appendix A, the mass matrix ml is diagonal

7We could also consider a group of the form ∆(3n2) [20] in some of the cases. It is, however, contained
in the corresponding group ∆(6n2) so that we can stick, without loss of generality, to the latter only.

8For n = 2 the irreducible three-dimensional representations are real.
9Only for n = 2 this representation is faithful.
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and contains three independent parameters that correspond to the three different charged
lepton masses. As ml is diagonal, there is no contribution to the PMNS mixing matrix from
the charged lepton sector.10 As regards the neutrino sector, we take the neutrino Yukawa
coupling matrix YD to be invariant under Gν , whereas the matrix MR = M0

R does neither
break Gf nor CP. Being invariant under Z2 × CP , the matrix YD, in the basis in which
LH fields are on the left and RH ones on the right, fulfils the following relations

Z(3)† YD Z(3′) = YD and X(3)∗ YDX(3′) = Y ∗D . (2.8)

The form of YD is thus11

YD = Ω(3)Rij(θL) diag(y1, y2, y3)P ijkl Rkl(−θR) Ω(3′)† . (2.9)

The matrices Ω(3) and Ω(3′) are unitary and determined by the form of the CP transfor-
mations X(3) and X(3′) in the representations of LH lepton doublets and RH neutrinos,
i.e. they satisfy

X(3) = Ω(3) Ω(3)T and X(3′) = Ω(3′) Ω(3′)T . (2.10)

As the choice of the CP symmetry and thus the corresponding CP transformation X(3)
and X(3′) is in general indicated by natural numbers, see e.g. the parameter s in eqs. (3.2)
and (3.3), also the matrices Ω(3) and Ω(3′) (can) depend on these parameters. The matrices
Rij(θL) and Rkl(θR) denote rotations in the (ij)- and (kl)-plane, i, j, k, l = 1, 2, 3 with
i < j and k < l, through the angles θL and θR, respectively.12 These angles are free
parameters, i.e. not fixed by the residual symmetry Gν , and can take values in the range
0 ≤ θL ≤ π and 0 ≤ θR ≤ 2π. The planes, in which the rotations Rij(θL) and Rkl(θR) act,
are determined by the (ij)- and (kl)-subspaces of degenerate eigenvalues of the generator
Z in the representation 3 and 3′, when transformed with the matrices Ω(3) and Ω(3′),
respectively; for examples see section 3. If the (ij)- and (kl)-planes do not coincide, the
permutation matrix P ijkl is needed. It acts in the plane which is determined by the two
indices of (ij) and (kl) that are different, e.g. if (ij) = (13) and (kl) = (12) the permutation
matrix P ijkl must act in the (23)-plane.13 In addition to the two angles θL and θR, the

10In principle, the masses of charged leptons could be ordered non-canonically, leading to a permutation
matrix entering the PMNS mixing matrix. However, we assume them to be ordered correctly in the following.
For a complete discussion of mixing patterns, taking also into account such permutations, see [22].

11We can re-write the conditions in eq. (2.8) using the matrices Ω(3) and Ω(3′), see eq. (2.10), and find

Ω(3)† YD Ω(3′)

is real and can be diagonalised by two rotation matrices from the left and right, respectively,

Ω(3)† YD Ω(3′) = Rij(θL) diag(y1, y2, y3)P ijkl Rkl(−θR) .

12We define the rotations Rij , i < j, through the angle θ in the (ij)-plane as follows

R12(θ) =

 cos θ sin θ 0
− sin θ cos θ 0

0 0 1

 , R13(θ) =

 cos θ 0 sin θ
0 1 0

− sin θ 0 cos θ

 , R23(θ) =

 1 0 0
0 cos θ sin θ
0 − sin θ cos θ

 .

13The permutation matrix P ijkl is only relevant in Case 3 a) and Case 3 b.1).
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neutrino Yukawa coupling matrix YD contains further three real parameters, namely the
couplings yf , f = 1, 2, 3. This has also been pointed out in [35]. The Dirac neutrino mass
matrix mD is in turn given by

mD = YD 〈H〉 . (2.11)

As MR = M0
R leaves Gf and CP invariant, its form is simply

MR = M0
R = M

 1 0 0
0 0 1
0 1 0

 (2.12)

with M > 0 which sets the mass scale of the RH neutrinos

Mi = M . (2.13)

The matrix MR can be made diagonal with14

UR = 1√
2


√

2 0 0
0 1 i

0 1 −i

 , i.e. M̂R = UTR MR UR . (2.14)

The light neutrino mass matrix mν follows from the type-I seesaw mechanism [42–47],
compare eq. (2.3),

mν = −mDM
−1
R mT

D . (2.15)

As the charged lepton mass matrix ml is diagonal, the PMNS mixing matrix arises from
the diagonalisation of mν only. In general, the resulting lepton mixing parameters involve a
combination of all quantities, appearing in YD. However, if

diag (y1, y2, y3)P ijkl Rkl(−θR) Ω(3′)†M−1
R Ω(3′)∗Rkl(θR)

(
P ijkl

)T
diag (y1, y2, y3) is diagonal,

(2.16)
see section 3,15 the lepton mixing parameters only depend on θL and the quantities,
describing the flavour and CP symmetries as well as the residual group Gν , i.e. we find

UPMNS = Ω(3)Rij(θL)Kν (2.17)

which fulfils
U †PMNS mν U

∗
PMNS = diag (m1,m2,m3) . (2.18)

The mass spectrum of the light neutrinos is determined by the couplings yf , f = 1, 2, 3
(and the angle θR). The matrix Kν accounts for the CP parities of the light neutrino mass
eigenstates and is a diagonal matrix whose (non-vanishing) elements can take the values ±1
and ±i. Its explicit form is given for each of the different cases in section 3. As the couplings
yf , f = 1, 2, 3, are not constrained other than being real, the scenario can accommodate

14If the difference between the matrices MR and MN , see eq. (2.3), is negligible, the matrix UN can be
identified with UR.

15Whether the combination in eq. (2.16) is diagonal or not, does not depend on the presence of the
permutation matrix P ijkl .
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both neutrino mass orderings, normal ordering (NO) and inverted ordering (IO), as well
as a quasi-degenerate light neutrino mass spectrum. The resulting PMNS mixing matrix
in eq. (2.17) coincides with the PMNS mixing matrix, obtained in a scenario with three
RH neutrinos [35], in which the Dirac neutrino mass matrix mD is invariant under the
entire flavour and CP symmetry, while the Majorana mass matrix MR of the RH neutrinos
possesses the residual symmetry Gν . The requirement to accommodate the measured lepton
mixing angles well further constrains the index n of Gf and the CP symmetry as well as
the combination of the residual groups Gl and Gν , as discussed in detail in [22] and in
section 4. In section 3 we also comment on situations in which the condition in eq. (2.16) is
not fulfilled and the resulting PMNS mixing matrix depends on the couplings yf , f = 1, 2, 3,
and the angle θR as well.

The form of the neutrino Yukawa coupling matrix YD in the basis, in which the
Majorana mass matrix MR of the RH neutrinos is diagonal, is given by

ŶD = YD UR . (2.19)

Corrections to the displayed form of the matrices MR, YD and ml are expected to arise, at
higher order, in concrete models [7–9]. These can, indeed, be welcome, since the successful
generation of the BAU requires the masses of the heavy neutrinos to be, at least partly,
(slightly) non-degenerate [91]. One way to achieve this is to consider a correction to the
Majorana mass matrix MR of the RH neutrinos. While the form of such a correction in
general strongly depends on the concrete model, we advocate in the following an instance
in which this correction is invariant under the residual symmetry Gl. The generator of Gl
is given as

a(3′) =

 1 0 0
0 ω 0
0 0 ω2

 (2.20)

in the representation 3′ of the RH neutrinos νR i, since these are not charged under the
auxiliary symmetry Z(aux)

3 . The correction δMR must thus satisfy

a(3′)T δMR a(3′) = δMR , (2.21)

meaning that it is of the form

δMR = κM

 2 0 0
0 0 −1
0 −1 0

 (2.22)

with the splitting κ being a small symmetry-breaking parameter. The RH neutrino masses
Mi, i = 1, 2, 3, acquire a (small) correction

M1 = M (1 + 2κ) and M2 = M3 = M (1− κ) . (2.23)

As one can see from eq. (2.23), the masses of the second and third RH neutrino are still
degenerate. A way to split these as well is to consider a further correction ∆MR that is not
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(necessarily) invariant under any residual symmetry. A possible (rather minimal) choice is

∆MR = λM

 0 0 0
0 1 0
0 0 1

 , (2.24)

where the splitting λ is a small parameter, expected to be of the size of κ (or smaller). The
Majorana mass matrix MR of the RH neutrinos then reads

MR = M0
R + δMR + ∆MR (2.25)

and we find for the RH neutrino masses

M1 = M (1 + 2κ) , M2 = M (1− κ+ λ) and M3 = M (1− κ− λ) . (2.26)

In general, we expect that such (residual) symmetry-breaking effects also correct the form
of the neutrino Yukawa coupling matrix YD and of the charged lepton mass matrix ml.
However, we assume in the following that their size is small enough so that they have no
relevant impact on the shown results.

A concrete model incorporating the presented type-I seesaw framework with a flavour
and CP symmetry should, thus, contain means to efficiently control the size and form of
such symmetry-breaking effects, e.g. additional symmetries to suppress these, a judicious
choice of flavour symmetry breaking fields, sufficiently small symmetry-breaking parameters.

3 Residual symmetries, neutrino masses and PMNS mixing matrix

We first present the residual symmetry Gν and the form of the corresponding representation
matrices for the different cases, called Case 1), Case 2), Case 3 a) and Case 3 b.1) in [22].
We then discuss additional constraints imposed from light neutrino masses on the choice of
Gν as well as the constraints on the light neutrino mass spectrum arising from imposing
the condition in eq. (2.16). Furthermore, we mention for each case the form of the PMNS
mixing matrix. In the end, we briefly comment on the possible impact of the splitting κ
(and λ) among the RH neutrino masses on the light neutrino mass spectrum and the PMNS
mixing matrix.

3.1 Case 1)

3.1.1 Residual symmetries

The residual Z2 symmetry in the neutrino sector is generated by

Z = cn/2 (3.1)

which requires the index n of the flavour symmetry to be even. The explicit form of Z in
the irreducible, faithful, complex three-dimensional representation 3 and in the irreducible,
unfaithful, real three-dimensional representation 3′ can be found in appendix B. As we see
in section 3.1.2, due to the form of the generator Z in 3′ for n divisible by four the neutrino
Yukawa coupling matrix YD becomes singular so that the resulting light neutrino mass
spectrum is not viable. For this reason, we focus in the following on n not divisible by four.
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The CP symmetry corresponds to the automorphism, given in eq. (C.1) in appendix C,
conjugated with the inner automorphism induced by the group transformation a b cs d2s

with s = 0, 1, . . . , n− 1. The CP transformation X(s) reads in 3

X(s)(3) = a(3) b(3) c(3)s d(3)2sX0(3) (3.2)

and in 3′

X(s)(3′) = a(3′) b(3′) c(3′)s d(3′)2sX0(3′) (3.3)

with X0(3) and X0(3′) representing the CP transformation corresponding to the automor-
phism in eq. (C.1). Their explicit form can be found in appendix C.

The matrix Ω(s)(3), derived from X(s)(3), given in eq. (C.3) in appendix C, can be
chosen as

Ω(s)(3) = ei φs UTB

 1 0 0
0 e−3 i φs 0
0 0 −1

 (3.4)

with UTB describing tri-bimaximal (TB) mixing

UTB =


√

2/3
√

1/3 0
−
√

1/6
√

1/3
√

1/2
−
√

1/6
√

1/3 −
√

1/2

 (3.5)

and
φs = π s

n
. (3.6)

The form of Ω(s)(3′) only depends on whether s is even or odd

Ω(s even)(3′) = UTB (3.7)

and

Ω(s odd)(3′) = UTB

 i 0 0
0 1 0
0 0 i

 . (3.8)

Comparing these forms to the form of Ω(s)(3) we see that they have the same structure
and the crucial difference lies in the phase matrix multiplied from the right.

In order to determine the plane in which the rotation Rij(θL) acts, we look at

Ω(s)(3)† Z(3) Ω(s)(3) =

−1 0 0
0 1 0
0 0 −1

 , (3.9)

meaning that the rotation through θL is in the (13)-plane [11]. Similarly, we can find the
plane in which the rotation Rkl(θR) acts. The representation matrix Z(3′) for n not divisible
by four reads after the transformation with Ω(s)(3′) for both, s even as well as s odd,

Ω(s)(3′)† Z(3′) Ω(s)(3′) =

−1 0 0
0 1 0
0 0 −1

 , (3.10)

meaning that also Rkl(θR) acts in the (13)-plane.
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3.1.2 Constraints from and on light neutrino mass spectrum

First, we discuss constraints on the possible choices of the residual symmetry Gν arising
from the light neutrino mass spectrum. In order to find these we consider the form of the
neutrino Yukawa coupling matrix YD fulfilling the conditions in eq. (2.8). For n divisible by
four Z(3′) is given by eq. (B.3) in appendix B and we find that the form of YD needs to be

YD =

 y11 y12 y13
y11 y12 y13
y11 y12 y13

 (3.11)

with y1i complex, i = 1, 2, 3. The determinant of YD vanishes and this matrix has two
zero eigenvalues. As a consequence, the light neutrino mass matrix arising from the type-I
seesaw mechanism, see eq. (2.15), has two zero eigenvalues.16 Furthermore, we can check
that the non-zero eigenvalue has to correspond to the light neutrino mass m2, since it is
always associated with the eigenvector proportional to (1, 1, 1)T which can only be identified
with the second column of the PMNS mixing matrix. It is, however, experimentally highly
disfavoured that such a form can be the dominant contribution to light neutrino masses.
We thus do not discuss this case further.

For n not divisible by four the form of the matrix Z(3′) is shown in eq. (B.4) in
appendix B. Again, we can compute the constraints on YD, arising from imposing the
conditions in eq. (2.8). In particular, we see that the first condition in the latter equation
reduces the number of free (complex) parameters in YD to five, meaning the other four ones
can be expressed in these, e.g.

y23 = y11 + y12 + y13 − y21 − y22 , y31 = y12 + y13 − y21 , (3.12)
y32 = y11 + y13 − y22 and y33 = −y13 + y21 + y22 . (3.13)

The five free complex parameters in YD are further constrained by requiring that also the
second condition in eq. (2.8) is fulfilled. As a consequence, these parameters are reduced
to five real parameters. This is consistent with the findings in the general case where YD
contains three real couplings yf , f = 1, 2, 3, and two angles θL and θR. In general, such a
matrix YD has a non-vanishing determinant and three different eigenvalues.

Focusing on n not divisible by four we continue with considering the form of the
light neutrino mass matrix and the corresponding mass spectrum. For all choices of s the

16Indeed, if Z(3′) is the identity matrix and Z(3) is any generator of a Z2 symmetry contained in SU(3),
i.e. it can be represented by a matrix Z(3) that fulfils V † Z(3)V = diag (1,−1,−1) with V being a unitary
matrix, we can show that

Z(3)† YD = V diag (1,−1,−1)V † YD = YD ,

meaning we can re-write this condition as

diag (1,−1,−1)
[
V † YD

]
=
[
V † YD

]
.

Consequently, the combination V † YD must have two vanishing rows, namely the second and the third one.
The determinant of V † YD vanishes and the matrix has two zero eigenvalues. Thus, YD itself must have these
properties. So, in general knowing that Z(3′) is given by the identity matrix is sufficient in order to discard
a case as realistic without corrections which can induce, at least, one further non-vanishing neutrino mass.
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combination in eq. (2.16) is non-diagonal and the (13)- and (31)-elements are proportional
to y1, y3 and sin 2 θR. Thus, in general only the light neutrino mass m2 is given as

m2 = y2
2 〈H〉2

M
, (3.14)

while the masses m1 and m3 are determined by both the couplings y1 and y3 as well as θR.
One can achieve a diagonal form of the combination in eq. (2.16) for

(i) y1 = 0 which corresponds to strong NO, i.e. light neutrino masses with NO and the
lightest neutrino mass m0 = 0, with

m1 = 0 and m3 = y2
3 〈H〉2

M
| cos 2 θR| (3.15)

in addition to m2 in eq. (3.14). For a realistic light neutrino mass spectrum m3 has
to be non-vanishing and thus cos 2 θR 6= 0. The matrix Kν is of the form

Kν =

 1 0 0
0 ±1 0
0 0 ±i(smod 2)+cR+1

 (strong NO) (3.16)

with cR = 0 for cos 2 θR positive and cR = 1 for negative cos 2 θR. Since m1 vanishes,
the (11)-element of Kν is not constrained and is set for concreteness to +1.

(ii) y3 = 0 corresponding to strong IO, i.e. light neutrino masses with IO and the lightest
neutrino mass m0 = 0, with

m1 = y2
1 〈H〉2

M
| cos 2 θR| and m3 = 0 (3.17)

with m2 given in eq. (3.14). For a realistic light neutrino mass spectrum m1 has to be
non-vanishing and thus cos 2 θR 6= 0. The matrix Kν is of similar form as in eq. (3.16)
with the roles of the (11)- and (33)-elements exchanged,

Kν =

±i
(smod 2)+cR 0 0

0 ±1 0
0 0 1

 (strong IO) . (3.18)

(iii) sin 2 θR = 0 where no constraints on the light neutrino masses arise. We do not
consider this possibility, as we would like to explore the effect of the parameter θR on
the various phenomenological aspects of the scenario.

3.1.3 PMNS mixing matrix

For light neutrino masses with strong NO or strong IO as well as for sin 2 θR = 0, the form
of the PMNS mixing matrix is given by

UPMNS = Ω(s)(3)R13(θL)Kν , (3.19)

as deduced from eq. (2.17).
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In the case in which none of the light neutrinos is massless and the condition in eq. (2.16)
is not fulfilled, we have to take into account an additional rotation in the (13)-plane which
depends on the couplings y1 and y3 and the angle θR. Since this rotation is in the same
plane as the rotation induced by the angle θL, the structure of the PMNS mixing matrix in
eq. (3.19) does not change, but the angle θL becomes replaced by an effective angle θ̃L that
is the sum of θL and the additional angle.

In the numerical analysis of lepton mixing data, presented in section 4, we always refer
to the free angle, contained in the PMNS mixing matrix, as θL. Nevertheless, all results are
also applicable in the case of three massive light neutrinos, where the angle θL has to be
read as θ̃L.

3.2 Case 2)

3.2.1 Residual symmetries

The residual Z2 symmetry in the neutrino sector is generated by the same element,

Z = cn/2 , (3.20)

as in Case 1). Thus, all comments made, in particular the forms of Z(3) and Z(3′) in
eqs. (B.2)–(B.4) in appendix B, apply.

The CP symmetry is given by the automorphism in eq. (C.1) and the inner automor-
phism h = csdt with 0 ≤ s, t ≤ n− 1. In the three-dimensional representations 3 and 3′ the
CP transformation X(s, t) is given by

X(s, t)(3) = c(3)s d(3)tX0(3) and X(s, t)(3′) = c(3′)s d(3′)tX0(3′) (3.21)

and the explicit forms can be found in appendix C, see eqs. (C.6)–(C.10).
In the discussion of the residual symmetries and the corresponding representation

matrices we use s and t as parameters unlike in the phenomenological analysis (e.g. of
lepton mixing in section 4), where it turns out to be more convenient to use the parameters
u and v that are linearly related to s and t

u = 2 s− t and v = 3 t . (3.22)

According to the findings in [22], a suitable choice of the matrix Ω(s, t)(3) is given by

Ω(s, t)(3) = Ω(u, v)(3) = eiφv/6 UTBR13

(
−φu2

)  1 0 0
0 e−iφv/2 0
0 0 −i

 (3.23)

with
φu = π u

n
and φv = π v

n
. (3.24)

The form of the matrix Ω(s, t)(3′), derived from X(s, t)(3′), depends like the latter on
whether s and t are even or odd. The explicit form of Ω(s, t)(3′), however, does neither
contain s nor t as parameter. For s and t even we can use

Ω(s even, t even)(3′) = UTB

 1 0 0
0 1 0
0 0 i

 , (3.25)
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for s even and t odd a possible choice is

Ω(s even, t odd)(3′) = e−iπ/4 UTBR13

(
π

4

) −i 0 0
0 e−iπ/4 0
0 0 1

 , (3.26)

for s odd and t even we can choose

Ω(s odd, t even)(3′) = UTB

 i 0 0
0 1 0
0 0 1

 (3.27)

and for s and t odd we use

Ω(s odd, t odd)(3′) = e−3 i π/4 UTBR13

(
π

4

) −i 0 0
0 ei π/4 0
0 0 1

 . (3.28)

In order to determine the planes in which the rotations Rij(θL) and Rkl(θR), see eq. (2.9),
act, we consider the combination

Ω(s, t)(3)† Z(3) Ω(s, t)(3) =

−1 0 0
0 1 0
0 0 −1

 , (3.29)

meaning that, like in Case 1), the rotation associated with LH leptons in the representation
3 is always in the (13)-plane, i.e. R13(θL). Similarly, we find for all possible choices of s
and t that Ω(s, t)(3′) and Z(3′) for n/2 odd, see eq. (B.4) in appendix B, fulfil

Ω(s, t)(3′)† Z(3′) Ω(s, t)(3′) =

−1 0 0
0 1 0
0 0 −1

 for n/2 odd. (3.30)

Hence, also for RH neutrinos in 3′ the relevant rotation is in the (13)-plane, namely R13(θR).
We remind that we only consider n/2 odd, since it is shown in section 3.1.2 that for n
divisible by four the form of Z(3′) enforces YD to have two vanishing eigenvalues, not
allowing for a realistic light neutrino mass spectrum without corrections.

3.2.2 Constraints from and on light neutrino mass spectrum

Leaving aside the choice n divisible by four, the other admitted choices of n and all possible
choices of the parameters s and t, describing the CP transformation X(s, t), lead to YD
having five real parameters which can be identified with yf , f = 1, 2, 3, θL and θR.

Next, we analyse the form of the combination in eq. (2.16), appearing in the type-I
seesaw formula, for the different choices of s and t. For t even and all possible values of s
this combination turns out to be diagonal. In particular, for s even it reads

1
M

 y
2
1 0 0
0 y2

2 0
0 0 y2

3

 , (3.31)
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while for s odd we find
1
M

−y
2
1 0 0

0 y2
2 0

0 0 −y2
3

 . (3.32)

Thus, for t and s both even the matrix Kν contains only ±1, whereas we have to consider

Kν =

±i 0 0
0 ±1 0
0 0 ±i

 for t even and s odd . (3.33)

The three light neutrino masses mf are given by

mf =
y2
f 〈H〉2

M
for f = 1, 2, 3 . (3.34)

As one can see, for these choices of s and t no assumptions on the light neutrino mass
spectrum have to be made in order to achieve a diagonal form of the combination in
eq. (2.16). Instead for t odd the combination contains off-diagonal elements, since the
(13)- and (31)-elements are proportional to y1, y3 and cos 2 θR. Like for Case 1), the light
neutrino mass m2 is always directly related to y2 via the relation in eq. (3.14), while the
masses m1 and m3 are determined by the couplings y1 and y3 and the angle θR. The
combination in eq. (2.16) becomes diagonal in the following three occasions

(i) y1 = 0 which corresponds to strong NO with

m1 = 0 and m3 = y2
3 〈H〉2

M
| sin 2 θR| (3.35)

in addition to m2 in eq. (3.14). For a realistic light neutrino mass spectrum m3 has
to be non-vanishing and thus sin 2 θR 6= 0. The matrix Kν is of the form

Kν =

 1 0 0
0 ±i 0
0 0 ±i(smod 2)+sR+1

 (strong NO) (3.36)

with sR = 0 for sin 2 θR positive and sR = 1 for negative sin 2 θR. Since m1 vanishes,
the (11)-element of Kν is not constrained and set for concreteness to +1.

(ii) y3 = 0 corresponding to strong IO with

m1 = y2
1 〈H〉2

M
| sin 2 θR| and m3 = 0 (3.37)

and m2 given in eq. (3.14). For a realistic light neutrino mass spectrum m1 has to be
non-vanishing and thus sin 2 θR 6= 0. The matrix Kν is of similar form as in eq. (3.36)
with the roles of the (11)- and (33)-elements exchanged,

Kν =

±i
(smod 2)+sR 0 0

0 ±i 0
0 0 1

 (strong IO) . (3.38)

(iii) cos 2 θR = 0 where no constraints on the light neutrino masses arise. We do not
consider this possibility, as we would like to explore the effect of the parameter θR on
the various phenomenological aspects of the scenario.
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3.2.3 PMNS mixing matrix

If t is even or if t is odd and light neutrino masses follow strong NO or strong IO or
cos 2 θR = 0, the resulting PMNS mixing matrix reads

UPMNS = Ω(u, v)(3)R13(θL)Kν . (3.39)

For t odd and all three light neutrinos being massive, the form of the PMNS mixing matrix
is still the same. However, the angle θL has to be replaced by the effective angle θ̃L that
depends on θL, the couplings y1 and y3 and θR, as described for Case 1) in section 3.1.3.

3.3 Case 3 a) and Case 3 b.1)

3.3.1 Residual symmetries

In Case 3 a) and Case 3 b.1) the residual Z2 symmetry in the neutrino sector is generated by

Z = b cmdm with m = 0, 1, . . . , n− 1 . (3.40)

Since Z involves the generator b, Case 3 a) and Case 3 b.1) can only be achieved with
the help of the flavour symmetries ∆(6n2). We have in general n different choices for the
generator Z. However, as shown in [22], preferred values of m are either around m ≈ 0
and m ≈ n for Case 3 a) or m ≈ n/2 for Case 3 b.1), as long as the charged lepton masses
are not permuted. The form of Z in the representations 3 and 3′, Z(3) and Z(3′), can be
found in appendix B, see eqs. (B.5)–(B.9).

The CP symmetry, used in Case 3 a) and Case 3 b.1), is induced by the automorphism,
shown in eq. (C.1) in appendix C, conjugated with the inner one, represented by the group
transformation h = b cs dn−s, s = 0, 1, . . . , n − 1. The corresponding CP transformation
X(s) in 3 and 3′ is given by

X(s)(3) = b(3) c(3)s d(3)n−sX0(3) (3.41)

and
X(s)(3′) = b(3′) c(3′)s d(3′)n−sX0(3′) , (3.42)

respectively. The explicit forms of X(s)(3) and X(s)(3′) can be found in appendix C, see
eqs. (C.11)–(C.13).

The form of the matrix Ω(s,m)(3), derived from X(s)(3) in eq. (C.11) in appendix C,
can be chosen as [22]

Ω(s,m)(3) = ei φs

 1 0 0
0 ω 0
0 0 ω2

 UTB

 1 0 0
0 e−3 i φs 0
0 0 −1

 R13 (φm) (3.43)

with
φs = πs

n
and φm = πm

n
. (3.44)

The form of the matrix Ω(s)(3′) only depends on whether s is even or odd and is independent
of the choice of the parameter m. In particular, we can use for s even

Ω(s even)(3′) =

 1 0 0
0 ω 0
0 0 ω2

 UTB

 1 0 0
0 1 0
0 0 −1

 (3.45)
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and for s odd

Ω(s odd)(3′) =

 1 0 0
0 ω 0
0 0 ω2

 UTB

 i 0 0
0 −1 0
0 0 −i

 . (3.46)

We note that the form of Ω(s even)(3′) coincides with Ω(s,m)(3) for the special choices
s = 0 and m = 0 as well as that Ω(s odd)(3′) coincides with a special form of Ω(s,m)(3),
namely for s = n/2 and m = 0. Since n is always even, the choice s = n/2 necessarily
corresponds to an integer as well.

For all choices of n, m and s the form of the matrix Z(m)(3), see eq. (B.5) in appendix B,
in the basis transformed with Ω(s,m)(3) reads

Ω(s,m)(3)† Z(m)(3) Ω(s,m)(3) =

 1 0 0
0 1 0
0 0 −1

 , (3.47)

meaning that the rotation associated with LH leptons in the representation 3 is always
R12(θL) in the (12)-plane. In order to find the exact form of Rkl(θR), we have to separately
consider the choices m even and m odd. We find for m even

Ω(s)(3′)† Z(m even)(3′) Ω(s)(3′) =

 1 0 0
0 1 0
0 0 −1

 , (3.48)

i.e. the rotation associated with the RH neutrinos in 3′ is R12(θR). Form odd we have instead

Ω(s)(3′)† Z(m odd)(3′) Ω(s)(3′) =

−1 0 0
0 1 0
0 0 1

 (3.49)

corresponding to the rotation R23(θR) associated with the RH neutrinos. This rotation acts
thus in a different plane than the one of LH leptons and hence makes the presence of the
permutation matrix P ijkl , see eq. (2.9), necessary, that has to act in the (13)-plane, i.e.

P 12
23 = P13 =

 0 0 1
0 1 0
1 0 0

 . (3.50)

Note that eqs. (3.48) and (3.49) hold independently of the choice of s.

3.3.2 Light neutrino mass spectrum and PMNS mixing matrix for Case 3 a)

In contrast to Case 1) and Case 2) there are no constraints from the light neutrino mass
spectrum on the choice of the residual symmetries and thus the parameters n, m and s.

In the following, we first focus on Case 3 a) and outline the changes to be made for
Case 3 b.1) afterwards. Like for the other cases, we investigate the combination in eq. (2.16)
for the different choices of m and s. For m and s either both even or both odd we see that
this combination is diagonal and, in particular, reads for both combinations

1
M

 y
2
1 0 0
0 y2

2 0
0 0 −y2

3

 . (3.51)
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Thus, in both these cases we have

mf =
y2
f 〈H〉2

M
for f = 1, 2, 3 (3.52)

for Case 3 a) and the matrix Kν is

Kν =

±1 0 0
0 ±1 0
0 0 ±i

 . (3.53)

For the choices m even and s odd as well as m odd and s even the combination in eq. (2.16)
is not diagonal in general. For m even and s odd we have

1
M

 −y2
1 cos 2 θR −y1 y2 sin 2 θR 0

−y1 y2 sin 2 θR y2
2 cos 2 θR 0

0 0 y2
3

 , (3.54)

meaning that only the light neutrino mass m3 is directly related to a coupling

m3 = y2
3 〈H〉2

M
. (3.55)

Like for Case 1) and Case 2), we consider situations in which the off-diagonal elements in
the matrix in eq. (3.54) are zero, i.e.

(i) y1 = 0 which corresponds to strong NO with

m1 = 0 and m2 = y2
2 〈H〉2

M
| cos 2 θR| (3.56)

in addition to m3 in eq. (3.55). For a realistic light neutrino mass spectrum m2 has
to be non-vanishing and thus cos 2θR 6= 0. The matrix Kν is of the form

Kν =

 1 0 0
0 ±icR 0
0 0 ±1

 (strong NO) (3.57)

with cR = 0 for cos 2 θR positive and cR = 1 for negative cos 2 θR. Since m1 vanishes,
the (11)-element of Kν is not constrained and set to +1 for concreteness.

(ii) sin 2 θR = 0 where no constraints on the light neutrino masses arise. This possibility,
however, we do not consider, since we wish not to constrain the value of θR.

Note that in contrast to Case 1) and Case 2) for the choice m even and s odd for Case 3
a) strong IO would not lead to a diagonal form for the combination in eq. (2.16) and that
setting y2 = 0 is not admitted, since it is experimentally known that the light neutrino
mass m2 cannot vanish. For m odd and s even the combination in eq. (2.16) looks very
similar to the one in eq. (3.54), i.e.

1
M

 −y
2
1 cos 2 θR y1 y2 sin 2 θR 0

y1 y2 sin 2 θR y2
2 cos 2 θR 0

0 0 y2
3

 . (3.58)
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The discussion of light neutrino masses and the mass ordering, leading to a diagonal form
of the matrix in eq. (3.58), is thus the same as for the combination m even and s odd.

If one of the parameters, m and s, is even and the other one odd, three massive light
neutrinos lead to m1 and m2 depending on both the couplings y1 and y2 as well as the angle
θR and to an additional rotation in the (12)-plane through an angle, determined by these
three quantities, similar to Case 1) and Case 2). This additional rotation acts in the same
plane as R12(θL) which appears in the PMNS mixing matrix. Thus, taking into account
this additional angle only results in the replacement of θL by an effective angle θ̃L that is
the sum of θL and the additional angle. The results presented so far lead to lepton mixing
corresponding to Case 3 a), i.e.

UPMNS = Ω(s,m)(3)R12(θL)Kν (3.59)

and where necessary with θL being read as θ̃L.

3.3.3 Light neutrino mass spectrum and PMNS mixing matrix for Case 3 b.1)

Results for Case 3 b.1) can be achieved in the simplest way by a different assignment of
the light neutrino masses to the couplings yf , f = 1, 2, 3, as the form of the PMNS mixing
matrix for Case 3 b.1) is

UPMNS = Ω(s,m)(3)R12(θL)P Kν (3.60)

where

P =

 0 1 0
0 0 1
1 0 0

 , (3.61)

as discussed in [22]. Concretely, a mixing pattern belonging to Case 3 b.1) can be achieved
by assigning

m1 = y2
3 〈H〉2

M
, m2 = y2

1 〈H〉2

M
and m3 = y2

2 〈H〉2

M
(3.62)

for the choices m and s either both even or both odd. The matrix Kν is then given by
P T Kν P with Kν as in eq. (3.53). For the choice m even and s odd as well as for m odd
and s even we find that setting the off-diagonal elements in the matrix in eq. (2.16) to zero
corresponds to strong IO for y2 = 0 and thus

m2 = y2
1 〈H〉2

M
| cos 2 θR| and m3 = 0 (3.63)

with
m1 = y2

3 〈H〉2

M
, (3.64)

when the permutation necessary for a mixing pattern of Case 3 b.1) is taken into account.
The matrix Kν then is

Kν =

±1 0 0
0 ±icR+1 0
0 0 1

 (strong IO) (3.65)
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with +1 assigned to the vanishing light neutrino mass. As we have already commented, we
do not consider special choices of θR in order to obtain a diagonal matrix from the one in
eq. (2.16) and we thus omit this possibility.

It is clear that for m and s both even or both odd all light neutrinos can be massive
without changing the results for the PMNS mixing matrix, shown in eq. (3.60), whereas for
either m or s being even with the other one being odd we have to proceed as for Case 3
a) and replace θL by θ̃L that is the sum of θL and the additional angle, depending on the
couplings y1 and y2 and the angle θR.

Since we consider an example with m even and s odd for Case 3 b.1) in the numerical
analysis in section 5, we mention explicit formulae for the light neutrino masses mi and the
additional angle for this case. The masses read

m1 = y2
3 〈H〉2

M
and m2,3 = 〈H〉

2

2M
∣∣∣ (y2

1 − y2
2

)
cos 2 θR ±

√
4 y2

1 y
2
2 +

(
y2

1 − y2
2
)2 cos2 2 θR

∣∣∣
(3.66)

and the tangent of twice the additional angle (expressed in terms of θL and θ̃L) is given by

tan 2
(
θ̃L − θL

)
= − 2 y1 y2

y2
1 + y2

2
tan 2 θR . (3.67)

3.4 Stability of light neutrino masses and PMNS mixing matrix with respect
to RH neutrino mass splitting

Throughout this work, we assume that the splitting κ (and λ) has a negligible impact on
light neutrino masses and the PMNS mixing matrix. While this is certainly true for very
small mixing between LH and RH neutrinos, i.e. at the seesaw line when yf ∼

√
Mmf/〈H〉

with mf being the light neutrino mass, compare eq. (2.15) and e.g. eq. (3.14) for Case 1),
close to special values of the angle θR, e.g. cos 2θR ≈ 0 in Case 1), see eqs. (3.15) and (3.17),
at least one of the couplings yf may become large. The smallness of the light neutrino
masses then results from a cancellation between the couplings yf and the trigonometric
functions multiplying them, e.g. m3 ∝ y2

3 | cos 2θR| in eq. (3.15). This cancellation can be
disturbed by other small parameters, such as the splitting κ among the RH neutrino masses,
see eq. (2.23). In fact, if we include the leading correction to m3, which is at order O(κ),
we find for strong NO in Case 1)

m3 ≈
y2

3 〈H〉2

M
|κ+ cos 2θR| . (3.68)

To keep the corrections due to the splitting κ small, we should therefore impose

κ� | cos 2θR| . (3.69)

Alternatively, we could consider an inverse seesaw-like scenario [92–95], in which the
corrections due to κ give the dominant contribution to the light neutrino masses, for
| cos 2θR| � κ. This option would also lead to a (slight) modification of the PMNS mixing
matrix, since κ gives rise to off-diagonal contributions in eq. (2.16) that induce not only a
rotation in the (13)-plane for Case 1). In the current analysis, we primarily focus on the
case where κ� | cos 2θR|, and thus neglect contributions to the light neutrino masses and
to the PMNS mixing matrix from the splitting κ (and λ).

Likewise, we assume corrections, arising from renormalisation group (RG) running, to
both light neutrino masses and the PMNS mixing matrix to be small.
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4 Lepton mixing data

In the following, we present examples of group theory parameters, e.g. the index n, for
each of the cases, Case 1) through Case 3 b.1), that lead to a reasonable agreement with
the global fit data on lepton mixing angles and light neutrino mass splittings, provided by
the NuFIT collaboration (NuFIT 5.1, October 2021, without SK atmospheric data) [41].17

Note that we do not include any information from the global fit on the value of the CP
phase δ in this ∆χ2-analysis, but instead separately comment on the impact of including
this information for the different cases. All presented examples are taken from the study
performed in [22].

As discussed in section 3, in several occasions the angle θL becomes replaced by an
angle θ̃L which is the sum of θL and an additional angle, depending on the couplings yf ,
f = 1, 2, 3, and the angle θR, if the lightest neutrino mass m0 is non-zero. In the following,
we, nevertheless, always refer to the angle, appearing in the PMNS mixing matrix UPMNS,
as θL and comment briefly on the instances in which this has to be read as θ̃L.

4.1 Case 1)

As the analysis in [22] has shown, the three lepton mixing angles only depend on the angle
θL and are independent of the index n as well as of the chosen CP transformation X(s). For

θL ≈ 0.183 (0.184) (4.1)

all three lepton mixing angles can be accommodated at the 3σ level or better for light
neutrino masses with NO (IO), i.e.

sin2 θ13 ≈ 0.0220 (0.0222) , sin2 θ12 ≈ 0.341 , sin2 θ23 ≈ 0.605 (0.606) (4.2)

which corresponds to a ∆χ2-value of ∆χ2 ≈ 11.9 for light neutrino masses with NO and of
∆χ2 ≈ 11.2 for a light neutrino mass spectrum with IO.18 We note that sin2 θ12 is bounded
to be larger than 1/3 for Case 1) and that the atmospheric mixing angle takes a value not
close to maximal mixing.

Two of the three leptonic CP phases, the Dirac phase δ and the Majorana phase β, are
in general trivial. A trivial value of δ, δ = 0 or δ = π, is compatible at the 3σ level and
at the 1σ level with the global fit data [41], respectively, for light neutrino masses with
NO, while for IO only δ = 0 remains compatible with the data at the 3σ level. The only
non-trivial CP phase is the Majorana phase α that is fixed by X(s).19 The magnitude of
its sine is given by the magnitude of sin 6φs. For analytic formulae of the lepton mixing
parameters we refer to [22].

We remind that the numerical values of the angle θL given in eq. (4.1) are obtained
under the assumption of strong NO and strong IO, respectively. If the lightest neutrino
mass m0 is non-zero, this angle has to be read as θ̃L. From the latter, we can then determine

17See http://www.nu-fit.org/.
18When computing the ∆χ2-value for IO, we subtract the value ∆χ2 = χ2

IO −χ2
NO = 2.6 which corresponds

to the overall ∆χ2 for IO with respect to NO, that is favoured by current global fit data [41].
19When commenting on Majorana phases, we always refer to the general case in which none of the light

neutrinos is massless and thus both Majorana phases, α and β, are physical, as done in the analysis in [22].
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u u = −1 u = 0 u = +1

θL
0.146

(0.148) 0.184 0.146
(0.148)

sin2 θ12 0.341 0.341 0.341

sin2 θ13
0.0222

(0.0224)
0.0222

(0.0224)
0.0222

(0.0224)
sin2 θ23 0.437 0.5 0.563

∆χ2 9.25
(11.2)

10.8
(12.5)

8.27
(8.62)

Table 1. Case 2) Results of θL and lepton mixing angles for n = 14 and the admitted values of the
parameter u. Note that other combinations of u and θL generated with symmetry transformations,
discussed in [22], as well as considering π − θL also lead to a viable description of the experimental
data on lepton mixing angles. We additionally show the value of ∆χ2, arising from a fit to the
global fit data, provided by the NuFIT collaboration [41]. Results in brackets refer to light neutrino
masses with IO.

θL for fixed values of the couplings y1 and y3 and of the angle θR, see also comments
in section 3.1.3.

The smallest value of the index n fulfilling the constraints n > 2 even, 3 - n and 4 - n is
n = 10. For this choice, the parameter s varies as 0 ≤ s ≤ n− 1 = 9. All numerical results
for low-scale leptogenesis are presented for this value of n, see section 5.3.

4.2 Case 2)

As discussed in [22], the lepton mixing angles depend on the ratio u/n (the parameter φu)
and the angle θL. It turns out that small values of u/n (φu) are required, up to symmetry
transformations shown in [22],20 in order to accommodate the smallness of the reactor
mixing angle θ13

− 0.1 . u/n . 0.12 corresponding to− 0.31 . φu . 0.37 . (4.3)

The value of θL should be close to θL ≈ 0 or θL ≈ π. As explained in sections 3.2.2 and 3.2.3,
for t odd and the light neutrino mass m0 being non-zero we have to replace θL by θ̃L and
have to compute from the latter θL for fixed values of the couplings y1 and y3 and of the
angle θR. Like for Case 1), sin2 θ12 is always bounded from below by 1/3. The explicit
formulae for the lepton mixing angles and CP invariants can be found in [22]. Here we only
recall that the Dirac phase δ and the Majorana phase β depend on φu, while the Majorana
phase α is (mainly) determined by φv (and thus the choice of t, see eqs. (3.22) and (3.24)).
Indeed, it turns out that the magnitude of the sine of α is given by the magnitude of sinφv.
Detailed numerical results, i.e. tables with examples of n and u as well as v and θL along
with further explanations, can be found in [22].

20In the present analysis we only refer to situations in which there is no contribution from the charged lepton
sector to the PMNS mixing matrix, i.e. in which the charged lepton masses are already canonically ordered.
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Figure 1. Case 2) Impact of constraints on the value of the CP phase δ for light neutrino masses
with NO (left plot) and IO (right plot), respectively. We show the areas, leading to an agreement
with the global fit data at the 3σ level or better, in the u/n−θL-plane. The orange area corresponds
to the case in which only the information on the three lepton mixing angles is taken into account. In
different shades of blue we display the range of the CP phase δ at the 1σ (dark blue), 2σ (blue) and
3σ (light blue) level, as preferred by the global fit data. As one can see, this constraint disfavours
certain areas in the u/n− θL-plane. When combining it with the information on the lepton mixing
angles, the green area results as favoured at the 3σ level. The constraints on the CP phase δ have a
moderate impact for light neutrino masses with NO, but substantially reduce the favoured areas in
the case of IO. The specific choices n = 14, u = 0 and u = ±1 and their corresponding values of θL
for θL small are indicated by yellow stars. Furthermore, we highlight the choice u/n = 0.12 and
θL = 0 with a yellow star.

In the following, we focus on the choice n = 14 for the index, fulfilling all constraints
on n (n even, 3 - n and 4 - n). For this value of n, eq. (4.3) is fulfilled by u = 0 and u = ±1.
Since we distinguish the different sub-cases according to whether s and t are even or odd,
we list the combinations of s and t which correspond to the values u = 0 and u = ±1 for
n = 14. For u = 0 all admitted values of t are even, i.e.

(s, t) = (0, 0), (1, 2), (2, 4), (3, 6), (4, 8), (5, 10), (6, 12) , (4.4)

while for u = ±1 we only have odd values of t, i.e.

u = −1 (s, t) = (0, 1), (1, 3), (2, 5), (3, 7), (4, 9), (5, 11), (6, 13)
u = +1 (s, t) = (1, 1), (2, 3), (3, 5), (4, 7), (5, 9), (6, 11), (7, 13) .

The values of θL (or θ̃L for t odd and m0 non-zero), leading to results of the lepton mixing
angles in agreement with the global fit data [41] at the 3σ level or better, are given in
table 1. These choices of n and u as well as combinations of s and t are mainly used in the
numerical analysis of low-scale leptogenesis, see section 5.4.

As commented, the Dirac phase δ only depends on φu (and θL) like the lepton mixing
angles. We can thus visualise the parameter space, preferred at the 3σ level by the global
fit data on the lepton mixing angles, in the u/n − θL-plane and impose the additional

– 25 –



J
H
E
P
1
2
(
2
0
2
2
)
0
4
4

s 0 1 2 3 4 5 6 7

θL
1.93

[3.10]
2.00

[3.09]
2.40

[3.03] 0.265 0.0568
[1.07]

0.0404
[1.20]

0.0429
[1.18]

0.0737
[0.957]

sin2 θ12 0.305 0.305 0.305 0.317 0.305 0.305 0.305 0.305
∆χ2

12 ∼ 0 ∼ 0 ∼ 0 1.12 ∼ 0 ∼ 0 ∼ 0 ∼ 0

s 8 9 10 11 12 13 14 15

θL 0 2.18
[3.07]

1.96
[3.10]

1.94
[3.10]

2.07
[3.08] 2.88 0.114

[0.740]
0.0479
[1.14]

sin2 θ12 0.342 0.305 0.305 0.305 0.305 0.317 0.305 0.305
∆χ2

12 8.51 ∼ 0 ∼ 0 ∼ 0 ∼ 0 1.12 ∼ 0 ∼ 0

Table 2. Case 3 a) Results for the smallest value of the index n, n = 16, and m = 1 together with
sin2 θ13 ≈ 0.0254 and sin2 θ23 ≈ 0.613. For m = 15 the same results are found up to sin2 θ23 ≈ 0.387
and θL being replaced by π− θL (leaving aside very minor differences due to the fit). We display the
contribution to ∆χ2 arising from the fitting of the solar mixing angle θ12, ∆χ2

12, for light neutrino
masses with NO. We write ∼ 0 when ∆χ2

12 < 10−3. The presence of a second best fit value for θL is
indicated in square brackets.

constraints, arising from the CP phase δ, in this plane. This is shown in figure 1. In this
plot the choices n = 14, u = 0 and u = ±1 for θL being small are highlighted by yellow
stars. They correspond to the following values of the CP phase δ: sin δ = −1 for u = 0 and
θL ≈ 0.184 and sin δ ≈ −0.811 (−0.813) for u = ±1 and θL ≈ 0.146 (0.148). The values in
brackets are for light neutrino masses with IO.

4.3 Case 3 a) and Case 3 b.1)

We present numerical examples for both cases, Case 3 a) and Case 3 b.1), which are taken
from the analysis in [22]. Like for Case 2), we choose numerical examples, where the masses
of the charged leptons are not permuted. Compared to Case 1) and Case 2), the dependence
of the PMNS mixing matrix on the flavour and CP symmetries as well as on the residual
symmetry Gν is more complicated in Case 3 a) and Case 3 b.1). For this reason, more
combinations of group theory parameters are analysed in order to explore the features of
Case 3 a) and Case 3 b.1). At the same time, we mainly focus on light neutrino masses
with NO, since this mass ordering is (slightly) favoured by current global fit data [41].
Furthermore, examples for the case of a light neutrino mass spectrum with IO are already
studied for Case 1) and Case 2).

4.3.1 Case 3 a)

As shown in [22], the smallness of the reactor mixing angle θ13 is related to small m/n (1−
m/n). Also the atmospheric mixing angle θ23 only depends on this parameter combination.
The smallest viable choice of the index n is n = 16. For this value of n, the two choices of
the parameter m, m = 1 and m = 15, lead to

sin2 θ13 ≈ 0.0254 , sin2 θ23 ≈ 0.613 (m = 1) and sin2 θ23 ≈ 0.387 (m = 15) .
(4.5)
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Figure 2. Case 3 a) Impact of constraints on the value of the CP phase δ for light neutrino masses
with NO (left plot) and IO (right plot), respectively. We show the areas, leading to an agreement
with the global fit data on the solar mixing angle θ12 and CP phase δ at the 3σ level or better, in
the s/n− θL-plane. The conventions and colour coding are the same as in figure 1. The impact of
imposing constraints on the CP phase δ is only very mild for light neutrino masses with NO, while
adding information on the value of δ considerably affects the allowed areas in the s/n− θL-plane in
the case of IO.

The results for θ13 and θ23 are outside the 3σ ranges of the global fit [41], ∆χ2
13 ≈ 21.8

for sin2 θ13 and ∆χ2
23 ≈ 6.25 (19) for sin2 θ23 and m = 1 (m = 15), assuming light neutrino

masses with NO. However, they can be brought into accordance with the experimental
data, if corrections in an explicit model are taken into account, see e.g. [80] for a model
with the flavour symmetry A4 in which the reactor mixing angle is generated with the help
of corrections only. It is worth noting that n has to be even and thus both values of m turn
out to be odd. According to the different choices of s, 0 ≤ s ≤ n − 1 = 15, there are 16
possible CP transformations X(s). All of them give rise to a viable fit to the solar mixing
angle θ12. Indeed, for most of them there are two values of θL (or θ̃L depending on the
combination of m and s, see section 3.3.2) which allow for such a fit. One of these values is
typically θL ≈ 0 or θL ≈ π. Hence, both s even and s odd can be studied with this example
numerically, whereas m has to be necessarily odd. In table 2 we list the results for m = 1
and for all possible values of s. Those for m = 15 can be obtained with the help of the
symmetry transformations, discussed in [22].

In order to also capture the case m even, we use the choice n = 34 and m = 2 which
gives rise to the same values for the reactor and atmospheric mixing angles as n = 17 and
m = 1, studied in [22], since the ratios m/n coincide and lead to

sin2 θ13 ≈ 0.0225 and sin2 θ23 ≈ 0.607 . (4.6)

For the value of ∆χ2
13 (23), the contribution to ∆χ2 due to sin2 θ13 (sin2 θ23), we find for

this choice ∆χ2
13 (23) ≈ 0.243 (4.16) for light neutrino masses with NO. Numerical results

for the different values of s, 0 ≤ s ≤ n− 1 = 33, can be found in [22] for s even (using the
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s 1 4 7
θL 1.31 [1.83] 1.31 [1.83] 1.31 [1.83]

sin2 θ23 0.580 [0.420] 0.5 0.420 [0.580]
sin2 θ12 0.318 0.318 0.318
sin2 θ13 0.0222 0.0222 0.0221
∆χ2 1.48 [5.29] 4.12 5.29 [1.48]

Table 3. Case 3 b.1) Results for a small value of the index n, n = 8, together with m = 4. Note
that not for all admitted values of the parameter s a viable fit to the experimental data on lepton
mixing angles [41] can be achieved. The goodness of the fit can be read off from the value of ∆χ2

for light neutrino masses with NO. The presence of a second best fit value for θL is indicated in
square brackets.

analysis for n = 17 and m = 1) and are repeated for convenience in table 7. For s odd, they
are mentioned in table 8. Both these tables can be found in appendix E. Like for the choice
n = 16 and m = 1, a viable fit to the solar mixing angle is possible for all choices of the CP
transformation X(s) and for most of them for two different values of θL (or θ̃L).

The CP phases δ, α and β all have in general a non-trivial dependence on the parameters
n, m, s and θL and formulae for these together with a detailed numerical discussion can be
found in [22]. Here we only highlight a few interesting features. The impact of imposing
constraints on the CP phase δ from the global fit data [41] can be seen in the s/n−θL-plane
in figure 2. This figure is adapted from [22] (see figure 6). Furthermore, we note that the
sine of the Majorana phase α approximately equals in magnitude sin 6φs, while the sine of
the Majorana phase β is suppressed for θL ≈ 0, π and has a rather complicated dependence
on φs otherwise.

4.3.2 Case 3 b.1)

We mention two numerical examples in order to cover all possible combinations of m and s
being even and odd for Case 3 b.1). As long as we do not consider any permutations arising
from the charged lepton sector, the measured value of the solar mixing angle θ12 constrains
m to be

m ≈ n

2 , (4.7)

as shown in [22]. Furthermore, the value of θL (or θ̃L depending on the combination of m
and s, see section 3.3.3) has to be close to π/2 in order to achieve the correct size of θ13.
The atmospheric mixing angle θ23 depends on the choice of the CP transformation X(s).
The CP phases δ, α and β are in general all non-trivial and depend on the actual values of
the parameters n, m, s and θL. They have been studied analytically and numerically in
detail in [22]. Like for the other cases, we focus here on the main features of the CP phases:
we explore the impact of the constraints on δ from the global fit data [41], see below, and
we note that the sines of both Majorana phases α and β are the same in magnitude as
sin 6φs, if m = n

2 .
For a small value of n we use n = 8. Then, the parameter m is fixed to be m = 4.

Regarding the choice of the CP symmetry, i.e. the parameter s, we observe that not all of
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Figure 3. Case 3 b.1) Impact of the constraints on the value of the CP phase δ for light neutrino
masses with NO (left column) and IO (right column) for different values of φm, φm = 9π

20 (n = 20
and m = 9, plots in the upper row) and φm = 10π

20 (n = 20 and m = 10, plots in the lower row).
We show the areas, leading to an agreement with the global fit data on the lepton mixing angles
and the CP phase δ at the 3σ level or better, in the s/n− θL-plane. The conventions and colour
coding are the same as in figure 1. The impact of imposing constraints on the CP phase δ is only
mild for light neutrino masses with NO, while adding information on the value of δ considerably
affects the allowed areas in the s/n− θL-plane in the case of IO. The choice s = 4 corresponding
to s/n = 4/20 is represented by a yellow star in all plots. For φm = 10π

20 we additionally highlight
s = 3 meaning s/n = 3/20 with a yellow star.

them can lead to a viable fit to the experimental data on the lepton mixing angles, see
table 3. Note that for this choice of n and m not only the PMNS mixing matrix has been
discussed in [22], but also the results for neutrinoless double beta decay and for unflavoured
leptogenesis in a high-scale type-I seesaw scenario can be found in [35].

A value of n, fulfilling all constraints and leading to more than one admissible value of
m, is n = 20. According to eq. (4.7) three values of m are admitted, namely m = 9, m = 10
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and m = 11, see also [22]. In table 9 we display the results for m = 9 and 0 ≤ s ≤ n−1 = 19.
The results for m = 11 can be obtained from those shown in table 9, using symmetry
transformations of the parameters m, s and θL as explained in [22]. The results, obtained
for m = 10, are found in table 10 and share some features with those shown for n = 8
(and m = 4). These tables can be found in appendix E. For more details see [22]. In
figure 3 we show the impact of the global fit data for the CP phase δ on these results in the
s/n − θL-plane for both m = 9 (plots in the upper row) and m = 10 (plots in the lower
row) for n = 20 for light neutrino masses with NO and IO. We clearly see that adding the
constraints on the CP phase δ only mildly affects the results for light neutrino masses with
NO, while it reduces by at least a factor of two the areas, favoured at the 3σ level or better,
in the s/n− θL-plane for light neutrino masses with IO. These plots should be compared to
similar plots shown in [22] (see figure 8; note that in [22] m = 11 has been chosen instead
of m = 9). We note that we focus on Case 3 b.1) in the discussion of low-scale leptogenesis,
see section 5.5.

5 Low-scale leptogenesis

This section is dedicated to the analysis of low-scale leptogenesis in the outlined scenario.
The parameter space which is scanned comprises the different cases, Case 1) through Case
3 b.1), the choices of group theory parameters and the angle θL as well as the parameters
related to the light neutrino mass spectrum and to the RH neutrinos such as their mass scale
M , the splittings κ and λ and the angle θR. We take a representative subset of examples
for the group theory parameters and the angle θL for Case 1) through Case 3 b.1) from the
preceding section.

5.1 Preliminaries

The common thermal leptogenesis scenario (“vanilla leptogenesis”) requires that Mi >

109 GeV [96]. Flavour effects can slightly lower this bound [97], but the heavy neutrinos
Ni remain out of reach for direct searches. However, there are several options of making
leptogenesis for Mi below the TeV scale feasible [98], including i) a degenerate particle
spectrum [99, 100], ii) an approximate conservation of charges or iii) a hierarchy among
coupling constants. Within the low-scale type-I seesaw framework, see eq. (2.1), all three of
them can play a role. One possibility to classify different leptogenesis scenarios is the way
in which the deviation from equilibrium required for baryogenesis [101] is achieved, namely
either in particle freeze-out and decays (freeze-out scenario) or during their approach to
thermal equilibrium (freeze-in scenario). Resonant leptogenesis during heavy neutrino
freeze-out [27, 28] is commonly associated with a degeneracy in the eigenvalues of the
Majorana mass matrix MR, i.e. option i). Option ii) is realised in the so-called Akhmedov-
Rubakov-Smirnov (ARS) mechanism [3, 26] during heavy neutrino freeze-in, when the
approximate conservation of a generalised lepton number permits the generation of a
sizeable asymmetry in the LH fields by hiding an asymmetry of opposite sign from the
sphalerons in the RH neutrinos.21 Option iii) can play a role during both freeze-in and

21The ARS mechanism requires in addition a mass degeneracy when one considers two generations of RH
neutrinos, but this is not needed for more than two, see [3].
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freeze-out. Flavour-hierarchical Yukawa couplings lead to hierarchical equilibration rates,
which can delay the equilibration of one heavy neutrino or lead to flavour-hierarchical
washout [60, 61].

The freeze-out scenario is usually associated with Mi above the electroweak scale, while
the freeze-in mechanism has originally been proposed for Mi in the GeV range. However,
detailed investigations of the parameter space have shown that the ranges of Mi and U2

αi,
in which both mechanisms operate, widely overlap [39, 65, 102], cf. [102] and references
therein for a detailed discussion. They can be described by the same set of quantum kinetic
equations which are reminiscent of the density matrix equations for light neutrinos [103]
and can be derived from non-equilibrium quantum field theory, cf. [50] for a recent review,

i
dn∆α

dt
= −2iµα

T

∫
d3k

(2π)3 Tr [Γα] fN (1− fN ) + i

∫
d3k

(2π)3 Tr
[
Γ̃α (ρ̄N − ρN )

]
, (5.1a)

i
dρN
dt

= [HN , ρN ]− i

2 {Γ, ρN − ρ
eq
N } − i

2
∑
α

Γ̃α
[
2µα
T
fN (1− fN )

]
, (5.1b)

i
dρ̄N
dt

= − [HN , ρ̄N ]− i

2 {Γ, ρ̄N − ρ
eq
N } + i

2
∑
α

Γ̃α
[
2µα
T
fN (1− fN )

]
. (5.1c)

Here ρN and ρ̄N are the momentum averaged density matrices for the two helicities of
the heavy neutrinos, HN is an effective Hamiltonian, fN is the Fermi-Dirac distribution
for heavy neutrinos, µα are flavoured lepton chemical potentials, and Γ, Γα and Γ̃α are
different thermal interaction rates. The computation of these rates has been an active field
of research [104, 105]. In the present analysis we use the results of [106] combined with
the extrapolation to the non-relativistic regime from [102]. The flavoured lepton chemical
potentials µα are related to the comoving lepton number densities n∆α by a susceptibility
matrix [107, 108].

We solve the set of equations, given in eq. (5.1), for two types of initial conditions
for the heavy neutrinos Ni, vanishing and thermal initial abundances. Vanishing initial
conditions apply in scenarios, in which the reheating temperature is considerably lower than
the scale at which new particles other than the RH neutrinos appear, so that the Lagrangian
in eq. (2.1) describes a valid effective field theory at all relevant energies [109]. A prominent
example of this kind is the νMSM [3, 4], which, in principle, could be a valid effective
field theory up to the Planck scale [110]. Thermal initial conditions apply in scenarios,
in which the RH neutrinos have additional interactions at energies below the reheating
temperature. In both cases, we assume that all asymmetries vanish initially, cf. [111] for a
related discussion.

Importance of heavy neutrino mass scale. The overall mass scale of the heavy
neutrinos is one of the most important parameters determining the BAU. There are several
ways in which this mass scale plays a role.

• Interaction rates of the heavy neutrinos in general depend on both the RH neutrino
mass M and the temperature T . For relativistic neutrinos with M � T , there are
two types of processes that reach equilibrium at different temperatures, which depend
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on the helicity of the produced RH neutrino [106, 112, 113]. If we associate a fermion
number with helicity, these processes can be either fermion number conserving (FNC)
or fermion number violating (FNV). The FNC processes entering the matrices Γ and
HN only depend on the RH neutrino masses indirectly, through the Yukawa couplings.
This leads to a typical equilibration temperature

T eq
FNC ∼ γ+ Tr

(
YDY

†
D

)
T0 & γ+

M T0 (∑imi)
〈H〉2

∼ Tsph ×
M

10GeV , (5.2)

where Tsph ≈ 131.7GeV is the sphaleron freeze-out temperature, T0 = mPl
√

45
4π3g?

=
T 2/H is the comoving temperature in an expanding Universe (with g? ≈ 106.75 and
mPl ≈ 1.22 × 1019 GeV), and γ+ ∼ 10−2 is a numerical coefficient associated with
such processes. Note that the inequality in eq. (5.2) comes from the fact that the
size of the Yukawa couplings can exceed the naive seesaw limit by several orders of
magnitude for special choices of parameters. For sub-GeV RH neutrino masses, these
FNC processes do not necessarily reach equilibrium before the sphaleron freeze-out,
which could prevent successful baryogenesis. Such processes only lead to lepton flavour
violation (LFV), and rely on washout to convert the lepton flavour asymmetries into
a lepton number asymmetry. In contrast, the FNV processes can directly lead to
a lepton number asymmetry. Their rate carries an additional suppression factor of
M2/T 2. This leads to the equilibration temperature

T eq
FNV ∼

3

√(
γ−

T 2

M2

)
Tr
(
YDY

†
D

)
M2T0 & Tsph ×

M

50GeV , (5.3)

where we have approximated
(
γ−

T 2

M2

)
∼ 10−2 in the relativistic limit. While they

only equilibrate for M & 50GeV, they can play an important role for even lighter
RH neutrinos, as they allow for different CP-violating combinations, see section 6.
In the intermediate regime M ∼ Tsph ∼ 100GeV, both FNC and FNV processes
have similar interaction rates, while for T �M we enter the non-relativistic regime,
with RH neutrino decays as the dominant process — with equal FNC and FNV
rates. On the other hand, for T .M , the lepton asymmetry washout rates become
Boltzmann-suppressed, causing a gradual freeze-out of lepton number. This freeze-out
dominates over the sphaleron freeze-out when M & 10Tsph.

• The expansion and cooling of the Universe causes a change to the equilibrium
distribution of the RH neutrinos. For relativistic RH neutrinos, T �M , this change
does not cause a sizeable deviation from equilibrium, as the RH neutrino number
density to entropy ratio remains constant. However, once the temperature becomes
comparable to the RH neutrino masses, this ratio decreases, which corresponds to a
deviation from equilibrium. While this deviation is maximal around M ∼ T , already
the leading order O(M2/T 2) deviation from equilibrium can be sufficient to produce
the observed BAU — allowing leptogenesis with thermal initial conditions for RH
neutrinos with masses as low as a few GeV [39, 114]. This late-time contribution to
the BAU can completely dominate over the asymmetry produced during freeze-in,
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especially if the prior asymmetries are erased by the lepton number washout. For
RH neutrinos with masses above the electroweak scale we can, therefore, expect that
the BAU becomes independent of the initial conditions, unless the lepton number
washout is highly flavour-hierarchical [61].

• The scaling of the parameter space for M > 2TeV allows us to relate results
of parameter scans for different RH neutrino masses. In [102] it has been found that
keeping the ratio

M : YDY †D : ∆Mij/M (5.4)

fixed, where ∆Mij = Mi −Mj , leads to the same final BAU. To achieve this, we
need to re-scale the mass splittings ∆Mij/M for different RH neutrino masses, while
the ratios of these masses and the Yukawa couplings are kept fixed by the seesaw
relation, see eq. (2.15).22 This scaling only holds between the electroweak scale
TEW [115] and the scale T eq

eR at which the RH electron Yukawa interactions come into
equilibrium [116], TEW ≈ 160GeV �M � T eq

eR ≈ 85TeV.

• Initial conditions. Besides washout effects discussed below, the size of the RH
neutrino masses determines how sensitive the BAU is to the initial RH neutrino
abundance. Barring flavour-hierarchical Yukawa couplings, the washout of the lepton
asymmetries is generically strong, erasing any asymmetry that might be generated
before the RH neutrino decays. For masses M & 2TeV there is, therefore, little to no
dependence on the initial abundance of the RH neutrinos. In contrast, for lighter RH
neutrinos the deviation from equilibrium, caused by the expansion of the Universe, is
often subdominant to the contribution from the RH neutrino equilibration. This is
particularly important for RH neutrino masses M . 2GeV, where leptogenesis is only
possible, if we assume vanishing initial abundances.

Impact of RH neutrino mass splittings. The mass splittings among the RH neutrinos
are among the most important parameters determining the overall size of the BAU. Both
baryogenesis via RH neutrino oscillations and resonant leptogenesis require a degeneracy in
energies that is comparable to the interaction widths. This gives the resonance condition

|∆Mij | ∼
ΓNEN
M

≈


T ΓN
M for T �M ,

ΓN for T .M ,
(5.5)

for heavy neutrinos Ni and Nj and with EN and ΓN being the energy and thermal width
of the heavy neutrinos, respectively. This condition alone is not sufficient to guarantee
successful baryogenesis. In addition, the oscillation temperature [3] has to be higher than
the sphaleron freeze-out temperature

Tsph . Tosc =

(M |∆Mij |T0)1/3 T �M ,

(|∆Mij |T0)1/2 T .M ,
(5.6)

as otherwise the sphalerons freeze out before a single RH neutrino oscillation has happened.

22We neglect corrections to the seesaw formula, arising from the mass splittings.
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Given the delicate dependence on the mass splittings ∆Mij , one may wonder whether
the splittings induced by radiative corrections to the heavy neutrino masses could have a
disrupting effect on leptogenesis. The radiative corrections to the heavy neutrino masses
have previously been studied in [117, 118], and can be estimated as

(4π)2 d

dt
M̂R =

(
Ŷ †DŶD

)
M̂R + M̂R

(
Ŷ †DŶD

)T
, (5.7)

where t = lnµ/µ0. If we neglect the running of the neutrino Yukawa coupling matrix YD
and solve the RG equations perturbatively, we find as correction

δM̂RG
R = M̂R (t)− M̂R (0) = t

(4π)2 M

[(
Ŷ †DŶD

)
+
(
Ŷ †DŶD

)T ]
+O

(
Y 2
D κ

)
+O

(
Y 2
D λ

)
.

(5.8)

These corrections to the heavy neutrino mass spectrum generically have the same structure
as the products of Yukawa couplings contributing to the thermal masses which enter the
effective Hamiltonian in eq. (5.1), i.e.23

HN = M̂2
R

2EN
+ h+

(
Ŷ †DŶD

)
+ h−

(
Ŷ T
D Ŷ

∗
D

)
. (5.9)

They can, thus, be simply absorbed through a redefinition of the numerical coefficients

h± → h± + M2

EN

t

(4π)2 . (5.10)

They are typically subdominant to h+ in the relativistic regime, whereas they can give up
to an O(1) correction to h−. Any additional CP violation introduced by these radiative
corrections is, therefore, included when considering the effects of the thermal masses on the
CP-violating combinations, see section 6.

The overall scale of the Yukawa couplings is the main parameter determining the
production and decay rates of the RH neutrinos in the early Universe. Tiny Yukawa
couplings lead to low RH neutrino production and decay rates — and can, therefore, lead
to a value of the BAU below the observed one. This is particularly important for sub-GeV
RH neutrino masses, since the Yukawa couplings are expected to be too small for efficient
baryogenesis, as suggested by eq. (5.2). Fortunately, this limit can be avoided for special
choices of parameters, for which the size of the Yukawa couplings can exceed the naive
seesaw limit by several orders of magnitude. For sub-GeV RH neutrino masses, baryogenesis
can, therefore, impose a lower bound on the Yukawa couplings [48]. Besides an increased
production rate, large values of the Yukawa couplings also correspond to large values of the
mass splittings ∆Mij , as implied by the resonance condition, see eq. (5.5).

Impact of washout effects. The amount of BAU produced via low-scale leptogenesis
does not only depend on the mass splittings and widths of the RH neutrinos, but also on
how quickly any asymmetry is erased through washout processes, i.e. how fast interactions
of the RH neutrinos erase the asymmetries in the different lepton flavours.

23In fact, in the closed-time-path formalism both contributions are described by the same diagrams.
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Parameter Range of values Prior
M

[
50 MeV, 70 TeV

]
Log

κ

λ

[
10−20, 10−1] Log

θR
[
0, 2π

] Linear
Log on θR − k π4

m0
[
10−15, 1

]
· 0.03 eV Log

s
n
v
n

[
0, 1
][

0, 3
] Linear

Table 4. Range of values for the free parameters used in this analysis. “Prior” refers — in a slight
abuse of terminology — to the measure in parameter space taken for the randomisation and is not
meant to indicate a Bayesian parameter fit. Note k is an integer and its actual value depends on
the case, Case 1) through Case 3 b.1). The ratio s/n is relevant for Case 1), Case 3 a) and Case 3
b.1), while v/n is relevant for Case 2). The rest of the parameters, group theory parameters and the
angle θL, is determined by one of the representative examples, given in section 4.

This is especially important forM . 50GeV, a regime in which RH neutrino interactions
do not directly lead to an overall lepton number asymmetry, but only to a lepton flavour
asymmetry [26]. Because the RH neutrino couplings to the three flavours of the LH lepton
doublets are in general different, these asymmetries can be washed out at different rates,
and convert the lepton flavour asymmetry into an overall lepton asymmetry [3].

For larger RH neutrino masses, M & 50GeV, interactions that directly violate lepton
number are no longer suppressed, and the flavoured washout becomes less important.
Nonetheless, it can still play an important role, if the lepton number asymmetry is suppressed
due to a special choice of parameters, e.g. ∆Mij = 0, or if the washout is negligible in one
of the lepton flavours [61] which leads to a preservation of the asymmetry produced at
high temperatures.

5.2 Prerequisites of parameter scan

In the numerical scan we solve the quantum kinetic equations in eq. (5.1) for different
choices of parameters as well as for two types of initial conditions: vanishing and thermal
initial heavy neutrino abundances. We explore the viable parameter space for both of
them, showing that these in general differ. Since the CP-violating combinations, derived in
section 6, do not depend on the initial conditions, we mostly display results for vanishing
initial conditions when testing their validity.

We consider heavy neutrino masses ranging from 50MeV to 70TeV, see table 4, and thus
cover the entire experimentally accessible mass range. Lower masses are strongly constrained
by cosmological considerations [119–124], supernovae [125] and direct searches [126, 127], in
particular when combined with neutrino oscillation data [71, 128, 129]. For larger masses,
on the other hand, the set of equations in eq. (5.1) would have to be modified to treat the
RH charged lepton chemical potentials dynamically. The results of scanning the entire range
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of RH neutrino masses for regions of successful generation of the BAU in the M −U2-plane
can be found in sections 5.3–5.5. For each of the different cases, Case 1) through Case 3
b.1), representative examples for the group theory parameters and the angle θL as well
as different values of the splitting κ are studied. In addition to the scan of the viable
parameter space, we consider four benchmark values of the RH neutrino mass scale M ,
M ∈ {1, 10, 100, 1000}GeV, cf. table 5, in order to illustrate the parametric dependence of
the BAU and the validity of the analytical results, discussed in section 6. These benchmark
values for M are chosen to cover the non-relativistic, intermediate and relativistic regimes
of leptogenesis. Moreover, they are typical for the sensitivity reach of different experiments,
see e.g. [6, 55, 57, 58, 130].

The size of the RH neutrino mass splittings is determined by the two splittings κ and λ,
introduced in section 2, see eqs. (2.22) and (2.24), respectively. They can, in principle, both
vary between 0 and 10−1, with the upper limit being given by the requirement that these
splittings correspond to a small breaking of the flavour and CP symmetry of the scenario.24

They govern the heavy neutrino mass spectrum in different ways. While the splitting κ
keeps two of the heavy neutrinos degenerate in mass and separates the third one, compare
eq. (2.23), the splitting λ causes a mass difference between all three of them, see eq. (2.26).
Therefore, a non-zero value of λ can lead to more sources of CP violation than the splitting
κ alone. As a conservative choice, we thus focus on the effects of κ on the generation of the
BAU, and set λ = 0, unless otherwise stated. This in turn always gives us one pair of RH
neutrinos that are approximately degenerate in mass. This degeneracy can be broken by
the thermal masses, which do not always lead to additional CP violation. Another reason to
choose λ = 0 comes from the observation that, as shown in section 2.2, the correction δMR

to the RH neutrino mass matrix MR, which is proportional to the splitting κ, is invariant
under the residual symmetry Gl, present among charged leptons, and thus can be thought
of to arise from this sector in a concrete model. In contrast, the splitting λ is a priori not
related to any residual symmetry, but rather just splits all three RH neutrino masses. As
benchmark values for κ, we use κ ∈ {10−11, 10−6, 10−3}.

As already mentioned in section 2.2, the angle θR should range from 0 to 2π. As
generic benchmark values, we consider θR being π

11{1, 2, 3, 4, 5}. This allows to span the
entire range between 0 and π

2 . At the same time, we avoid special values of θR, i.e. multiples
of π

4 , since the total mixing angle U2 would diverge for a subset of the considered cases
at such points. We discuss results for values of θR close to these special values, which can
reflect an enhanced residual symmetry, see section 7, separately, because they are very
interesting from a phenomenological viewpoint, as they are the only choices that can lead to
values of the active-sterile mixing angles U2

αi that greatly exceed the naive seesaw estimate,
shown in eq. (2.6).

Regarding light neutrino masses, both their mass ordering and the mass m0 of the
lightest neutrino are currently unknown. In the present analysis, we, therefore, consider
light neutrino masses with NO as well as IO. However, in the main text we focus on light

24At a more practical level, the computation in the density matrix equations in eq. (5.1) would have to be
refined to apply them to an arbitrary heavy neutrino mass spectrum.
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Parameter Benchmark values
M {1, 10, 100, 1000}GeV
κ {10−11, 10−6, 10−3}
λ 0
θR

π
11{1, 2, 3, 4, 5}

Parameter Benchmark values

m0 [NO (IO)]
0.03 eV (0.015 eV)

0 eV
yf , f = 1, 2, 3 ≥ 0

Table 5. Benchmark values for the free parameters used in this analysis. The rest of the
parameters, group theory parameters and the angle θL, is determined as much as possible by one
of the representative examples, found in section 4. The fixed values of the parameters s and v,
respectively, are given for each single example in sections 5.3–5.5.

neutrino masses with NO and show plots for IO only in case of a qualitative difference
between the results for the two mass orderings. Otherwise, further results for light neutrino
masses with IO can be found in appendix F. The lightest neutrino mass m0 is varied between
zero and a mass close to its upper limit, allowed by cosmological observations [131],

m0 = 0.03 eV (NO) and m0 = 0.015 eV (IO), (5.11)

see also eq. (D.10) in appendix D.3. Most of the plots are, however, presented for a
benchmark value of m0, m0 being zero or one of the values in eq. (5.11).

The signs of the couplings yf can be positive or negative, see eq. (2.9). For concreteness,
we only display results for positive yf . However, results for other choices of the signs of
these couplings can be obtained numerically in a similar way. In certain instances, it is also
possible to derive them with the help of the analytical expressions, given in section 6.

Lastly, we observe that accommodating the global fit data on lepton mixing angles and
potentially the current indication of the CP phase δ [41] well usually does not completely fix
all group theory parameters for a certain case, Case 1) through Case 3 b.1). For example, for
Case 1) the parameter s corresponding to the choice of the CP symmetry does not impact
the accommodation of the lepton mixing angles and the CP phase δ, but is related to the
value of the Majorana phase α, see section 4.1. This is similarly true for the parameter v in
Case 2) and s in Case 3 a) and Case 3 b.1). Consequently, we do not only discuss results
for a fixed value of this parameter, but also vary it in its entire allowed range, i.e. s/n (v/n)
is treated as continuous parameter between 0 and 1 (3).

5.3 Case 1)

In the following, we discuss the results for low-scale leptogenesis for Case 1), n = 10 and
different values of s. Apart from scanning the parameter space spanned by the mass scale
M of the RH neutrinos and the angle θR for different values of the splitting κ, we also
explore the impact of different initial conditions, of the light neutrino mass spectrum as
well as of the splitting λ.

Importance of heavy neutrino mass scale. In figure 4 we illustrate the dependence of
the BAU on the splitting κ for the four benchmark values of the heavy neutrino mass scale
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Figure 4. Case 1) BAU (YB) as function of the splitting κ for a Majorana mass M = 1GeV,
M = 10GeV, M = 100GeV and M = 1TeV for both vanishing (left plots) and thermal initial
conditions (right plots). For each of these choices, different values of the angle θR have been studied.
Light neutrino masses have strong NO. The index n of the flavour group is n = 10. The parameter
s is fixed to s = 1 corresponding to φs = π

10 . Both negative (dashed lines) as well as positive
(continuous lines) values of the BAU are represented. The grey line indicates the observed value of
the BAU, YB ≈ 8.6 · 10−11. The black crosses in plot (c) refer to particular choices of θR and κ that
are used as reference values in some of the following plots, e.g. in figure 7. The choice θR = π

4 + 10−3

(orange curve) corresponds to a value of θR close to a special value, for details see text. Faint lines
indicate that the condition in eq. (3.69) is not fulfilled.
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Figure 5. Case 1) YB as function of κ for M = 10GeV for light neutrino masses with strong IO
(left plot) and for light neutrino masses with NO, but non-zero m0, m0 = 0.03 eV (right plot). For
the remaining choices see figure 4.

M and for both vanishing and thermal initial conditions. When comparing the plots for
M = 1GeV and M = 10GeV, we can see a clear difference in the overall scale of the BAU,
irrespective of the splitting κ, caused by the smaller overall scale of the Yukawa couplings.
This is confirmed, when comparing to the result for a value of θR close to a special value,
θR = π/4 + 10−3, which leads to overall larger Yukawa couplings, and hence larger values
of the BAU. For intermediate masses, 1GeV .M . 1TeV, we find a rather complicated
dependence on the splitting κ, due to the competing LNV and LFV processes. Similar
conclusions hold, when comparing with figure 9, in which we show the dependence on both
the RH neutrino mass scale M and the total mixing angle U2. For masses M > 2TeV, all
the dependence on the RH neutrino mass scale can be absorbed into a re-scaling of the
mass splittings. We can observe the approximate scaling of the BAU for M & 2TeV and
κ & 10−6, which corresponds to a plateau in κ, and where a re-scaling of the mass splitting
does not affect the BAU.

Impact of heavy neutrino mass splittings. In contrast to the remaining cases, in
Case 1) setting both κ = 0 and λ = 0 can never lead to successful baryogenesis. We can
verify this by evaluating the CP-violating combination CDEG,α, see section 6.2. In figure 4
we can see the dependence of the BAU on the splitting κ. As expected from the perturbative
expressions in section 6.2, for small values of κ, the BAU grows linearly with it, until it
reaches the resonance peak, after which it begins to decrease and reaches a plateau, when
the resonance condition, see eq. (5.5), is no longer satisfied for κ & ΓN EN/M2. While one
might expect that a large value of κ removes the resonant enhancement of the BAU, we find
that this is in general not the case, as two of the heavy neutrinos remain degenerate in mass
irrespective of the value of κ. This plateau can also be observed in figures 9 and 11. As
described in section 6, a useful criterion to understand whether the BAU reaches a plateau
for large κ (and λ = 0) or not is to evaluate the reduced mass-degenerate CP-violating
combination C(23)

DEG,α, defined in eq. (6.12). If this combination is non-zero, there remains CP
violation within the mass-degenerate two-by-two subsystem and one can expect a plateau
for large κ. For Case 1), indeed, C(23)

DEG,α do not vanish, see eq. (6.20).
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Dependence on initial conditions. The deviation from equilibrium required for suc-
cessful leptogenesis can be realised in two ways: either during the freeze-in and production of
the RH neutrinos or during their freeze-out and decay. To distinguish these two regimes, we
study two types of initial conditions, thermal and vanishing initial RH neutrino abundances.
If we assume a vanishing initial abundance of RH neutrinos, both freeze-in and freeze-out
contribute to leptogenesis, while for thermal initial abundances all of the BAU is generated
during freeze-out. Leptogenesis from freeze-out is most efficient for M & T , and is therefore
typically associated with RH neutrino masses above the electroweak scale. Nonetheless,
the expansion of the Universe can cause the necessary deviation from equilibrium even
for GeV-scale RH neutrino masses [39, 65, 114]. Similarly, for RH neutrino masses above
the electroweak scale washout is strong in general, and any asymmetries generated during
freeze-in are typically erased. This can be avoided if the RH neutrinos couple hierarchically
to the different lepton flavours [61].

In figure 4 we show the dependence of the BAU on the initial conditions (vanishing
and thermal RH neutrino abundances). We find that baryogenesis with thermal initial
conditions is possible from around M ∼ 5GeV for κ ∼ 10−11, and around M & 10GeV for
larger values of the splitting κ, κ & 10−6, as shown by the faint lines in figure 9. Finally, in
figure 4, for RH neutrino masses above the electroweak scale we find that both thermal and
vanishing initial conditions can lead to identical BAU, since our choice of benchmark values
generically leads to strong washout of the asymmetries generated during freeze-in.

Role of light neutrino mass spectrum. For the different choices of parameters, we
also study the role of the light neutrino mass spectrum, i.e. the dependence of the results for
the BAU on the mass ordering of the light neutrinos, NO or IO, as well as on the lightest
neutrino mass m0, m0 = 0 or m0 being close to its upper bound, see eq. (5.11), indicated
by cosmological observations [131]. As one can see, the results for light neutrino masses
with strong IO show qualitatively the same features as those for light neutrino masses with
NO, compare plot (a) in figure 5 with plot (c) in figure 4. Similarly, a non-zero value of the
lightest neutrino mass m0, see figure 5 (plot (b)), does not change the qualitative behaviour
of the BAU. We, however, observe that for (strong) IO, more changes of the sign of the
BAU are expected than for light neutrino masses with strong NO. A possible explanation
is that the couplings yf , f = 1, 2, 3, are in general larger and less hierarchical in the case of
(strong) IO than for strong NO. For completeness, we show the corresponding plots for
M = 1GeV, M = 100GeV and M = 1TeV for light neutrino masses with strong IO and for
light neutrino masses with NO and m0 = 0.03 eV in figure 27 in appendix F.1.

Dependence on CP transformation X(s). We compare the dependence of the BAU
on the splitting κ for different values of φs in figures 4, plot (c), and 6. In doing so, we fix
M = 10 GeV, m0 = 0 and consider light neutrino masses with NO and different values of θR.
For φs = π

10 (n = 10 and s = 1) and φs = 9π
10 (s = 9), compare figure 4 (plot (c)) and figure 6

(plot (a)), we note that they lead to a very similar functional dependence of the BAU on
κ, whereas the sign of the BAU is opposite (in the plots the style of the curves changes
from continuous to dashed lines and vice versa). This observation is in agreement with
the dependence of the CP-violating combinations CLFV,α and CLNV,α on φs, see eqs. (6.17)
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Figure 6. Case 1) YB as function of κ for M = 10GeV and different values of φs, φs ∈ π
10 · {2, 8, 9}.

For the remaining choices see figure 4.
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Figure 7. Case 1) YB as function of s
n , treated as continuous parameter, for odd (left plot) and

even (right plot) values of s, respectively. The Majorana mass M is chosen as M = 10GeV and
three different values of κ, κ ∈ {10−3, 10−6, 10−11}, are used, see the red, orange and blue curve,
respectively. Additionally, we display the dependence on φs ( sn ) as expected from the CP-violating
combinations, compare eqs. (6.17) and (6.18), in black. The angle θR is fixed to θR = π

11 and light
neutrino masses are assumed to have strong NO.

and (6.18) with sin 3φs being replaced by − cos 3φs, since − cos 3φs ≈ −0.588 for φs = π
10

and − cos 3φs ≈ +0.588 for φs = 9π
10 . This is true for all odd values of s whose sum equals

the index n of the flavour symmetry. In addition, we observe that for s = 5, s = n
2 in general

(recall the index n is always even and not divisible by four), the CP-violating combinations
vanish, − cos 3φs = − cos 3π

2 = 0, and thus the BAU does so as well, as we have checked
explicitly. Furthermore, we can compare the plots of the BAU with respect to κ for two
even values of s (and otherwise the same parameters as chosen before), e.g. φs = 2π

10 (s = 2)
and φs = 8π

10 (s = 8), see the right plots (plot (b) and (c)) in figure 6. As one can see, these
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plots are (nearly) identical, both in size and sign of the BAU. This can also be understood
with the help of the CP-violating combinations CLFV,α and CLNV,α which depend on sin 3φs
for s even, i.e. sin 3φs ≈ +0.951 for both φs = 2π

10 and φs = 8π
10 . This happens, like for all

odd s, for all even s whose sum equals the index n. Knowing the dependence sin 3φs for s
even, we additionally confirm the expectation that for s = 0 the generated BAU vanishes
(within numerical precision). With figure 6, we can eventually compare the results between
odd and even values of s and find for φs = 9π

10 (s = 9) and φs = 2π
10 (s = 2) (plot (a) and

(b)) that the BAU should have the same sign, but be slightly larger for φs = 2π
10 , since

− cos 3φs ≈ +0.588 for φs = 9π
10 and sin 3φs ≈ +0.951 for φs = 2π

10 with the dependence on
the rest of the parameters being the same.

In figure 7, we check the dependence of the BAU on φs (treating s/n as continuous
parameter) for s odd (plot (a)) and for s even (plot (b)) for a fixed value of the Majorana
mass M , M = 10GeV, a fixed value of θR, θR = π

11 , and different sizes of the splitting κ,
ranging between 10−11 and 10−3. As one can see, the dependence − cos 3φs for s odd and
sin 3φs for s even, expected from the CP-violating combinations, is very well reproduced
and only small deviations arise, compare the black curve with the coloured curves in figure 7.
These deviations cannot be understood in a simple way analytically, since they result from
the dynamics of the system, in particular from washout effects, see section 5.1, and are
sensitive to the chosen Majorana mass M , the value of θR and the splitting κ. Indeed, in
figure 7 one sees that increasing κ leads to larger deviations. All observations, made here
for light neutrino masses with strong NO, are qualitatively confirmed for the case of light
neutrino masses with strong IO. However, we emphasise that the described deviations are
in general larger, as can be seen in figure 28 in appendix F.1. In this figure, we show the
BAU as function of φs (s/n) for s odd, three values of κ and two different values of θR in
order to underline that the size of the deviations noticeably depends on the splitting κ as
well as the angle θR.

As shown in [22], only the Majorana phase α, appearing in the PMNS mixing matrix,
is non-trivial and its sine depends on φs through sin 6φs for all values of s such that no CP
violation arises for s = 0 and s = n

2 (s = 5 for our choice of the index n, n = 10). This is
also true for the BAU, as we have discussed.

Dependence on angle θR. We can, furthermore, investigate the dependence of the
BAU on the angle θR for different values of κ. The result is shown in figure 8 for fixed
values of M and φs and three different values of κ. We observe that the dependence on
θR is in general quite complicated and does not only follow sin θR for strong NO (y1 = 0),
see eqs. (6.17) and (6.18), but can reveal additional enhancements of the BAU as well as
additional changes of the sign of the BAU. In particular, the Majorana mass M and the
size of the splitting κ play a crucial role, compare plots (a)-(d) in figure 8. Nevertheless, we
recognise that at least for θR = 0, π, 2π the BAU vanishes which is in agreement with the
sin θR-dependence of the CP-violating combinations for strong NO. The enhancement of
the BAU for values of θR around θR = π

4 and its odd multiples is related to the coupling y3
being proportional to the inverse of

√
| cos 2 θR| for a fixed light neutrino mass m3, compare

eq. (3.15). Moreover, the more complicated dependence on θR for M & 10GeV arises due
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Figure 8. Case 1) YB as function of the angle θR for four different values of the Majorana mass,
M = 1GeV (upper left plot), M = 10GeV (upper right plot), M = 100GeV (lower left plot) and
M = 1TeV (lower right plot), and different values of κ, κ ∈ {10−3, 10−6, 10−11}. Both negative
(dashed lines) as well as positive (continuous lines) values of the BAU are represented. The value of
φs is fixed to φs = π

10 and light neutrino masses follow strong NO. The vertical grey lines correspond
to regions, in which the criterion, given in eq. (3.69), is not fulfilled.

to the dynamical interplay of the LNV and LFV CP-violating sources, whereas, to good
approximation, only the LFV source does contribute to the generation of the BAU for
M = 1GeV. We have also checked that these statements are qualitatively the same for light
neutrino masses with strong IO (y3 = 0), up to the fact that in this case the BAU vanishes
for θR = π

2 ,
3π
2 , as expected from the CP-violating combinations CLFV,α and CLNV,α, which

depend on cos θR for y3 = 0. Clearly, in the case of strong IO the coupling y1 scales as the
inverse of

√
| cos 2 θR| for a fixed light neutrino mass m1, see eq. (3.17).

Special values of θR. As already briefly mentioned in the previous paragraph, we observe
that for θR being close to an odd multiple of π4 the coupling y3 (y1) becomes large for strong
NO (IO) and a fixed value of the light neutrino mass m3 (m1) and thus also large values
of the total mixing angle U2 can be reached, much larger than expected from the naive
seesaw estimate, see eq. (2.6). At the same time, we observe an enhancement of the BAU
in the vicinity of these special values for M = 1GeV and M = 10GeV. As discussed in
section 5.1, this can be explained by the increased overall scale of the Yukawa couplings
which, for M . 10GeV, are expected to be too small for an efficient production of the BAU,
compare eq. (5.2), due to slow heavy neutrino interactions. Simultaneously, increasing the
Yukawa couplings allows for larger mass splittings consistent with the resonance condition,
see eq. (5.5). Such an enhancement around special values of θR has not been observed for
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Figure 9. Case 1) Range of total mixing angle U2 consistent with leptogenesis for the Majorana
mass varying between 50MeV and 70TeV. The splitting κ is chosen among the three values
κ ∈ {10−3, 10−6, 10−11}. The angle θR can be read off. The value of φs is fixed to φs = π

10 . Light
neutrino masses follow strong NO (left plot) and strong IO (right plot), respectively. The contours
corresponding to positive (negative) BAU are shown in continuous (dashed) lines. Note that these
refer to vanishing initial conditions except for the lines shown in fainter colours. The sign of the
BAU can be changed either by changing the signs of the couplings yf or the sign of the splitting κ
or by replacing the parameter s by n− s for s being odd, compare the CP-violating combinations in
eqs. (6.17) and (6.18). For masses larger than M ∼ 10GeV, we see that the lines for κ = 10−6 and
κ = 10−3 coincide. This can be verified in figure 4, where YB becomes independent of the splitting
κ for κ & 10−6. In contrast, for κ = 10−11 both YB and the allowed total mixing angle U2 are
generically larger for these larger masses. The blue and red shaded areas show the regions in which
the condition in eq. (3.69) and alike is not satisfied. The black lines indicate the seesaw line, defined
in eq. (2.6).

larger masses, e.g. M = 100GeV and 1TeV, see plots (c) and (d) in figure 8. Note that,
for θR being chosen as one of the special values, the BAU is always strongly suppressed
due to strong washout of the lepton asymmetry. As demonstrated in figures 9 and 10, the
correct amount of BAU can be produced through low-scale leptogenesis in the vicinity of
these special values (see figure 29 in appendix F.1 for dedicated plots for each value of
the splitting κ). In figure 9, we show the contours in the M − U2-plane that correspond
to the generation of the correct amount of BAU, with positive and negative sign in the
case of continuous and dashed lines, respectively. We do so for three different values of
the splitting κ. We can see that for small values of the Majorana mass M large values of
the total mixing angle U2 can be attained which allow for testing this scenario at different
current and future experiments. Note that the blue and red shaded areas in figure 9 show
the regions in which the condition in eq. (3.69) and alike is not satisfied.

As we detail in section 7.1, at these special values of θR the residual symmetry of the
combination Y †DYD is enhanced. The smallness of the deviation of θR from such a special
value can be thus protected by this enhanced symmetry and should not be considered as a
tuning of the angle θR.

– 44 –



J
H
E
P
1
2
(
2
0
2
2
)
0
4
4

10 1 100 101 102 103 104 105 106 107

U2 M [eV]
10 13

10 12

10 11

10 10

10 9

10 8

10 7

10 6

Y B

100 MeV
200 MeV
    1 GeV
  10 GeV
100 GeV
    1 TeV

10 810 710 610 510 410 310 210 1

/4 R

Case 1), NO, s = 10 , = 10 6, m0 = 0 eV

Figure 10. Case 1) YB as function of U2 ·M for different values of the Majorana mass M and
assuming vanishing initial conditions. The product U2 ·M is introduced, as it is independent of M
contrary to U2. The splitting κ is fixed to 10−6. Light neutrino masses follow strong NO and φs is
chosen as π

10 . Both negative (dashed lines) as well as positive (continuous lines) values of the BAU
are represented. The grey line indicates the observed value of the BAU, YB ≈ 8.6 · 10−11. The grey
shaded area represents the region in which the criterion, given in eq. (3.69), is not fulfilled.
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Figure 11. Case 1) Contour plots of YB as function of both splittings κ and λ for two different
values of the angle θR, θR = π

11 (left plot) and θR = 3π
11 (right plot). Iso-BAU lines are represented

in the κ− λ-plane; note −12.0 has to be read as 10−12 and alike. We, furthermore, show the line
corresponding to 3κ = λ in orange for which two of the heavy neutrinos become degenerate in mass,
compare eq. (6.14), and the BAU vanishes, see eqs. (6.17) and (6.18). The Majorana mass is fixed
to M = 10GeV, light neutrino masses follow strong NO and φs is fixed to φs = π

10 .
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Effect of splitting λ. The dependence of the BAU on both splittings κ and λ is shown
in figure 11 for a fixed value of M and of φs, the light neutrino mass spectrum following
strong NO and two different values of θR. For λ . 10−17, the dependence on λ is rather
weak, unless 3κ . λ. In this case, one of the mass splittings among the RH neutrinos,
and therefore the asymmetry, exactly vanishes, compare eq. (6.14). For larger values of
λ, λ & 10−15, with the exact value depending on θR, λ almost completely dominates the
generation of the BAU. This is not unexpected, as the splitting λ induces a mass difference
between all three RH neutrinos simultaneously, see eq. (2.26). This also explains why the
BAU decreases with λ increasing beyond 10−9, whereas for large values of the splitting κ
the BAU reaches a plateau, see e.g. also the plots in figure 4. Nonetheless, we observe that
even values of λ ∼ 10−4 can lead to successful baryogenesis.

5.4 Case 2)

For Case 2), we discuss the results for low-scale leptogenesis for the representative choice
of the group theory parameters n, u and v (or equivalently s and t), n = 14, u = 0 or
u = ±1, chosen in section 4.2. These lead to a good fit of the experimental data on lepton
mixing. Additionally, we study the choice n = 50, u = 6 (t is always even) corresponding to
u/n = 0.12 and hence θL = 0, compare eq. (4.3) and figure 1. We consider several values of
v in order to elucidate the dependence of the generated BAU on v (φv) and the agreement
between numerical results and expectations from the CP-violating combinations.

We split this discussion into two parts according to whether t is even or t is odd. For
the latter choice, we encounter the interesting possibility to generate the correct amount of
BAU without the splitting κ (and λ), as indicated by the CP-violating combination CDEG,α
in eq. (6.28).

5.4.1 Choice t even

We first comment on the effect of the splitting κ, then briefly on the impact of the
light neutrino mass spectrum, on the dependence of our results on the choice of the CP
transformation X(s, t) = X(u, v) and eventually on the impact of the angle θR. Note that
for this choice of t a non-vanishing lightest neutrino mass, m0 6= 0, does not lead to a further
rotation and to the replacement of θL with θ̃L, compare eqs. (3.31) and (3.32). We thus
present results for m0 = 0.03 eV and only resort to a light neutrino mass spectrum with
strong NO (IO), meaning m0 = 0, in the cases in which we study how well the CP-violating
combinations CLFV,α and CLNV,α can reproduce the numerical results, since the former
considerably simplify for vanishing lightest neutrino mass, see eqs. (6.25) and (6.26).

Effect of splitting κ. Similar to Case 1), we observe that, for small κ, the BAU grows
linearly with the splitting κ before reaching the resonance peak. This is consistent with
the observation that, for λ = 0, all CP-violating combinations, derived in section 6.3,
are proportional to κ, if t is even. The main difference, however, lies in the absence of
a plateau for large κ, see e.g. figure 12. The BAU monotonically decreases for κ larger
than the resonance peak, which is expected, as the reduced mass-degenerate CP-violating
combination C(23)

DEG,α is zero for t even.
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Figure 12. Case 2) YB as function of the splitting κ for a Majorana mass M = 1GeV (upper left
plot), M = 10GeV (upper right plot), M = 100GeV (lower left plot) and M = 1TeV (lower right
plot). For each of these choices, different values of θR have been studied. The parameters s and t
are fixed to s = 1 and t = 2, respectively, corresponding to φu = 0 and φv = 6π

14 . Light neutrino
masses have NO with m0 = 0.03 eV. Both negative (dashed lines) as well as positive (continuous
lines) values of the BAU are represented. The grey line indicates the observed value of the BAU,
YB ≈ 8.6 · 10−11.

An additional interesting feature is the power law with which the BAU decreases. For
M = 1, 10, 100GeV, the BAU decreases as κ− 2

3 for κ larger than the resonance peak. This
observation is consistent with the analytical approximations, derived for the relativistic
regime in [132]. For larger masses, i.e. M = 1TeV, the BAU decreases linearly with κ,
which can be expected from the behaviour of the decay asymmetries, see e.g. equation (2)
in [91], for κ larger than the resonance peak.

Impact of light neutrino mass spectrum. While focusing on light neutrino masses
with NO and m0 = 0.03 eV in figure 12, we also display two plots for the Majorana mass
M = 10GeV and for light neutrino masses with strong NO and strong IO, respectively, in
figure 30 in appendix F.2. As one can see, the qualitative and quantitative behaviour of the
BAU with respect to κ is similar to what is observed in figure 12, plot (b).

Dependence on CP transformation X(s, t) = X(u, v). We observe that the angle
θL, which leads to a good agreement with the experimental data on lepton mixing, is
non-zero for the choice of the parameters n and u, n = 14 and u = 0 and u = ±1, see
table 1. This complicates the study of the dependence of the BAU on the CP transformation
X(s, t) = X(u, v) and the comparison between the numerical results and the expectations
from the CP-violating combinations CLFV,α and CLNV,α for light neutrino masses with
strong NO and IO, see eqs. (6.25) and (6.26), respectively. We thus use n = 50 and u = 6
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Figure 13. Case 2) YB as function of κ for a Majorana mass of M = 10GeV and for n = 50 and
the parameters (s, t) equal to (4, 2) (upper left plot), (8, 10) (upper right plot), (12, 18) (lower left
plot) and (16, 26) (lower right plot). Light neutrino masses have strong NO. For the remaining
choices see figure 12.
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Figure 14. Case 2) YB as function of v
n , treated as continuous parameter, for a Majorana mass

M = 10GeV and different values of κ, κ ∈ {10−3, 10−6, 10−11}. The group theory parameters n and
u are chosen as n = 50 and u = 6 so that φu = 6π

50 . This choice of u corresponds to t even and s
being even (left plot) or odd (right plot). Light neutrino masses have strong NO. We compare the
numerical results (coloured curves) with the analytical expectation cos

(
πv
2n
)
(for s even) and sin

(
πv
2n
)

(for s odd) arising from the CP-violating combinations, see eq. (6.25), shown in black.
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as choices, since then θL = 0 leads to an acceptable fit of the lepton mixing angles, compare
eq. (4.3) and figure 1. In this case, the CP-violating combinations CLFV,α and CLNV,α
follow cos φv2 and sin φv

2 for strong NO and strong IO, respectively. The numerical results
are shown in figures 13 and 14.

In figure 13 we display the BAU with respect to the splitting κ for a fixed value of
M , M = 10GeV, and for different values of θR. Furthermore, we choose four different
combinations of (s, t) which are both even and always lead to φu = 6π

50 , but to different
values of v (φv), i.e. for (s, t) = (4, 2) (plot (a)) we have φv = 6π

50 and cos φv2 ≈ +0.982,
for (s, t) = (8, 10) (plot (b)) it is φv = 30π

50 and cos φv2 ≈ +0.588, for (s, t) = (12, 18) (plot
(c)) we have φv = 54π

50 and cos φv2 ≈ −0.125 and for (s, t) = (16, 26) (plot (d)), eventually,
it is φv = 78π

50 and cos φv2 ≈ −0.771. These differences of cos φv2 in magnitude and, in
particular, in sign are clearly visible in the four different plots (compare the exchange or
not of continuous and dashed lines in order to track the possible change in the sign of the
BAU due to cos φv2 ).

In figure 14 we show the BAU as well, normalised to its maximal attainable value, with
respect to v/n, treated as continuous parameter between 0 and 3, in order to emphasise the
dependence on this combination. Again, we fix the Majorana mass to M = 10GeV and
use φu = 6π

50 . Additionally, we focus on three different values of κ only, varying between
10−11 and 10−3, and on the angle θR being θR = π

11 . In plot (a) of figure 14 we set s to
be even, while s being odd is assumed in plot (b). The CP-violating combinations CLFV,α
and CLNV,α are proportional to cos φv2 for s even and to sin φv

2 for s odd for light neutrino
masses with strong NO, compare eq. (6.25) and the text below eq. (6.27). In figure 14 we
verify this behaviour to a very high degree (compare the coloured curves for different values
of κ with the black curve which shows the analytic expectation). As already seen for Case
1), the deviation from the expectation is larger for larger κ. In appendix F.2, see figure 31,
we display for completeness the corresponding plots for light neutrino masses with strong
IO. Again, the expectations from the CP-violating combinations are confirmed.

Finally, we remind that the magnitude of the sine of the Majorana phase α, appearing in
the PMNS mixing matrix, is to very good degree determined by sinφv = 2 sin φv

2 cos φv2 [22].
Thus, at least for light neutrino masses with m0 = 0 we explicitly see that the vanishing of
the BAU implies sinα = 0 as well.

Dependence on angle θR. In figure 15, we fix the value of the Majorana mass M ,
M = 10GeV, as well as the values of n, u and v (s and t) such that φu = 0 and φv = 6π

14
and plot the BAU with respect to the angle θR. As is shown in eqs. (6.25) and (6.26), for a
light neutrino mass spectrum with strong NO and strong IO, the CP-violating combinations
CLFV,α and CLNV,α reveal a simple dependence on the angle θR, i.e. they are proportional to
sin θR and cos θR, respectively. We thus expect vanishing BAU for θR = 0, π, 2π for strong
NO and θR = π

2 ,
3π
2 for strong IO. This expectation is confirmed very well, as we can see in

figure 15. Beyond this, the dependence of the BAU on the angle θR is also determined by
the washout and, thus, is more complicated. We note that, contrary to Case 1), the masses
mi of the light neutrinos, and consequently also the couplings yf , f = 1, 2, 3, do not depend
on the angle θR, see eq. (3.34). For this reason, the total mixing angle U2 is always close to
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Figure 15. Case 2) YB as function of the angle θR for a Majorana mass M = 10GeV and different
values of κ, κ ∈ {10−3, 10−6, 10−11}. Results for both light neutrino masses with strong NO (left
plot) and with strong IO (right plot) are displayed. Negative (dashed lines) as well as positive
(continuous lines) values of the BAU are represented. The parameters (s, t) have been fixed to (1, 2)
which corresponds to φu = 0 and φv = 6π

14 .

the seesaw line and special values of θR, at which the BAU is strongly enhanced, are absent
in this case, compare figure 15 and figure 8 for Case 1).

5.4.2 Choice t odd

For this choice of t, we first study the dependence of the BAU on the size of the splitting
κ for m0 = 0. Then, we analyse the interesting case in which the correct amount of
BAU can be generated without the splitting κ (and λ), if the lightest neutrino mass m0 is
non-zero. Furthermore, we scrutinise the interplay between the different contributions to
the generation of the BAU, encoded in the CP-violating combinations CLFV,α and CLNV,α
as well as CDEG,α, respectively, for non-zero κ and m0. Eventually, we comment on special
values of θR which render one of the couplings yf , f = 1, 2, 3, large, compare eqs. (3.35)
and (3.37), and thus can lead to large total mixing angle U2, while achieving the correct
amount of BAU.

Effect of splitting κ. In figure 16 we can see the dependence of the BAU on the splitting
κ. The overall behaviour is quite similar to Case 1), and we can once again observe a
plateau for κ � ΓN EN/M2. The presence of this plateau for t being odd is implied by
the non-vanishing of the reduced mass-degenerate CP-violating combination C(23)

DEG,α, see
eq. (6.34). For GeV-scale RH neutrino masses, see plot (b) in figure 16, starting with
κ & 10−12, the BAU becomes highly oscillatory. These oscillations continue until κ ∼ 10−10,
where they are damped by an effective “decoherence term” that has been introduced in [102]
instead of explicitly switching off the fast oscillations, as has been done in [133, 134] —
which would lead to a vanishing source term at late times. This procedure ensures that they
approach the correct time average [135], and, at the same time, keeps the oscillations without
averaging when they are sufficiently slow. We note that this is not a physical phenomenon,
but only introduced to reduce the numerical stiffness of the problem. The results in this
region require a more thorough investigation, since this damping is not physical and should
be decreased until the BAU is independent of it. Finally, we note that these oscillations
are not entirely physical in the relativistic regime, but are an artefact of neglecting the full
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Figure 16. Case 2) YB as function of κ for a Majorana mass M = 1GeV (upper left plot),
M = 10GeV (upper right plot), M = 100GeV (lower left plot) and M = 1TeV (lower right plot).
For each of these choices, different values of θR have been studied. The parameters (s, t) have been
fixed to (1, 1) which corresponds to φu = π

14 and φv = 3π
14 . Light neutrino masses have strong NO.

Both negative (dashed lines) as well as positive (continuous lines) values of the BAU are represented.
The grey line indicates the observed value of the BAU, YB ≈ 8.6 · 10−11. The large number of
oscillations around κ ≈ 10−12 to 10−11 in plot (b) is an artefact of the momentum averaged set of
equations, see eq. (5.1), used in this work. Explicitly including the momentum dependence would
remove these, see [40].

momentum dependence of the system, cf. [40], as each momentum mode k has a different
oscillation frequency ∼M∆Mij/k, which erases the effect of oscillations in the BAU. It is
interesting to note that we observe these oscillations exactly when transitioning between
the relativistic and non-relativistic regimes, where all momentum modes oscillate with the
same frequency ∼ ∆Mij , and the oscillations become coherent, which is also reflected in
the BAU. Nonetheless, the envelope of the curves can serve as a rough order-of-magnitude
estimate for the BAU in this regime.

In most of the analysis, we focus on the choice u = 1, see e.g. figure 16. However, we
have also studied the behaviour of the BAU with respect to the splitting κ for u = −1
(corresponding to s = 0 and t = 1) and otherwise the same choice of parameters as in
figure 16. For the Majorana mass M being M = 10GeV, the results are displayed in plots
(a) and (b) in figure 32 in appendix F.2 for light neutrino masses with strong NO and with
strong IO, respectively. We can, in particular, compare plot (a) in figure 32 with plot (b) in
figure 16 and see that the qualitative behaviour of the BAU with κ is very similar, while
the value of the BAU for large values of κ turns out to be somewhat lower for u = −1 than
for u = 1.
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Figure 17. Case 2) Results for YB in the absence of splittings, κ = 0 (and λ = 0). We set the
Majorana mass M to M = 100GeV and fix the group theory parameters n, s and t to n = 14,
s = 1 and t = 1 such that φu = π

14 and φv = 3π
14 . Light neutrino masses follow NO. The left plot

displays YB as function of the lightest neutrino mass m0 for different values of θR. In addition,
we compare, for θR = π

11 , the numerical results (red curve) with the following two analytical
expressions: A · y1 y3 (y2

1 − y2
3)2 with A ≈ −6.14 · 1031 (continuous black line) and B · √m0 with

B ≈ −4.26 · 10−6eV−1/2 (dotted black line). The first expression reflects the dependence of the
CP-violating combination CDEG,α on the couplings yf , compare eq. (6.28), while the second one
gives the overall dependence of the BAU on m0. The right plot shows YB as function of the angle θR.
We compare the numerical result (blue curve) to the analytical expectation from the CP-violating
combination CDEG,α which is proportional to sin 4 θR (black curve). The coefficient A has been
chosen to be Max(|YB |). Both negative (dashed lines) as well as positive (continuous lines) values of
the BAU are represented.

Results for vanishing splittings. Leptogenesis is possible, even if M̂R, see eq. (2.14), is
proportional to the identity matrix. As pointed out in [136], this is caused by thermal effects,
more precisely by the mismatch between the heavy neutrino mass basis and interaction
basis at finite temperature, i.e., by the different flavour structures in HN and the FNC
and FNV contributions to the thermal rate Γ in eq. (5.1). This general behaviour can be
verified for the scenario at hand by noting that, for κ = 0 and λ = 0, CP violation can only
appear through thermal effects. The CP-violating combination CDEG,α, indeed, appears
due to the mismatch between the heavy neutrino thermal masses and the decay rate Γ.
This has as consequence that the BAU is very sensitive to the mass of the heavy neutrinos
in this regime. We observe that it is enhanced by approximately four orders of magnitude
between M = 10GeV and M = 100GeV, compare plot (a) in figure 17 for M = 100GeV
with plot (a) in figure 33 in appendix F.2 for M = 10GeV, something not observed for
κ 6= 0, compare e.g. plots (b) and (c) in figure 16. Such an enhancement is also visible in
figure 18 for very small values of κ.

For Case 2), leptogenesis with κ = 0 and λ = 0 requires the lightest neutrino mass
m0 to be non-zero, as can be checked numerically as well as analytically with the help of
the CP-violating combination CDEG,α. This combination is proportional to both couplings
y1 and y3, see eq. (6.28) and the text below eq. (6.33). The exact dependence of CDEG,α
on these couplings is y1 y3 (y2

1 − y2
3)2. This dependence is confirmed in figure 17, plot (a),

where we plot the value of the BAU with respect to the lightest neutrino mass m0. We
have fixed not only κ = 0 and λ = 0, but also the Majorana mass M to M = 100GeV. The
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choices of n, u and v are n = 14, u = 1 and v = 3 (corresponding to s and t being both
one) such that φu = π

14 and φv = 3π
14 . For all five different values of θR that are shown, we

clearly see that the dependence of the BAU on the couplings is very well reproduced by
the analytic result (compare the coloured curves with the black continuous curve), if m0 is
smaller than 10−2 eV. Since we show the BAU with respect to m0, we note in addition that
the resulting curves for all studied values of θR are proportional to √m0 for m0 . 10−3 eV.
We note that, for completeness, the same type of plots can be found for M = 10GeV and
M = 1TeV in figure 33 in appendix F.2.

In a similar way, we can verify the expected dependence of the BAU on the angle
θR which should be of the form sin 4 θR according to the expression for the CP-violating
combination CDEG,α in eq. (6.28). The numerical results are shown in plot (b) in figure 17.
We have used the same values for M , κ, n, u and v as in plot (a) of this figure, but now
fixed the lightest neutrino mass to its largest possible value for NO, m0 = 0.03 eV. We can
see that the values of θR that should lead to vanishing BAU coincide with the expectation
that θR should be a multiple of π4 . Nevertheless, the functional dependence on the angle θR
is also determined by the washout, as can be inferred from the visible differences between
the numerical (blue curve) and the analytical result (black curve) in plot (b) in figure 17.

Results for κ and m0 non-zero. The interplay between the different contributions
associated with the CP-violating combinations CLFV,α and CLNV,α as well as CDEG,α is
studied for two different values of M , M = 10GeV and M = 100GeV, and several values of
θR. The light neutrino mass spectrum has NO and the lightest neutrino mass is m0 = 0.03 eV.
Furthermore, we use n = 14, u = 1 and v = 3 (corresponding to s = 1 and t = 1), that give
rise to φu = π

14 and φv = 3π
14 . As we can see in figure 18, for very small values of κ a value

of the BAU which is independent of κ is observed, corresponding to the value of the BAU
for vanishing splitting κ. The enhancement of the BAU for κ in the range 10−16 . κ . 10−7

is due to the contributions related to the CP-violating combinations CLFV,α and CLNV,α.
For even larger values of κ, the value of the BAU is mostly determined by the reduced
mass-degenerate CP-violating combination C(23)

DEG,α and attains a plateau.

Special values of θR. For t being odd, the light neutrino masses mi depend, like for
Case 1), on the angle θR. In particular, we observe that for strong NO (IO) the coupling y3
(y1) has to be proportional to 1/

√
| sin 2 θR| for a fixed value of m3 (m1). So, for values of

θR close to multiples of π/2, one of the couplings can be very large and in turn also the
total mixing angle U2. Similar to Case 1), in the vicinity of such special values a sufficient
amount of BAU can also be generated. This is shown in figure 19, where we plot in the
M −U2-plane the contours (continuous lines for positive BAU and dashed ones for negative
BAU) corresponding to the observed amount of BAU for different values of the splitting κ
(see figure 34 in appendix F.2 for dedicated plots for each value of the splitting κ). The
choices of the group theory parameters are n = 14, u = 1 and v = 3 (corresponding to s = 1
and t = 1), while all further choices and conventions for colour coding are the same as in
figure 9 for Case 1). We note the striking similarity between figures 9 and 19, up to the
overall sign of the BAU (exchange of continuous and dashed lines). In appendix F.2, see
figure 35, we also show the dependence of the BAU on the combination U2 ·M for one
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Figure 18. Case 2) YB as function of the splitting κ for different values of θR and for M = 10GeV
(left plot) and M = 100GeV (right plot). The group theory parameters n, u and v are taken
to be n = 14, u = 1 and v = 3 (equivalent to s = 1 and t = 1). Light neutrino masses follow
NO and m0 has been set to 0.03 eV. Since both the splitting κ and m0 do not vanish, we can
study the interplay between different contributions to the BAU, associated with the three different
CP-violating combinations CLFV,α, CLNV,α and CDEG,α. For the rest of the choices see figure 16.
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Figure 19. Case 2) Range of total mixing angle U2 consistent with leptogenesis for the Majorana
mass M varying between 50MeV and 70TeV. The splitting κ is chosen among the three values
κ ∈ {10−3, 10−6, 10−11}. The angle θR can be read off. The values of φu and φv are fixed to φu = π

14
and φv = 3π

14 corresponding to t odd. Light neutrino masses follow strong NO (left plot) and strong
IO (right plot), respectively. The contours corresponding to positive (negative) value of the BAU
are shown in continuous (dashed) lines. Note that these refer to vanishing initial conditions except
for the lines shown in fainter colours. For masses larger than M ∼ 10GeV, we see that the lines for
κ = 10−6 and κ = 10−3 coincide. This can be verified in figure 16, where YB becomes independent
of the splitting κ for κ & 10−6. In contrast, for κ = 10−11 both YB and the allowed total mixing
angle U2 are generically larger for larger masses M . The blue and red shaded areas show the regions
in which a condition like the one in eq. (3.69) is not fulfilled. The black lines indicate the seesaw
line. Note the striking similarity between these results and those obtained in Case 1), see figure 9.
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value of κ, κ = 10−6, and several different values of the Majorana mass M , ranging between
M = 100MeV and M = 1TeV.

In section 7.1, we show that for the special values of θR associated with 1/
√
| sin 2 θR|

becoming large, i.e. θR being a multiple of π/2, the residual symmetry of the combination
Y †DYD is enhanced. Consequently, the size of the deviation of θR from one such value is
controlled by the amount of breaking of this enhanced symmetry.

5.5 Case 3 a) and Case 3 b.1)

In this section, we exemplify the results for the BAU, obtained from low-scale leptogenesis,
for Case 3 a) and Case 3 b.1). We focus the discussion on Case 3 b.1), since for Case 3 a)
the accommodation of the lepton mixing angles requires rather large values of the index n
of the flavour group, n ≥ 16, compare section 4.3.

As shown in section 3.3, we have to distinguish two different sub-cases for Case 3 a)
and Case 3 b.1), either m and s are both even (both odd) or m is even and s odd (or vice
versa). In order to cover these different sub-cases, we mainly fix m to be even and split the
discussion into two parts, s even and s odd. For the latter choice, it is possible to generate
the correct amount of BAU without the splitting κ (and λ) and for a light neutrino mass
spectrum with strong NO. While the possibility to achieve the BAU without splittings
is also given for the choice t odd for Case 2), see section 5.4.2, the even more minimal
option in which we also have strong NO, i.e. m0 = 0, can instead only be realised for Case
3 b.1). To cover both sub-cases, we choose the index n to be n = 20 and set m = 10. The
latter fixes the choice of the generator of the residual Z2 symmetry in the neutrino sector,
compare section 3.3.1. As shown in section 4.3 and in table 10 in appendix E, for this choice
several values of s, even as well as odd, allow to accommodate the data on lepton mixing
well. We note that for s odd we also consider other choices of n and m in order to elucidate
the dependence of the BAU on s/n, treated as continuous parameter. At the end of this
section, we briefly discuss the choice m odd and s even, as it is the only combination of m
and s that leads to a non-zero value of the BAU for large κ.

5.5.1 Choice m even and s even

For this choice of m and s, we observe that the PMNS mixing matrix always only depends
on the angle θL independently of the value of the lightest neutrino mass, compare eq. (3.51).
Given this, we set m0 to its largest possible value for light neutrino masses with NO and
only choose m0 = 0 in order to confront the numerical results with simple formulae for
the CP-violating combinations CLFV,α and CLNV,α, see eq. (6.40). We first discuss the
dependence of the BAU on the splitting κ and then for m0 = 0 we scrutinise its dependence
on the choice of the CP transformation X(s) as well as on the angle θR.

Effect of splitting κ. In figure 20 we display the BAU with respect to κ for four different
values of the Majorana mass M , different values of the angle θR and for fixed values of the
group theory parameters, n = 20, m = 10 and s = 4, such that φm = 10π

20 and φs = 4π
20 .

Light neutrino masses have NO with m0 = 0.03 eV. The dependence of the BAU on κ is
very similar to Case 2), t even, compare figures 20 and 12. We observe a linear growth of
the BAU with κ up to the resonance peak after which the BAU decreases as a known power
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Figure 20. Case 3 b.1) YB as function of the splitting κ for a Majorana mass M = 1GeV (upper
left plot), M = 10GeV (upper right plot), M = 100GeV (lower left plot) and M = 1TeV (lower
right plot). For each of these plots, different values of θR have been studied. The group theory
parameters n, m and s are fixed to n = 20, m = 10 and s = 4 so that φm = 10π

20 and φs = 4π
20 .

Light neutrino masses are assumed to follow NO with m0 = 0.03 eV. Both negative (dashed lines)
as well as positive (continuous lines) values of the BAU are represented. The grey line indicates the
observed value of the BAU, YB ≈ 8.6 · 10−11.

law of κ. We refer the reader to section 5.4.1 for more details. While figure 20 assumes
m0 6= 0, its equivalent for m0 = 0 is displayed in appendix F.3, see figure 36. The overall
behaviour is mostly similar to figure 20.

Dependence on CP transformation X(s). In order to study better the dependence
of the BAU on X(s) or equivalently s/n (taken as continuous parameter), we focus on a
light neutrino mass spectrum with strong NO. Furthermore, we fix the Majorana mass
M to M = 10GeV and the angle θR to θR = π

11 in addition to n = 20 and m = 10 and
thus φm = 10π

20 . In figure 21, plot (a), we show the generated BAU, normalised to its
value that can be maximally achieved, with respect to s/n for three different values of
κ, ranging between 10−11 and 10−3. From the CP-violating combinations CLFV,α and
CLNV,α, see eq. (6.40), we expect for this choice of m and s that the BAU depends on
sin 3φs. However, as we clearly see in figure 21, plot (a), the dependence on φs is rather
sin 6φs = 2 cos 3φs sin 3φs, see black curve. This can be explained by noticing that also the
washout depends on s/n, see eq. (6.53). Indeed, we find that by summing the CP-violating
combinations weighted by the flavoured washout parameter fα over the lepton flavour α
the dependence on sin 6φs is recovered for m = n

2 , see eq. (6.54).
We note that for light neutrino masses with strong IO we find instead vanishing BAU

in agreement with the fact that the CP-violating combinations CLFV,α and CLNV,α, see
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Figure 21. Case 3 b.1) The left plot displays YB as function of s
n , treated as continuous parameter.

We assume that s is even. The Majorana mass M is fixed to M = 10GeV, the angle θR has the
value θR = π

11 and three different values of κ are used, κ ∈ {10−3, 10−6, 10−11}. The group theory
parameters n and m are chosen as in figure 20. Light neutrino masses have strong NO. The right
plot displays YB as function of the angle θR. The same values for M , κ, n and m as well as the
same light neutrino mass spectrum as in plot (a) of this figure are used. The parameter s is fixed to

s = 4 and thus φs = 4π
20 . The coefficient Aκ is given by Max

[
|YB |
]

Max
[
tcsR,+tcsR,−

] , where tcsR,+ and tcsR,−
are defined in eq. (6.38), for each κ. Both negative (dashed lines) as well as positive (continuous
lines) values of the BAU are represented.

eq. (6.41), are proportional to ∆σ23 and thus to the splitting λ, compare eq. (6.14), which
we have set to zero.

Interestingly enough, the magnitude of the sines of the Majorana phases α and β,
appearing in the PMNS mixing matrix, equals the magnitude of sin 6φs for m = n

2 , as
chosen here, see section 4.3.

Dependence on angle θR. In figure 21, plot (b), we investigate the dependence of the
BAU on θR for a fixed value of the Majorana mass, M = 10GeV, the light neutrino mass
spectrum with strong NO and n = 20 and m = 10 so that φm = 10π

20 . Furthermore, we
fix s = 4, φs = 4π

20 , and display the results for the same three values of κ as in plot (a) of
this figure. Consulting the formulae of the CP-violating combinations CLFV,α and CLNV,α,
see eq. (6.40), we observe that these predict a dependence on θR which is of the form
tcsR,− tcsR,+ = (

√
2 cos θR− sin θR) (cos θR +

√
2 sin θR). Indeed, we find a vanishing value

for the BAU, if θR ≈ 0.955 and θR ≈ 4.10, where tcsR,− is zero, as well as if θR ≈ 2.53
and θR ≈ 5.67, where tcsR,+ vanishes. Beyond this, deviations of the coloured curves, that
display the numerical results for the three values of κ, in figure 21, plot (b), from the black
curves, that represent the analytical expectation from the CP-violating combinations, are
clearly visible and are due to washout effects.

5.5.2 Choice m even and s odd

For m even and s odd, we first analyse the dependence of the BAU on the splitting κ for
different values of the Majorana mass M , then its dependence on the CP transformation
X(s) and on the angle θR for vanishing splitting κ. Light neutrino masses are assumed to
follow strong NO. Furthermore, we study the amount of BAU which can be generated for
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Figure 22. Case 3 b.1) YB as function of the splitting κ for a Majorana mass M = 1GeV (upper
left plot), M = 10GeV (upper right plot), M = 100GeV (lower left plot) and M = 1TeV (lower
right plot). For each of these plots, different values of θR have been studied. The group theory
parameters n, m and s are fixed to n = 20, m = 10 and s = 3. Light neutrino masses follow strong
NO. For the rest of the choices see figure 20.

θR close to a special value. We perform this analysis for the choice n = 20, m = 10 and
s = 3 and hence φm = 10π

20 and φs = 3π
20 , unless otherwise stated.

Effect of splitting κ. Figure 22 illustrates the dependence of the BAU on the splitting
κ for four different values of the Majorana mass M and several values of θR. Light neutrino
masses have strong NO. One observes the same monotonic decrease of the BAU for κ larger
than values corresponding to the resonance peak as in figures 12 and 20. This is explained
by the vanishing of the reduced mass-degenerate CP-violating combination C

(23)
DEG,α, see

eq. (6.12). For κ . 10−16, we see that the BAU reaches a plateau similar to what happens for
Case 2), t odd and m0 non-zero, see figure 18. For completeness, we show the corresponding
plots for light neutrino masses with NO and m0 = 0.03 eV in appendix F.3, see figure 37.
As one can see, the behaviour of the BAU with κ is qualitatively similar.

Results for vanishing splitting κ and m0 = 0. Since the CP-violating combination
CDEG,α is non-zero for the choice m even and s odd, we expect to have a non-vanishing
value of the BAU also in the absence of the splitting κ (and λ). Even more, we can check
that also the lightest neutrino mass m0 can be set to zero, if light neutrino masses follow NO,
and still a non-zero value of the BAU is achieved. We see in figure 22 that for very small
splitting κ and m0 = 0 a plateau is reached for the value of the BAU. This value can be even
larger than the observed value, YB ≈ 8.6 · 10−11, depending on the choice of the Majorana
mass M . Also for m0 = 0.03 eV and otherwise the same choices of parameters, we clearly
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Figure 23. Case 3 b.1) YB as function of s/n, treated as continuous parameter, in absence of the
splitting κ (and λ). Light neutrino masses follow strong NO. The Majorana mass M is fixed to
M = 10GeV and the angle θR to θR = π

11 . The parameter s is assumed to be odd. The left plot
shows the result for n and m being n = 20 and m = 10 and thus φm = 10π

20 , while the right plot
is for n and m being n = 50 and m = 24 and thus φm = 24π

50 . In the right plot, we show in black
the function sin 6φs, which, however, does not agree with the expectations from the CP-violating
combination CDEG,α, see eq. (6.50). For more details, see text. The coefficient A is given by
Max

[
|YB |

]
. Both negative (dashed lines) as well as positive (continuous lines) values of the BAU

are represented.

see that the generated BAU reaches a plateau for very small values of κ and that sizeable
values of the BAU can be obtained in this regime, compare figure 37 in appendix F.3.

With figure 23 we scrutinise the dependence of the BAU on the CP transformation
X(s). In plot (a) in this figure, we fix M = 10GeV, φm = 10π

20 and additionally θR = π
11 .

As one can see for s odd, the BAU seems to follow sin 6φs, whereas the CP-violating
combination CDEG,α depends on sin 3φs, see eq. (6.50). Like for the choice m and s both
even, this discrepancy can be explained by noticing that the washout depends on s/n, see
the flavoured washout parameter fα in eq. (6.53) as well as the sum of CDEG,α weighted
by fα over the lepton flavour α in eq. (6.55) and, in particular, for m = n

2 in eq. (6.56).
In order to better demonstrate this fact, we have also considered the choice n = 50 and
m = 24 that leads to φm = 24π

50 = 0.48π, see plot (b) in figure 23. In this case, the effect of
the washout is different, since a further contribution to the BAU which is proportional to
sin 3φs arises, compare eq. (6.55). We hence observe a deviation from the proportionality
to sin 6φs (black curve). In particular, a shift of three of the values of s/n which lead to
a vanishing value of the BAU is witnessed, i.e. s/n ≈ 0.167, s/n = 0.5 and s/n ≈ 0.833.
These three values of s/n are associated with the zeros of cos 3φs. On the other hand, the
values of s/n, which are associated with the zeros of sin 3φs, i.e. s/n = 0, s/n ≈ 0.333,
s/n ≈ 0.667 and s/n = 1, and which also lead to a vanishing BAU, are not subject to any
shift. For values of n and m that lead to a larger deviation of m/n from m/n = 1/2 (and
thus from φm = π

2 ) this effect is much more pronounced and, indeed, for n = 20 and m = 8
and otherwise the same choice for M , θR and the light neutrino mass spectrum as well as s
odd only the zeros of sin 3φs determine the values of s/n that lead to a vanishing of the
BAU. This is shown in figure 38 in appendix F.3. Inspecting this figure, we note that not
only the values of s/n with vanishing BAU, but also the overall dependence of the BAU
on s/n is reproduced to some extent by the function sin 3φs (black curve). We, however,
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Figure 24. Case 3 b.1) YB as function of the angle θR for a Majorana mass M = 10GeV (left
plot) and M = 100GeV (right plot). The splitting κ (and λ) is set to zero. Light neutrino masses
follow strong NO. The group theory parameters n, m and s are fixed to n = 20, m = 10 and s = 3.
We compare the numerical result (blue curve) to the analytical expectation from the CP-violating
combination CDEG,α which is proportional to sin 4 θR (black curve). The coefficient A is given by
Max

[
|YB |

]
. Both negative (dashed lines) as well as positive (continuous lines) values of the BAU

are represented.

emphasise that ratios of m/n deviating this much from m/n = 1/2 in general lead to lepton
mixing angles that cannot accommodate the experimental data at the 3σ level or better.

As already mentioned for the choice m and s both even and also correct for s odd, the
magnitude of the sines of the Majorana phases α and β, appearing in the PMNS mixing
matrix, equals the magnitude of sin 6φs for m = n

2 , which is fulfilled for the combination
n = 20 and m = 10.

The CP-violating combination CDEG,α is proportional to sin 4 θR, see eq. (6.50). We
test the hypothesis of the BAU being also proportional to sin 4 θR for two different values
of the Majorana mass M , M = 10GeV and M = 100GeV, s = 3 such that φs = 3π

20 and
otherwise the same choice of n, m and the light neutrino mass spectrum as in figure 23, plot
(a). As one can see in figure 24, the values of θR which lead to a vanishing of the BAU are
only partly captured by sin 4 θR that predicts θR to be a multiple of π/4. Furthermore, we
note that for the larger value of M the dependence of the BAU on θR is better reproduced
by the analytical expectation.

Eventually, we comment on the dependence of the BAU on the lightest neutrino mass
m0 for light neutrino masses with NO. For the same choices of the parameters n, m, s, M
and κ, as made in figure 24, plot (a), we show the BAU as function of m0 for five different
values of θR in figure 39 in appendix F.3. The generated BAU is constant for m0 smaller
than 10−3 eV to 10−2 eV, with the exact value depending on the chosen value of θR, as can
be seen in figure 39. The dependence of the BAU on m0 is determined by its dependence
on the couplings yf , f = 1, 2, 3. From the CP-violating combination CDEG,α we expect a
proportionality to the combination y1 y2 (y2

1 − y2
2)2, see eq. (6.50), which is approximately

constant for small m0. This is confirmed by the behaviour observed in figure 39.

Special values of θR. For both m even, s odd and m odd, s even, the total mixing
angle U2 strongly depends on the angle θR and, similar to Case 1), can lie several orders
of magnitude above the seesaw line for θR close to an odd multiple of π

4 . In figure 25,
we display the parameter space consistent with leptogenesis in the M − U2-plane for the

– 60 –



J
H
E
P
1
2
(
2
0
2
2
)
0
4
4

10-1 100 101 102 103 104

M [GeV]

10-14

10-12

10-10

10-8

10-6

10-4

10-2
U2

= 10-3
= 10-6
= 10-11

10-12

10-10

10-8

10-6

10-4

10-2

R
-

/4

Case 3b.1), NO, m = 10
20 , s = 3

20 , m0 = 0 eV

10-1 100 101 102 103 104

M [GeV]

10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-11

= 10-6

= 10-3

10-12

10-10

10-8

10-6

10-4

10-2

R
-

/4

Case 3b.1), IO, m = 10
20 , s = 3

20 , m0 = 0 eV

Figure 25. Case 3 b.1) Range of total mixing angle U2 consistent with leptogenesis for the
Majorana mass M varying between 50MeV and 70TeV. The splitting κ is chosen among the three
values κ ∈ {10−3, 10−6, 10−11}. However, we note that for κ = 10−3 and κ = 10−6 the observed
amount of BAU can only be generated for light neutrino masses with strong NO (left plot) and not
for light neutrino masses with strong IO (right plot). The angle θR can be read off. The values of
φm and φs are fixed to φm = 10π

20 and φs = 3π
20 corresponding to m even and s odd. The contours

corresponding to positive (negative) values of the BAU are shown in continuous (dashed) lines. Note
that these refer to vanishing initial conditions except for the lines shown in fainter colours. The red
shaded area shows the region in which a condition like the one in eq. (3.69) is not fulfilled. The
black lines indicate the seesaw line.

particular choice n = 20, m = 10 and s = 3 (see figure 40 in appendix F.3 for dedicated
plots for each value of the splitting κ). As one can see, the viable parameter space is more
constrained than for the examples studied in Case 1) and Case 2), compare figures 9 and 19.
This can also be observed in figure 41 in appendix F.3, when comparing it to figures 10
and 35. For strong IO, figure 25 implies that the observed amount of BAU cannot be
generated for κ & 10−6.

5.5.3 Choice m odd and s even

For m odd and s even, we only display the BAU as function of the splitting κ for both light
neutrino masses with strong NO and with strong IO and a fixed value of the Majorana mass
M , M = 10GeV, in order to illustrate its behaviour for large values of κ. We fix n, m and s
to n = 20, m = 9 and s = 4, respectively. Contrary to the other choices of m and s for Case
3 b.1), using m odd and s even leads to a non-zero value of the reduced mass-degenerate
CP-violating combination C(23)

DEG,α, see eq. (6.52). This observation is confirmed by the two
plots in figure 26, in which the BAU reaches a plateau for large κ. Notice that, for strong
IO, no BAU can be generated for κ = 0 in accordance with the results, shown in eq. (6.50)
and the text below.

6 Analytic expressions for source and washout terms

In this section, we first define different CP-violating combinations25 as well as the flavoured
washout parameter in section 6.1. These play a crucial role in the generation of the BAU.

25See [63] for a treatment using CP invariants in the fully relativistic regime.
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Figure 26. Case 3 b.1) YB as function of the splitting κ for a Majorana mass M = 10GeV. Light
neutrino masses follow strong NO (left plot) and strong IO (right plot), respectively. For each of
these plots, different values of θR have been studied. The group theory parameters n, m and s are
fixed to n = 20, m = 9 and s = 4. Both negative (dashed lines) as well as positive (continuous
lines) values of the BAU are represented. The grey line indicates the observed value of the BAU,
YB ≈ 8.6 · 10−11.

While the dynamics of the latter can in general be intricate, the considered scenario only
contains a small number of parameters. It is, thus, possible to understand the main
dependencies of the BAU on the different parameters, e.g. on the splitting κ as well as on
the choice of the CP transformation X(s) in Case 1). We then present expressions of the
different CP-violating combinations and of the flavoured washout parameter for Case 1)
through Case 3 b.1) in sections 6.2–6.4 and in appendix G.

6.1 Definition of CP-violating combinations and washout parameter

The quantum kinetic equations should in principle be solved by numerically integrating
eqs. (5.1). When comparing the different cases, it is nonetheless useful to compare the
combinations of mass and Yukawa matrices that lead to CP violation. We identify them by
perturbatively solving eqs. (5.1) in both HN and Γ. The leading term giving rise to the
lepton asymmetries is given by

Tr
[
Γ̃α(ρ̄N − ρN )

]
∝ Tr

(
Γ̃α [HN ,Γ]

)
, (6.1)

where we recall that α corresponds to the lepton flavour index α = e, µ, τ . We then insert
the full expressions for Γ, Γ̃α and HN to find three independent CP-violating combinations,
characterised by different combinations of Yukawa couplings

CLFV,α = iTr
( [
M̂2
R, Ŷ

†
D ŶD

]
Ŷ †D Pα ŶD

)
, (6.2)

CLNV,α = iTr
( [
M̂2
R, Ŷ

†
D ŶD

]
Ŷ T
D Pα Ŷ

∗
D

)
, (6.3)

CDEG,α = iTr
( [
Ŷ T
D Ŷ ∗D, Ŷ

†
D ŶD

]
Ŷ T
D Pα Ŷ

∗
D

)
, (6.4)

with Pα denoting the projector on the lepton flavour α,

Pe =

 1 0 0
0 0 0
0 0 0

 , Pµ =

 0 0 0
0 1 0
0 0 0

 , Pτ =

 0 0 0
0 0 0
0 0 1

 . (6.5)

– 62 –



J
H
E
P
1
2
(
2
0
2
2
)
0
4
4

These combinations are defined in the mass basis of the RH neutrinos, as indicated by the
hat. In the following, we summarise their main features.

The LFV CP-violating combination CLFV is the dominant combination when the
heavy neutrinos are in the relativistic regime, i.e. M � T . It is the dominant contribution
in the case of freeze-in leptogenesis, as the prefactors of the remaining two combinations are
proportional to (M/T )2. The combination CLFV,α, however, only leads to a lepton flavour
asymmetry, since the sum over the lepton flavour index α vanishes, ∑αCLFV,α = 0. Any
asymmetry generated in this way therefore crucially depends on a flavoured washout, which
can convert a lepton flavour asymmetry into a lepton number asymmetry. Consequently,
the resulting BAU is of the order O(Y 6

D).

The LNV CP-violating combination CLNV in general directly violates lepton num-
ber, with

CLNV =
∑
α

CLNV,α 6= 0 . (6.6)

This combination is typically subdominant in the relativistic regime, where (M/T )2 � 1,
but it can have a sizeable contribution to the BAU for intermediate masses M ∼ 10GeV, as
it leads to a BAU already at the order O(Y 4

D). In the non-relativistic regime, its prefactors
are usually of the same size as those for CLFV, and both contributions have to be taken
into account.26

The mass-degenerate CP-violating combination CDEG is the only of the three
combinations that can lead to a non-zero value of the BAU, if the RH neutrino masses
are degenerate, since it can be non-vanishing for zero splittings κ and λ. This type of
asymmetry is only possible at intermediate temperatures M/T ∼ 1, as the thermal mass
and decay matrices commute in the relativistic and non-relativistic limits. This combination
only produces a lepton flavour asymmetry, since ∑αCDEG,α = 0. The BAU coming from
this combination is therefore only generated at the order O(Y 8

D).

Comparison of CP-violating combinations with decay asymmetries. A different
approach to leptogenesis in the non-relativistic regime relies on standard Boltzmann equa-
tions to compute the BAU. The key quantities, governing the generation of the BAU, are
in this case the decay asymmetries ε, see e.g. [97]. We show in the following that one can
relate the flavoured decay asymmetries εiα to the CP-violating combinations CLFV,α and
CLNV,α. On the one hand, the corresponding part of εiα reads27

∑
j

Im
(
Ŷ †iαŶαj

)
Re
((
Ŷ †Ŷ

)
ij

) (
M2
i −M2

j

)
. (6.7)

26The situation can be very different at temperatures above 1012 GeV [137], where it is not possible to
distinguish the lepton flavours and baryogenesis is only possible via the LNV CP-violating combination CLNV.

27We omit a possible regulator and factor (Ŷ †Ŷ )ii that both can in general depend on the index i of the
RH neutrino. For the sake of readability, we here suppress the subscript D of the neutrino Yukawa coupling
matrix YD.
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On the other hand, expanding the expressions for CLFV,α and CLNV,α, found in eqs. (6.2)
and (6.3), gives

CLFV,α = i
∑
i,j

M2
j

{(
Ŷ T Ŷ ∗

)
ij

(
Ŷ †iαŶαj

)
−
(
Ŷ †Ŷ

)
ij

(
Ŷ T
iαŶ

∗
αj

)}
(6.8)

and
CLNV,α = i

∑
i,j

M2
j

{(
Ŷ T Ŷ ∗

)
ij

(
Ŷ T
iαŶ

∗
αj

)
−
(
Ŷ †Ŷ

)
ij

(
Ŷ †iαŶαj

)}
, (6.9)

respectively. Combining these two results and exchanging the indices i and j, we obtain
1
2 (CLFV,α − CLNV,α) =

∑
i,j

(
M2
i −M2

j

)
Re
((
Ŷ †Ŷ

)
ij

)
Im
(
Ŷ †iαŶαj

)
(6.10)

which is very similar to the expression in eq. (6.7).

The reduced CP-violating combinations can be defined for a particular subset of
the three heavy neutrinos. For instance, in the limit of large κ, i.e. λ� κ . 1, it is often
sufficient to consider oscillations among only two of the three heavy neutrinos. In this limit
we introduce the three-by-two neutrino Yukawa coupling matrix Ŷ(23)(

Ŷ(23)
)
αi

=
(
ŶD
)
αi

for i ∈ {2, 3} , (6.11)

and the analogous two-by-two heavy neutrino mass matrix. We can use them to calculate the
same CP-violating combinations as before. For λ = 0, in general only the mass-degenerate
CP-violating combination is non-vanishing

C
(23)
DEG,α = iTr

( [
Ŷ T

(23) Ŷ
∗

(23), Ŷ
†

(23) Ŷ(23)
]
Ŷ T

(23) Pα Ŷ
∗

(23)

)
. (6.12)

It can be used to indicate the presence of a non-vanishing value of the BAU for large κ,
when one of the three heavy neutrinos effectively decouples from oscillations, since C(23)

DEG,α
quantifies CP violation associated with the remaining degenerate pair of heavy neutrinos.
Clearly, the sum over the lepton flavour index α is zero, ∑αC

(23)
DEG,α = 0.

Flavoured washout parameter. Out of the three CP-violating combinations mentioned
above, two do not violate the total lepton number, but only lepton flavour. Thus, if the
CP-violating combination CLNV in eq. (6.6) is zero, or if the heavy neutrino masses are
too small for the generation of the lepton number asymmetry to be efficient, no overall
lepton asymmetry will be produced initially. Instead, the interactions of the heavy neutrinos
only lead to lepton flavour asymmetries, which sum up to a vanishing lepton asymmetry.
However, the three lepton flavour asymmetries are generally washed out at different rates,
which leads to an overall lepton asymmetry and thus also to a non-zero value of the BAU.
To quantify this, we introduce the flavoured washout parameter

fα =

(
ŶDŶ

†
D

)
αα

Tr
(
ŶDŶ

†
D

) . (6.13)

There are two cases in which it is particularly important to consider the ratios of the
lepton washouts
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• equal washouts can suppress the conversion of lepton flavour asymmetries to an
overall lepton asymmetry. This can happen when either fα = 1/3 for α = e, µ, τ , or
all lepton flavour asymmetry is generated in two flavours only, e.g. in case the yields
are Ye = 0 and Yµ = −Yτ , and the washouts in those flavours are equal, e.g. fµ = fτ .

• flavour-hierarchical washout can prevent an overall large washout from completely
erasing early lepton asymmetries. This typically happens, if one of the three flavours,
α̃, is washed out at a much lower rate than the other two, i.e. fα̃ � 1.

It is convenient to define the following quantities

∆σ12 = (3κ− λ) (2 + κ+ λ) and ∆σ23 = λ (1− κ) . (6.14)

The vanishing of ∆σij indicates that the mass splitting between the ith and jth RH neutrino
becomes zero. If the first factor of ∆σij is zero the two RH neutrinos have the same mass,
while for the second factor being zero, they are degenerate in mass, but have opposite CP
parity. Furthermore, we note that the vanishing of the second factor of ∆σij is only possible,
if one of the splittings, κ or λ, becomes of order one. This is a situation we consider as
unnatural. In the case of vanishing splitting λ, we have ∆σ12 = 3κ (2 + κ) and ∆σ23 = 0.
We also introduce the quantities

∆y2
ij = y2

i − y2
j (6.15)

defined for i being smaller than j as well as

Σy2 = y2
1 + y2

2 + y2
3 . (6.16)

6.2 Case 1)

We first note that CDEG,α is zero. Thus, in order to achieve non-zero BAU we need to have
at least one splitting κ or λ non-vanishing. In the following, we distinguish between s even
and s odd. Then, for s being even, we find for CLFV,α

CLFV,α = 4
9 M

2 y2 ∆σ12
(
y1 ∆y2

12 cos θL,α cos θR − y3 ∆y2
23 sin θL,α sin θR

)
sin 3φs

(6.17)
and similarly for CLNV,α

CLNV,α = 4
9 M

2 y2 ∆σ12
(
y1
(
∆y2

23 −∆y2
13 cos 2 θR

)
cos θL,α cos θR

− y3
(
∆y2

12 + ∆y2
13 cos 2 θR

)
sin θL,α sin θR

)
sin 3φs . (6.18)

Note that summing CLNV,α over the lepton flavour index α gives zero. We have defined
the quantity

θL,α = θL + ρα
4π
3 with ρe = 0, ρµ = +1, ρτ = −1 . (6.19)

For s odd, we have to replace sin 3φs by − cos 3φs in the above formulae.
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In the limit of large splitting κ (and λ = 0), we find for the reduced mass-degenerate
CP-violating combination C(23)

DEG,α that it is

C
(23)
DEG,α = 4

27 y2 ∆y2
13

(
2 ∆y2

12 −∆y2
13 (1 + 2 cos 2θR)

)
(y1 cos θL,α sin θR

−y3 sin θL,α cos θR) sin 2 θR sin 3φs
(6.20)

for s even, while for s odd we have to replace sin 3φs by − cos 3φs.

The flavoured washout parameter fα, introduced in eq. (6.13), is the same for s even and s
odd, and only depends on the couplings yf and the angle θL

fα = 1
3

(
1 + ∆y2

13
Σy2 cos 2 θL,α

)
. (6.21)

The recent work [38] studies resonant leptogenesis in a low-scale type-I seesaw scenario
with the same flavour and CP symmetries. For strong NO and s even, we notice that the
combination 1

2
(
CLFV,α − CLNV,α

)
, obtained by subtracting eqs. (6.17) and (6.18), reads

1
2
(
CLFV,α − CLNV,α

)
= −4

9 M
2 ∆σ12 y2 y3 sin θL,α

(
y2

2 − y2
3 sin2 θR

)
sin θR sin 3φs

(6.22)
and thus has the same dependence on the parameters s, yf , θL and θR as the flavoured decay
asymmetries in [38], compare equation (4.10). This is expected from eqs. (6.7) and (6.10).
We have also checked that there is agreement between their and our results for strong IO
as well as for s odd.

6.3 Case 2)

For Case 2), we can distinguish between the following combinations: s and t both even,
s even and t odd, s odd and t even as well as s and t both odd. We first discuss the
CP-violating combinations for s and t both even. Like in Case 1), we find that for vanishing
splittings κ and λ all CP-violating combinations are zero. So, CDEG,α is always zero. If the
splittings are non-zero, we have for CLFV,α

CLFV,α = 4
9 M

2
(
− y2 ∆σ12 (y1 ∆y2

12 sin θL cos θR + y3 ∆y2
23 cos θL sin θR) sin φu,α2 cos φv2

+y2 ∆σ12 (y1 ∆y2
12 cos θL cos θR − y3 ∆y2

23 sin θL sin θR) cos φu,α2 sin φv2
−1

2 y1 y3 ∆y2
13 (∆σ12 + 6 ∆σ23) sin 2 θR sinφu,α

)
(6.23)

and for CLNV,α that it coincides with CLFV,α up to an overall sign, i.e. CLNV,α = −CLFV,α.
Thus, the sum of CLNV,α over the lepton flavour index α gives zero. We have introduced
the quantity

φu,α = π u

n
+ ρα

4π
3 = φu + ρα

4π
3 with ρe = 0 , ρµ = −1 , ρτ = +1 . (6.24)
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It is instructive to consider the formulae for strong NO (y1 = 0) and strong IO (y3 = 0) as
well as the special case u = 0 for the electron flavour, α = e. For strong NO we have

CLFV,α = −4
9 M

2 y2 y3 ∆y2
23 ∆σ12

(
cos θL sin φu,α2 cos φv2 + sin θL cos φu,α2 sin φv2

)
sin θR
(6.25)

and for strong IO we find

CLFV,α = 4
9 M

2 y1 y2 ∆y2
12 ∆σ12

(
− sin θL sin φu,α2 cos φv2 + cos θL cos φu,α2 sin φv2

)
cos θR .
(6.26)

For u = 0 and the electron flavour, α = e, we get

CLFV,e = 4
9 M

2 y2 ∆σ12
(
y1 ∆y2

12 cos θL cos θR − y3 ∆y2
23 sin θL sin θR

)
sin φv2 . (6.27)

For the combination s odd and t even we get the same results for the CP-violating
combinations, just replacing φv by φv − π in the mentioned equations.

For the combination s even and t odd, we find instead non-zero CDEG,α

CDEG,α = 1
3 y1 y3 (∆y2

13)2 sin 4 θR sinφu,α . (6.28)

Interestingly enough, CDEG,α vanish in the case of strong NO and strong IO. If the splittings
κ and λ are non-zero, also CLFV,α and CLNV,α are non-zero. We have for CLFV,α

CLFV,α = 2
9 M

2
(
y2 ∆σ12

[(
y3 ∆y2

23 sin θL csR,− + y1 ∆y2
12 cos θL csR,+

)
cos φu,α2 cos φv2

−
(
y1 ∆y2

12 sin θL csR,− + y3 ∆y2
23 cos θL csR,+

)
sin φu,α2 cos φv2

+
(
y1 ∆y2

12 cos θL csR,− − y3 ∆y2
23 sin θL csR,+

)
cos φu,α2 sin φv2

−
(
y3 ∆y2

23 cos θL csR,− − y1 ∆y2
12 sin θL csR,+

)
sin φu,α2 sin φv2

]
+y1 y3 ∆y2

13 [∆σ12 + 6 ∆σ23] sin 2 θL cosφu,α
)

(6.29)

with csR,± = cos θR±sin θR. For strong NO and strong IO this result simplifies considerably.
For strong NO, we have

CLFV,α = 2
9M

2 y2 y3 ∆y2
23 ∆σ12

((
sinθL cos φu,α2 cos φv2 −cosθL sin φu,α2 sin φv2

)
csR,−

−
(

cosθL sin φu,α2 cos φv2 +sinθL cos φu,α2 sin φv2

)
csR,+

)
(6.30)

and for strong IO we get

CLFV,α = 2
9M

2 y1 y2 ∆y2
12 ∆σ12

((
−sinθL sin φu,α2 cos φv2 +cosθL cos φu,α2 sin φv2

)
csR,−

+
(

cosθL cos φu,α2 cos φv2 +sinθL sin φu,α2 sin φv2

)
csR,+

)
.

(6.31)
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Furthermore, we can get a simple formula for the electron flavour, α = e, taking into account
that u/n is small and thus also φu,

CLFV,e ≈
2
9 M

2
(
y2 ∆σ12

[(
y3 ∆y2

23 sin θL csR,− + y1 ∆y2
12 cos θL csR,+

)
cos φv2

+
(
y1 ∆y2

12 cos θL csR,− − y3 ∆y2
23 sin θL csR,+

)
sin φv2

]
+ y1 y3 ∆y2

13 [∆σ12 + 6 ∆σ23] sin 2 θL
)
. (6.32)

For CLNV,α we refer to appendix G.1. Summing CLNV,α over the lepton flavour index α
we find

CLNV = −1
3 M

2
(
∆y2

13

)2
[∆σ12 + 6 ∆σ23] sin 4 θR . (6.33)

For the combination s and t both odd we get the same results for the CP-violating
combinations, just replacing φv by φv + π in the mentioned equations.

In the limit of large splitting κ (and λ = 0) we find that the reduced mass-degenerate
CP-violating combination C(23)

DEG,α vanishes for t even and all choices of s, while it is non-zero
for t odd and reads for s even

C
(23)
DEG,α = 2

27 ∆y2
13

(
y2

{(
∆y2

12−∆y2
23−∆y2

13 sin2θR
)[

(y1 cosθL csR,−+y3 sinθL csR,+)

×cos φu,α2 cos φv2 +(y1 sinθL csR,−−y3 cosθL csR,+) sin φu,α2 sin φv2

]
+
(
∆y2

12−∆y2
23+∆y2

13 sin2θR
) [

(y1 cosθL csR,+−y3 sinθL csR,−) cos φu,α2 sin φv2

−(y1 sinθL csR,++y3 cosθL csR,−) sin φu,α2 cos φv2

]}
−
((
y2

1 ∆y2
23−y2

3 ∆y2
12
)

cos2θL sin2θR+y1 y3
(
∆y2

12−∆y2
23
)

sin2θL cos2θR
)
cosφu,α

+2y1 y3 ∆y2
13 sin2θR sinφu,α

)
cos2θR .

(6.34)
For s odd φv has to be substituted by φv + π in eq. (6.34).

The flavoured washout parameter fα, found in eq. (6.13), does not depend on the choice of
s and t being even or odd, but only on the couplings yf , the parameter φu and the angle θL

fα = 1
3

(
1 + ∆y2

13
Σy2 cos 2θL cosφu,α

)
. (6.35)

Similar to Case 1), we have checked explicitly that the dependencies on the parameters φu,
φv, θL and θR, given in eq. (6.23), coincide with those, found in [38], see equation (4.13).
This is expected, since for s and t both even CLNV,α is the negative of CLFV,α.
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6.4 Case 3 a) and Case 3 b.1)

Also for these cases we can distinguish two types of combinations of the parameters, which
are s and m. On the one hand, for s and m both even or both odd CLFV,α and CLNV,α
are the same up to an overall sign. Consequently, summing CLNV,α over the lepton flavour
index α gives zero, i.e. CLNV = 0. Furthermore, CDEG,α vanish, meaning that non-zero
CP-violating combinations for these two combinations of s and m require that at least one
of the splittings, κ and λ, is non-vanishing. On the other hand, for the combinations of
s and m, where one is even and the other one odd, CLFV,α and CLNV,α are non-zero and
different from each other, CLNV is non-vanishing and also CDEG,α are non-zero. Since the
results for Case 3 a) and Case 3 b.1) are quite lengthy, we mainly mention them for the
combinations s and m both even as well as s odd and m even.

For s and m both even, we have for CLFV,α

CLFV,α = 2
9M

2
(√

2y1 y2 ∆y2
12 [∆σ12+3∆σ23] tcsR,− tcsR,+ cosφm,α sin3φs

+3
√

2y3 ∆σ23
[
y2 ∆y2

23 cosθL tcsR,−+y1 ∆y2
13 sinθL tcsR,+

]
sinφm,α cos3φs

−3y3 ∆σ23
[
y1 ∆y2

13 cosθL tcsR,+−y2 ∆y2
23 sinθL tcsR,−

]
sin2φm,α

)
, (6.36)

where we have defined

φm,α = πm

n
+ ρα

4π
3 = φm + ρα

4π
3 with ρe = 0 , ρµ = +1 , ρτ = −1 , (6.37)

as well as

tcsR,− =
√

2 cos θR − sin θR and tcsR,+ = cos θR +
√

2 sin θR . (6.38)

Again, we can simplify this formula by considering strong NO and strong IO. For strong
NO for Case 3 a) (y1 = 0) we find

CLFV,α = 2
√

2
3 M2 y2 y3 ∆y2

23 ∆σ23
(
cos θL cos 3φs +

√
2 sin θL cosφm,α

)
tcsR,− sinφm,α ,

(6.39)
while for strong IO for Case 3 a) and for strong NO for Case 3 b.1) (y3 = 0) we get

CLFV,α = 2
√

2
9 M2 y1 y2 ∆y2

12 [∆σ12 + 3 ∆σ23] tcsR,− tcsR,+ cosφm,α sin 3φs . (6.40)

For strong IO for Case 3 b.1) (y2 = 0) we have

CLFV,α = 2
√

2
3 M2 y1 y3 ∆y2

13 ∆σ23
(

sin θL cos 3φs −
√

2 cos θL cosφm,α
)
tcsR,+ sinφm,α .

(6.41)
We can also give approximate expressions for the electron flavour, α = e, for Case 3 a)
and Case 3 b.1), using that the value of m is strongly constrained. For Case 3 a), m ≈ 0
(m ≈ n), such that we have

CLFV,e ≈ (−)2
√

2
9 M2 y1 y2 ∆y2

12 [∆σ12 + 3 ∆σ23] tcsR,− tcsR,+ sin 3φs , (6.42)
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while for Case 3 b.1), m ≈ n
2 , so that

CLFV,e ≈
2
√

2
3 M2 y3 ∆σ23

(
y2 ∆y2

23 cos θL tcsR,− + y1 ∆y2
13 sin θL tcsR,+

)
cos 3φs . (6.43)

For s odd and m even, we find

CLFV,α =
√

2
9 M2

(
y1 y2 ∆y2

12 [∆σ12 + 3 ∆σ23] sin 2 θL cos 2φm,α

−3
√

2 y3 ∆σ23
[
y1 ∆y2

13 cos θL cos θR + y2 ∆y2
23 sin θL sin θR

]
sin 2φm,α

−6
√

2 y3 ∆σ23
[
y2 ∆y2

23 cos θL cos θR + y1 ∆y2
13 sin θL sin θR

]
sinφm,α sin 3φs

+6 y3 ∆σ23
[
y1 ∆y2

13 sin θL cos θR − y2 ∆y2
23 cos θL sin θR

]
sinφm,α cos 3φs

+y1 y2 ∆y2
12 [∆σ12 + 3 ∆σ23] sin 2 θR cosφm,α sin 3φs

+2
√

2 y1 y2 ∆y2
12 [∆σ12 + 3 ∆σ23] cos 2 θL cosφm,α cos 3φs

)
(6.44)

and for CLNV,α we refer to appendix G.2. Also these formulae simplify considerably for
strong NO and strong IO, e.g. for CLFV,α we get for strong NO for Case 3 a) (y1 = 0)

CLFV,α =−2
√

2
3 M2 y2 y3 ∆y2

23 ∆σ23
(√

2 sinθL sinθR cos φm,α+
√

2 cosθL cosθR sin3φs

+cosθL sinθR cos3φs
)

sinφm,α (6.45)

and we have for strong IO for Case 3 b.1) (y2 = 0)

CLFV,α =−2
√

2
3 M2 y1 y3 ∆y2

13 ∆σ23
(√

2 cosθL cosθR cosφm,α−sinθL cosθR cos3φs

+
√

2 sinθL sinθR sin3φs
)

sinφm,α . (6.46)

Furthermore, we can look at the formulae for the electron flavour, α = e, and take into
account the phenomenological constraints on m, e.g. for CLFV,e for Case 3 a), m ≈ 0, we
find

CLFV,e≈
√

2
9 M2 y1 y2 ∆y2

12 [∆σ12+3∆σ23]
(

sin2θL+sin2θR sin3φs+2
√

2 cos2θL cos3φs
)

(6.47)
and for Case 3 b.1), m ≈ n

2 , we arrive at

CLFV,e ≈
√

2
9 M2

(
−y1 y2 ∆y2

12 [∆σ12 + 3 ∆σ23] sin 2 θL

− 6
√

2 y3 ∆σ23
[
y2 ∆y2

23 cos θL cos θR + y1 ∆y2
13 sin θL sin θR

]
sin 3φs

+ 6 y3 ∆σ23
[
y1 ∆y2

13 sin θL cos θR − y2 ∆y2
23 cos θL sin θR

]
cos 3φs

)
. (6.48)

Summing CLNV,α over the lepton flavour index α leads to

CLNV =
√

2
3 M2

(
∆y2

12

)2
[∆σ12 + 3 ∆σ23] sin 4 θR . (6.49)
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Eventually, we have for CDEG,α

CDEG,α =
√

2
3 y1 y2

(
∆y2

12

)2
sin 4 θR cosφm,α sin 3φs . (6.50)

We note that for strong NO for Case 3 a) (y1 = 0) as well as for strong IO for Case 3 b.1)
(y2 = 0) this type of CP-violating combinations vanishes.

For s even and m odd, we have similar results, e.g. for CLNV we find

CLNV =
√

2M2
(
∆y2

12

)2
∆σ23 sin 4 θR (6.51)

and for CDEG,α the same as in eq. (6.50) up to an overall sign.

In the limit of large splitting κ (and λ = 0) we find that the reduced mass-degenerate
CP-violating combination C(23)

DEG,α is zero for three of the four possible combinations of s
and m, namely for s and m both even or both odd as well as for s odd and m even. Only
for s even and m odd we have a non-vanishing result which reads

C
(23)
DEG,α = 2

27 ∆y2
12

(
2∆y2

23+∆y2
12 (1+5 cos2θR)

)
(
y3(y1 sinθL cosθR+y2 cosθL sinθR) sinφm,α−

√
2y1 y2 cosφm,α

)
sin2θR sin3φs.

(6.52)
The flavoured washout parameter fα, shown in eq. (6.13), is independent of the choice of s
and m being even or odd and reads

fα = 1
3

(
1+
(

∆y2
13−∆y2

12 sin2 θL
Σy2

)
cos2φm,α−

√
2
(

∆y2
12

Σy2

)
sin2θL cosφm,α cos3φs

)
.

(6.53)
Furthermore, we compute the combination ∑αCLFV,α fα for s and m both even. Since the
result turns out to be rather lengthy, we only display it for λ = 0 and m = n

2 , as preferred
in Case 3 b.1). Employing eqs. (6.36) and (6.53), we have∑

α

CLFV,α fα = −M2
(
y1 y2 (∆y2

12)2

3 Σy2

)
κ (2 + κ) sin 2 θL tcsR,− tcsR,+ sin 6φs . (6.54)

As CLNV,α = −CLFV,α for this choice of s andm, the result for the combination∑αCLNV,α fα
is the same up to an overall sign. Likewise, we can consider the combination ∑αCDEG,α fα
for s odd and m even and find∑

α

CDEG,α fα = 1
3
√

2
y1 y2

(
∆y2

12

)2
((

∆y2
13 −∆y2

12 sin2 θL
Σy2

)
cos 3φm

−
√

2
(

∆y2
12

Σy2

)
sin 2 θL cos 3φs

)
sin 4 θR sin 3φs ,

(6.55)
using the expressions given in eqs. (6.50) and (6.53). Fixing m = n

2 , see Case 3 b.1), we
arrive at ∑

α

CDEG,α fα = −
(
y1 y2 (∆y2

12)3

6 Σy2

)
sin 2 θL sin 4 θR sin 6φs . (6.56)

For s even and m odd we find the same result up to an overall sign.
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7 Enhancement of residual symmetries

For particular values of θL and θR, the residual symmetry Gν = Z2 × CP , preserved by
the neutrino Yukawa coupling matrix YD, can be enhanced. Such values are interesting,
since a small deviation from these can be related with different phenomenological aspects,
e.g. in the case of θL it can be the smallness of the reactor mixing angle θ13, see eqs. (4.1)
and (4.2) and the detailed discussion in [22], while for θR this can be the possibility to have
large couplings yf , see eqs. (3.15) and (3.17).

In the following, we focus on the possible enhancement of the flavour symmetry. We
consider the combinations YDY †D and Y †DYD in order to analyse enhanced symmetries due
to particular values of θL and θR, respectively. We constrain ourselves to the search of
enhanced symmetries that are part of the flavour symmetry Gf and leave aside the possibility
that these enhanced symmetries are emergent/accidental. We also note that we usually
expect larger symmetries to be preserved by the combination Y †DYD at particular values
of θR than by YDY †D at particular values of θL, since RH neutrinos transform as the real
representation 3′ of Gf that is unfaithful (for n > 2). The latter can be seen from the fact
that e.g. the elements c2 and d2 are represented by the identity matrix in the representation
3′, compare eq. (A.4) in appendix A. As a consequence, the symmetry Zn×Zn comprised in
∆(6n2) acts as a Klein group in the case of the representation 3′ such that only 24 distinct
representation matrices can be obtained in total in this representation. When discussing
enhanced symmetries for Y †DYD, we only refer to the representation matrices in 3′ and the
enhanced symmetry which is generated by these.

We discuss the enhanced symmetries for Case 1) and Case 2) together as well as those
for Case 3 a) and Case 3 b.1).

7.1 Case 1) and Case 2)

For Case 1) and Case 2) the residual Z2 symmetry, which is part of Gν , is generated by
Z = cn/2, compare eqs. (3.1) and (3.20), and the value of θL, preferred by the global
fit data on lepton mixing angles, is close to θL ≈ 0 or θL ≈ π, compare eq. (4.1) and
table 1. Interesting values for θR are given by sin 2 θR = 0, i.e. θR = 0, π/2, π, 3π/2, as
well as by cos 2 θR = 0, i.e. θR = π/4, 3π/4, 5π/4, 7π/4, as can be seen in section 3.2.2 and
section 3.1.2, respectively.

If θL = 0, π and, for Case 2), the parameter u also vanishes (or is a multiple of the
index n), the combination YDY †D becomes invariant under a further Z2 group of Gf , which
is generated by

ZLadd = a b and ZLadd(3) =

 1 0 0
0 0 1
0 1 0

 . (7.1)

The Z2 symmetry associated with the generator ZLadd forms a Klein group together with
the residual Z2 symmetry that is generated by Z = cn/2.
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Similarly, if θR = 0, π/2, π, 3π/2 for Case 1), we find that in addition to the representa-
tion matrix

1
3

−1 2 2
2 −1 2
2 2 −1

 also ZRadd(3′) =

 1 0 0
0 0 1
0 1 0

 (7.2)

leaves the combination Y †DYD invariant. The symmetry associated with these two represen-
tation matrices is a Klein group. This is also true for Case 2) for the choice t even, where s
can be either even or odd. For Case 2) with t odd and any value of s we have instead that
the choice θR = 0, π/2, π, 3π/2 leads to the combination Y †DYD being also invariant under
the representation matrix

ZRadd(3′) = 1
3

 −1 2ω 2ω2

2ω 2ω2 −1
2ω2 −1 2ω

 (7.3)

that corresponds to a Z4 symmetry. Note that the square of this matrix is the repre-
sentation matrix associated with the element Z = cn/2. These representation matrices
and consequently the Z4 symmetry are also preserved by the combination Y †DYD for
θR = π/4, 3π/4, 5π/4, 7π/4 for Case 1), independently of the choice of s. For Case 2)
and for all possible choices of s and t, we have that for θR = π/4, 3π/4, 5π/4, 7π/4 the
representation matrix

ZRadd(3′) = 1
3

 −1 2ω 2ω2

2ω2 −1 2ω
2ω 2ω2 −1

 (7.4)

also leaves the combination Y †DYD unchanged. This matrix together with the representation
matrix for Z = cn/2 gives rise to a Klein group.

In summary, the enhanced symmetries of the combinations YDY †D and Y †DYD achieved
for particular values of the angles θL and θR, respectively, do not depend on the choice of s
for Case 1), while for Case 2) we have to distinguish, at least for the combination Y †DYD,
between t being even and t being odd.

7.2 Case 3 a) and Case 3 b.1)

For Case 3 a) we have m ≈ 0 (m ≈ n) and θL ≈ 0, π, while for Case 3 b.1) it is m ≈ n
2 and

θL ≈ π/2, compare tables 2, 3, 7–10.
We first discuss the results for the combination YDY

†
D. For all choices of s and

independently of whether m is even or odd, we find for Case 3 a) that additionally to the
Z2 symmetry generated by Z = b in the limit of vanishing m (or m being the index n) there
is a Z2 symmetry coming from

ZLadd = cn/2 dn/2 and ZLadd(3) = 1
3

 −1 2ω2 2ω
2ω −1 2ω2

2ω2 2ω −1

 (7.5)

for θL = 0, π. These two symmetries give rise to a Klein group. Similarly, for all choices of
s and both types of m, m even and m odd, we have for Case 3 b.1) that, beyond the Z2
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symmetry due to Z = b cn/2 dn/2 in the limit of m = n/2, the Z2 symmetry corresponding
to the generator

ZLadd = b and ZLadd(3) =

 1 0 0
0 0 ω2

0 ω 0

 (7.6)

leaves the combination YDY †D for θL = π/2 invariant. Checking the symmetry due to these
two generators, we thus arrive at the same Klein group as for Case 3 a).

For the combination Y †DYD we first note that it does not depend explicitly on the
parameter m. Furthermore, from sections 3.3.2 and 3.3.3 we know that the particular values
for θR are θR = 0, π/2, π, 3π/2 due to sin 2 θR = 0 as well as θR = π/4, 3π/4, 5π/4, 7π/4
due to cos 2 θR = 0. So, the enhanced symmetries for Y †DYD at the particular values of
θR are the same for Case 3 a) and Case 3 b.1). We only need to distinguish between m

being even and m being odd. For m even and all possible choices of s we have that the Z2
symmetry generated by the representation matrix 1 0 0

0 0 ω2

0 ω 0

 (7.7)

in 3′ is part of Gν and additionally for θR = 0, π/2, π, 3π/2 the representation matrix

ZRadd(3′) = 1
3

 −1 2ω2 2ω
2ω −1 2ω2

2ω2 2ω −1

 (7.8)

leaves the combination Y †DYD invariant. This representation matrix corresponds to the
generator of a Z2 symmetry and leads together with the already present Z2 symmetry
to a Klein group. For m odd, we arrive at the same Klein group as enhanced symmetry.
However, the symmetry comprised in Gν is given by the representation matrix

1
3

 −1 2ω2 2ω
2ω 2 −ω2

2ω2 −ω 2

 (7.9)

in 3′, while the representation matrix

ZRadd(3′) =

 1 0 0
0 0 ω2

0 ω 0

 (7.10)

is only a symmetry of Y †DYD for θR = 0, π/2, π, 3π/2. For the particular values θR =
π/4, 3π/4, 5π/4, 7π/4 we find that there is no (non-trivial) representation matrix beyond
the one associated with the generator of the Z2 symmetry, contained in Gν , leaving the
combination Y †DYD invariant.

In summary, we always find that the enhanced symmetry for the combination YDY †D is
a Klein group, generated by the elements b and cn/2 dn/2. For the combination Y †DYD we
also always find a Klein group for θR = 0, π/2, π, 3π/2 and no enhancement of symmetry
for θR = π/4, 3π/4, 5π/4, 7π/4.
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We expect that the deviation of θR from one of its particular values is smaller than the one
of θL from one of the identified particular values, since the symmetry of the combination
Y †DYD is usually larger than the one of YDY †D, simply because the representation 3′ is
unfaithful for all groups ∆(6n2) with n > 2.

In one class of explicit models [7–9], the flavour (and CP) symmetries are spontaneously
broken to the residual symmetries Gν and Gl with the help of flavour (and CP) symmetry
breaking fields and a peculiar alignment of their VEVs, achieved with a potential of a
particular form. Depending on the choice of these fields and the form of their VEVs, a
symmetry larger than Gν and/or Gl can be preserved by the mass matrices at leading order.
Contributions from higher-dimensional operators then induce small deviations so that only
Gν and Gl remain intact, thus explaining the sizes of the angles θL and θR. An example
can be found in [82], where the correct size of θL and, consequently, of the reactor mixing
angle θ13 is justified in this way.

8 Summary and outlook

We have considered the low-scale type-I seesaw framework endowed with a flavour symmetry,
belonging to the series of groups ∆(3n2) and ∆(6n2), n ≥ 2, and a CP symmetry. These
symmetries are broken to different residual groups Gl and Gν in the charged lepton and
neutrino sector, respectively, which strongly constrain the form of the mass matrices in
these two sectors. Since the Majorana mass matrix of the three RH neutrinos does not
break the flavour and CP symmetry, they are (almost) degenerate in mass in this scenario.
At the same time, the Dirac neutrino mass matrix carries all non-trivial flavour structure in
the neutrino sector, fixed by Gν . For a given flavour and CP symmetry and residual groups
Gl and Gν , this matrix depends on five real parameters, see also [35], that determine the
light neutrino mass spectrum and give rise to one free (effective) parameter in the PMNS
mixing matrix. They are, together with possible small splittings among the RH neutrino
masses due to the breaking of the flavour and CP symmetry, relevant for the generation of
the BAU through low-scale leptogenesis.

We have scrutinised the generation of the BAU and its dependence on the parameters,
contained in the Dirac neutrino mass matrix, and on the RH neutrino masses, i.e. their
mass scale M and the possible splittings κ and λ, both numerically and analytically. In
doing so, we have considered the four different viable lepton mixing patterns, called Case
1) through Case 3 b.1), [22]. We have chosen representative examples that allow for a
successful explanation of the measured values of the three lepton mixing angles and, possibly,
the indication of the value of the CP phase δ. By numerically solving the quantum kinetic
equations, we have found that low-scale leptogenesis in both the freeze-in and freeze-out
regime remains viable for a wide range of the RH neutrino mass scale M and mixing angles
U2
α for all cases, Case 1) through Case 3 b.1). Furthermore, we have supplemented the

numerical findings with analytic expressions for different CP-violating combinations, that
allow for a qualitative understanding of the numerical results, such as signalling the absence
of CP violation that leads to vanishing BAU. Indeed, in this scenario it is possible to
reveal the parametric dependence of the BAU, e.g. its dependence on the choice of the
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CP symmetry and thus its correlation with the Majorana phase α in Case 1), see figure 7,
discussion in section 5.3 and eqs. (6.17) and (6.18) in section 6.2, and whether or not a
non-zero splitting κ (and λ) among the RH neutrino masses is necessary for the successful
generation of the BAU, see table 6. This would be intractable in a scenario without flavour
and CP symmetries.

In the following, we highlight the most striking results of this analysis. First of all,
we find for each case, Case 1) through Case 3 b.1), instances in which it becomes possible
to correlate the BAU with one or both Majorana phases α and β, present in the PMNS
mixing matrix. Secondly, for Case 2), t odd, and Case 3 b.1), m even and s odd or vice
versa, it is feasible to generate the BAU without the splittings κ and λ, see table 6 as well
as the CP-violating combination CDEG,α in section 6. Interestingly enough, for Case 2), t
odd, a non-vanishing lightest neutrino mass m0 is required for the successful generation of
the BAU, while the variant with the least number of free parameters is given by Case 3
b.1), m even and s odd or vice versa, since it allows for non-zero BAU even if m0 vanishes,
as long as light neutrino masses follow NO. Thirdly, we have demonstrated that the correct
amount of BAU can also be generated in the limit, in which the splitting κ is too large for
a resonant enhancement, κ� Γ/M . This result depends on the case, Case 1) through Case
3 b.1), as well as on the choice of certain group theory parameters, see table 6, since the
remaining subsystem of two RH neutrinos does not always contain CP violation necessary
for low-scale leptogenesis. In the limit of large κ, the dependence on the exact value of κ
can be neglected, and we have worked out analytic expressions that can reproduce the main
parametric dependence of the BAU, see the CP-violating combination C(23)

DEG,α in section 6.
Finally, we note that for all cases, Case 1) through Case 3 b.1), active-sterile mixing angles
U2
αi much larger than those expected from the naive seesaw estimate, U2 � mν/M , can

be obtained for specific choices of the group theory parameters and the angle θR being
close to a special value, see table 6. These choices of parameters can permit, at the same
time, the successful generation of the BAU. This observation is very important, since it
leaves open the tantalising possibility to find RH neutrinos at existing and planned direct
search experiments [6, 52–55].

It is highly interesting to expand the current study in different directions. First of all,
the collider phenomenology of the three RH neutrinos as well as different LNV processes
deserve a dedicated analysis in this scenario. While we have focused on a scenario in which
the three RH neutrino masses are (almost) degenerate due to the imposed symmetries,
it is equally interesting to consider another scenario in which the structure of the Dirac
neutrino mass matrix is trivial, i.e. this matrix is flavour-diagonal and flavour-universal,
and the non-trivial flavour structure is encoded in the Majorana mass matrix of the RH
neutrinos which preserves the residual symmetry Gν , see also [35]. As a consequence, the
masses of the three RH neutrinos are non-degenerate. This is expected to lead to a different
parameter space, allowing for the successful generation of the BAU, especially no (further
symmetry-breaking) source of small splittings among the RH neutrino masses is needed.
Also the collider phenomenology of the RH neutrinos as well as results for signals of LNV
processes will in general differ from those of the discussed scenario. Apart from scenarios
with three RH neutrinos, it is also worth to discuss extensions beyond the studied type-I
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Type of mixing pattern BAU non-zero BAU non-zero Large total mixing
for κ = 0? for large κ? angle U2 possible?

Case 1) No, see figure 4 Yes, see figure 4 Yes, for cos 2 θR ≈ 0
see figure 9

Case 2), t even No, see figure 12 No, see figure 12 No
Case 2), t odd Yes, for m0 6= 0 Yes, see figure 16 Yes, for sin 2 θR ≈ 0

see figure 17, plot (a) see figure 19
Case 3 b.1), m and s even No, see figure 20 No, see figure 20 No
Case 3 b.1), m even, s odd Yes, see figure 22 No, see figure 22 Yes, for cos 2 θR ≈ 0

except for strong IO see figure 25
Case 3 b.1), m odd, s even Yes, see figure 26 Yes, see figure 26 Yes, for cos 2 θR ≈ 0

except for strong IO
Case 3 b.1), m and s odd No No No

Table 6. Overview over results for the different cases, related to different mixing patterns for
leptons. We highlight whether or not it is possible to generate a non-zero value of the BAU for
vanishing splitting κ (and λ), whether or not we obtain a non-zero value of the BAU for large values
of κ, κ� Γ/M , and if it is possible to simultaneously have large total mixing angle U2 and generate
the observed amount of BAU.

seesaw framework such as the inverse seesaw mechanism in which typically three more
gauge singlet fermions are added, since also this mechanism of neutrino mass generation
can be compatible with low-scale leptogenesis. At the same time, it is well-known that
inverse seesaw models can offer a variety of phenomenological imprints, such as collider
signals, signals in precision flavour physics experiments as well as different LNV processes,
see e.g. [138]. Additionally, in both frameworks, the type-I seesaw and the inverse seesaw, a
variation of the number of RH neutrino generations and/or of the gauge singlet fermions
can give rise to scenarios with distinct phenomenology, see e.g. [139]. Lastly, in view
of a possible extension of the SM gauge group it is interesting to consider the effect of
new gauge interactions, also involving RH neutrinos (and possibly gauge singlet fermions),
see e.g. [140, 141], on the results for low-scale leptogenesis and their impact on different
phenomenological aspects of the mentioned scenarios.
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A Group theory of ∆(6n2) and representation matrices

In the following, we briefly describe the discrete groups ∆(3n2) and ∆(6n2) and some
properties of their irreducible representations. The groups ∆(3n2), n ≥ 2 integer, can be
given in terms of three generators a, c and d fulfilling the relations

a3 = e , cn = e , dn = e , c d = d c , a c a−1 = c−1d−1 , a d a−1 = c

(A.1)
with e being the neutral element of the group [20]. As discussed in [21], the groups ∆(6n2),
n ≥ 2 integer, are obtained by adding a fourth generator b to the set of a, c and d. The
relations involving b are

b2 = e , (a b)2 = e , b c b−1 = d−1 , b d b−1 = c−1 . (A.2)

In the trivial representation 1 all elements of the group are represented by the character 1.
The representation matrices g(3) for a, b, c and d can be chosen in one irreducible, faithful,
complex three-dimensional representation 3 of ∆(6n2) as28

a(3) =

 1 0 0
0 ω 0
0 0 ω2

 , b(3) =

 1 0 0
0 0 ω2

0 ω 0

 , (A.3)

c(3) = 1
3

 1 + 2 cosφn 1− cosφn −
√

3 sinφn 1− cosφn +
√

3 sinφn
1− cosφn +

√
3 sinφn 1 + 2 cosφn 1− cosφn −

√
3 sinφn

1− cosφn −
√

3 sinφn 1− cosφn +
√

3 sinφn 1 + 2 cosφn


with ω = e2πi/3 and φn = 2π

n . The form of d in 3 can be computed via d(3) = a(3)2c(3)a(3).
As mentioned in section 2.2, the representation 3 corresponds to 31 (1) in the nomencla-
ture of [21].

The existence of an irreducible, unfaithful, real three-dimensional representation 3′

requires that all its characters are real. This cannot be fulfilled in all groups ∆(6n2), but
only, if the index n is even. In this case the form of the representation matrices of the
generators is

a(3′) = a(3) , b(3′) = b(3) , c(3′) = 1
3

−1 2 2
2 −1 2
2 2 −1

 (A.4)

28The similarity transformation U = 1√
3

( 1 1 1
ω2 ω 1
ω ω2 1

)
has to be applied to the generators a(3), b(3), c(3)

and d(3) given in eq. (A.3) in order to obtain the form of the representation matrices as given in [21].
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and d(3′) = a(3′)2c(3′)a(3′). Since these do not depend on the index n of the group, we
find the same representation for all groups ∆(6n2) with even n. We observe that the group
generated by the representation matrices g(3′) has 24 elements and thus corresponds to
the group ∆(6 · 22) = ∆(24). This group is isomorphic to the permutation group S4. The
representation 3′ together with the one generated by the representation matrices a(3′),
c(3′), d(3′) and −b(3′) (i.e. the representation matrix b(3′) acquires an overall sign, see [21])
are the only real three-dimensional representations in a generic group ∆(6n2) with even n
and 3 - n. They are called 31 (n/2) and 32 (n/2) in [21], respectively.

In order to check that 3′ and the other representation are the only real three-dimensional
representations in a generic group ∆(6n2) with even n and 3 - n, we inspect the characters of
the irreducible three-dimensional representations. Following [21] we see that the characters
χ(3gen) of a generic irreducible three-dimensional representation 3gen for a certain type of
classes are given by (−) η−ρ l with η = e2πi/n, ρ = 0, 1, . . . , n− 1 (ρ labels this type of class
of the group ∆(6n2)) and l = 1, 2, . . . , n− 1 (l labels the different pairs of three-dimensional
representations). We have to require that all (−) η−ρ l for a certain representation labelled
by l are real. This is ensured, if η−l is real for all powers ρ, meaning η−l should be real itself.
Hence, 2 l/n must be an integer. With the constraint on l, 1 ≤ l ≤ n − 1, we know that
there is a single solution to 2 l/n being an integer, namely l = n/2, i.e. there is a single pair
of irreducible three-dimensional representations that are real. In this case their characters
are real for all classes, as can be explicitly checked with the help of the character table,
shown in [21]. Since the group, generated by a(3′), b(3′), c(3′) and d(3′) in eq. (A.4), only
has 24 elements, the representation 3′ is unfaithful for n > 2.

B Form of representation matrices for residual symmetries

We list the form of the representation matrices in the representations 3 and 3′ for the
generators of the different residual symmetries, used in the discussion of Case 1), Case 2)
and Case 3 a) and Case 3 b.1).

In all these cases, the residual flavour symmetry in the charged lepton sector involves
the generator a which corresponds to the representation matrix

a(3) =

 1 0 0
0 ω 0
0 0 ω2

 . (B.1)

The residual flavour symmetry in the neutrino sector is generated by Z. In Case 1) and
Case 2) Z is chosen as cn/2 which is in the representation 3 of the form

Z(3) = 1
3

−1 2 2
2 −1 2
2 2 −1

 (B.2)

independently of the index n, while the form of Z = cn/2 in 3′ reads either

Z(3′) =

 1 0 0
0 1 0
0 0 1

 for n/2 even (B.3)
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or

Z(3′) = 1
3

−1 2 2
2 −1 2
2 2 −1

 = Z(3) for n/2 odd. (B.4)

In Case 3 a) and Case 3 b.1) Z is chosen as b cmdm with m = 0, 1, . . . , n − 1. In the
representation 3 it is of the form

Z(m)(3) = 1
3


1+2 cosγm ω2 (1−cosγm+

√
3 sinγm

)
ω
(
1−cosγm−

√
3 sinγm

)
ω
(
1−cosγm+

√
3 sinγm

)
1−cosγm−

√
3 sinγm ω2 (1+2 cosγm)

ω2 (1−cosγm−
√

3 sinγm
)

ω (1+2 cosγm) 1−cosγm+
√

3 sinγm


(B.5)

with γm = 2πm
n . For the special values, m = 0, m = n and m = n/2, the form of Z(m)(3)

simplifies and we find

Z(m = 0)(3) = Z(m = n)(3) =

 1 0 0
0 0 ω2

0 ω 0

 (B.6)

and

Z(m = n/2)(3) = 1
3

 −1 2ω2 2ω
2ω 2 −ω2

2ω2 −ω 2

 . (B.7)

Similarly, we can compute the form of the representation matrix Z(m)(3′). The decisive
criterion for this form is whether m is even or odd and otherwise there is no further
dependence on the parameter m for Z(m)(3′). So, for m being even we get

Z(m even)(3′) =

 1 0 0
0 0 ω2

0 ω 0

 , (B.8)

while for m odd we have

Z(m odd)(3′) = 1
3

 −1 2ω2 2ω
2ω 2 −ω2

2ω2 −ω 2

 . (B.9)

We note that Z(m even)(3′) coincides with Z(m = 0)(3) = Z(m = n)(3) as well as
Z(m odd)(3′) coincides with Z(m = n/2)(3).

C CP symmetries and form of CP transformations

The CP symmetries correspond to automorphisms of the flavour symmetry ∆(6n2), see
discussion in [11–19]. In the present analysis we employ the ones used in [22]. These can be
obtained as follows: consider the automorphism

a→ a , c→ c−1 , d→ d−1 and b→ b (C.1)
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in conjugation with an inner automorphism, see e.g. above eq. (3.2). The automorphism in
eq. (C.1) can be represented by X0(1) = 1 in the trivial representation 1 and by the matrix

X0(3) = X0(3′) =

 1 0 0
0 0 1
0 1 0

 (C.2)

in both three-dimensional representations 3 and 3′.
In Case 1) the CP transformation X(s)(3) has the explicit form

X(s)(3) = 1
3 e
−4 i φs

 1 + 2 e6 i φs 1− e6 i φs 1− e6 i φs

1− e6 i φs 1 + 2 e6 i φs 1− e6 i φs

1− e6 i φs 1− e6 i φs 1 + 2 e6 i φs

 (C.3)

and φs = π s
n . The form of the CP transformation X(s)(3′) in the representation 3′ depends

on whether s is even or odd, i.e.

X(s)(3′) =

 1 0 0
0 1 0
0 0 1

 for s even (C.4)

and

X(s)(3′) = 1
3

−1 2 2
2 −1 2
2 2 −1

 for s odd. (C.5)

We note that X(s)(3′) for s even coincides with X(s = 0)(3) as well as that X(s)(3′) for s
odd equals X(s = n/2)(3). Note n/2 is an integer, since n has to be even.

In Case 2) the form of the CP transformation X(s, t)(3) in the representation 3 is more
conveniently written in terms of the parameters u and v

X(s, t)(3) =X(u,v)(3) = 1
3 e
−2 iφv/3

×


1+2eiφv cosφu 1−eiφv

(
cosφu−

√
3 sinφu

)
1−eiφv

(
cosφu+

√
3 sinφu

)
1−eiφv

(
cosφu−

√
3 sinφu

)
1−eiφv

(
cosφu+

√
3 sinφu

)
1+2eiφv cosφu

1−eiφv

(
cosφu+

√
3 sinφu

)
1+2eiφv cosφu 1−eiφv

(
cosφu−

√
3 sinφu

)


(C.6)

with φu = π u
n and φv = π v

n . For the definition of u and v see eq. (3.22). The form of the
CP transformation X(s, t)(3′) depends on whether s and t are even or odd. The explicit
form of X(s, t)(3′), however, does neither contain s nor t as parameter. For s and t even
we have

X(s even, t even)(3′) =

 1 0 0
0 0 1
0 1 0

 , (C.7)
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for s even and t odd we find

X(s even, t odd)(3′) = 1
3

 −1 2ω2 2ω
2ω2 2ω −1
2ω −1 2ω2

 , (C.8)

for s odd and t even we have

X(s odd, t even)(3′) = 1
3

−1 2 2
2 2 −1
2 −1 2

 (C.9)

and for s and t odd it is

X(s odd, t odd)(3′) = 1
3

 −1 2ω 2ω2

2ω 2ω2 −1
2ω2 −1 2ω

 . (C.10)

For completeness, we mention that the form of X(s even, t even)(3′) coincides with X(s =
0, t = 0)(3), X(s even, t odd)(3′) is of the same form as X(s = 0, t = n/2)(3), while
X(s odd, t even)(3′) agrees with X(s = n/2, t = 0)(3) and X(s odd, t odd)(3′) with X(s =
n/2, t = n/2)(3). Note n/2 is an integer, since n has to be even.

For Case 3 a) and Case 3 b.1) the form of the CP transformation X(s)(3) is given as

X(s)(3) = 1
3 e
−iφs


3 cos3φs+i sin3φs −2 iω sin3φs −2 iω2 sin3φs
−2 iω sin3φs ω2 (3 cos3φs+i sin3φs) −2 i sin3φs
−2 iω2 sin3φs −2 i sin3φs ω (3 cos3φs+i sin3φs)


(C.11)

with φs = π s
n and ω = e

2πi
3 . The form of the CP transformation X(s)(3′) only depends on

whether s is even or odd. In particular, we have for s even

X(s even)(3′) =

 1 0 0
0 ω2 0
0 0 ω

 (C.12)

and for s odd

X(s odd)(3′) = 1
3

 −1 2ω 2ω2

2ω −ω2 2
2ω2 2 −ω

 . (C.13)

We note that X(s even)(3′) is of the same form as X(s = 0)(3), while X(s odd)(3′) equals
X(s = n/2)(3). Since n has always to be even, also n/2 is an integer.

D Conventions of PMNS mixing matrix, neutrino masses and experi-
mental data

D.1 Conventions of PMNS mixing matrix

As parametrisation of the PMNS mixing matrix we take

UPMNS = Ũ (θij , δ) diag
(
1, eiα/2, ei(β/2+δ)

)
(D.1)
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with Ũ(θij , δ) being of the form of the Cabibbo-Kobayashi-Maskawa (CKM) matrix VCKM [1]

Ũ(θij , δ) =

 c12c13 s12c13 s13e
−iδ

−s12c23 − c12s23s13e
iδ c12c23 − s12s23s13e

iδ s23c13
s12s23 − c12c23s13e

iδ −c12s23 − s12c23s13e
iδ c23c13

 (D.2)

and sij = sin θij and cij = cos θij . The mixing angles θij range from 0 to π/2, while the
Majorana phases α, β as well as the Dirac phase δ take values between 0 and 2π. Note one
of the Majorana phases becomes unphysical, if the lightest neutrino mass m0 vanishes.

D.2 Neutrino masses

For light neutrino masses following NO the three masses mi are parametrised as

m1 = m0 , m2 =
√
m2

0 + ∆m2
21 , m3 =

√
m2

0 + ∆m2
31 (D.3)

with m0 denoting the lightest neutrino mass.
For light neutrino masses with IO the masses mi are written as

m1 =
√
m2

0 + |∆m2
32| −∆m2

21 , m2 =
√
m2

0 + |∆m2
32| , m3 = m0 (D.4)

where m0 is the lightest neutrino mass.

D.3 Experimental data

We summarise the constraints on the lepton mixing parameters θij and δ and on the
mass squared differences from the current global fit performed by the NuFIT collaboration
(NuFIT 5.1, October 2021, without SK atmospheric data) [41]. For light neutrino masses
with NO, the constraints on the lepton mixing parameters read

sin2 θ13 = 0.02220+0.00068
−0.00062 and 0.02034 ≤ sin2 θ13 ≤ 0.02430 ,

sin2 θ12 = 0.304+0.013
−0.012 and 0.269 ≤ sin2 θ12 ≤ 0.343 ,

sin2 θ23 = 0.573+0.018
−0.023 and 0.405 ≤ sin2 θ23 ≤ 0.620 ,

δ = 3.39+0.91
−0.44 and 1.83 ≤ δ ≤ 7.07 (D.5)

for the best fit value, 1σ level and 3σ range, respectively, and the ones on the mass squared
differences ∆m2

21 and ∆m2
31 are

∆m2
21 =m2

2−m2
1 =

(
7.42+0.21

−0.20

)
×10−5 eV2 , ∆m2

31 =m2
3−m2

1 =
(
2.515+0.028

−0.028

)
×10−3 eV2 ,

6.82×10−5 eV2≤ ∆m2
21 ≤ 8.04×10−5 eV2 ,

2.431×10−3 eV2≤ ∆m2
31 ≤ 2.599×10−3 eV2 (D.6)
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at the 3σ level. For light neutrino masses with IO, the constraints on the lepton mixing
parameters are

sin2 θ13 = 0.02238+0.00064
−0.00062 and 0.02053 ≤ sin2 θ13 ≤ 0.02434 ,

sin2 θ12 = 0.304+0.012
−0.012 and 0.269 ≤ sin2 θ12 ≤ 0.343 ,

sin2 θ23 = 0.578+0.017
−0.021 and 0.410 ≤ sin2 θ23 ≤ 0.623 ,

δ = 5.01+0.47
−0.56 and 3.35 ≤ δ ≤ 6.30 (D.7)

for the best fit value, 1σ level and 3σ range, respectively, while the ones on the mass
squared differences ∆m2

21 and ∆m2
32 read

∆m2
21 =m2

2−m2
1 =

(
7.42+0.21

−0.20

)
×10−5 eV2 , ∆m2

32 =m2
3−m2

2 =
(
−2.498+0.028

−0.029

)
×10−3 eV2

6.82×10−5 eV2≤ ∆m2
21 ≤ 8.04×10−5 eV2 ,

−2.584×10−3 eV2≤ ∆m2
32 ≤−2.413×10−3 eV2 (D.8)

at the 3σ level. We note that NO corresponds to the best fit of the global fit,
∆χ2 = χ2

IO − χ2
NO = 2.6.

Furthermore, the sum of the light neutrino masses is bounded by cosmological data
(Planck TT,TE,EE+lowE +lensing+BAO) [131]

3∑
i=1

mi < 0.12 eV at the 95% C.L. . (D.9)

We thus take for the lightest neutrino mass m0 as upper bound

m0 . 0.03 eV for NO and m0 . 0.015 eV for IO. (D.10)

E Further tables for Case 3 a) and Case 3 b.1)

This appendix comprises tables with results for the lepton mixing angles for Case 3 a),
n = 34 and m = 2 and all possible values of s, and for Case 3 b.1), n = 20, m = 9 and
m = 10 as well as all allowed values of s.
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s 0 2 4 6 8 10 12 14 16

θL
1.93

[3.10]
1.99

[3.10]
2.31

[3.05] 0.134 0.0656
[0.997]

0.0413
[1.18]

0.0392
[1.20]

0.0528
[1.09]

0.184
[0.501]

sin2 θ12 0.304 0.304 0.304 0.335 0.304 0.304 0.304 0.304 0.304
∆χ2

12 ∼ 0 ∼ 0 ∼ 0 5.84 ∼ 0 ∼ 0 ∼ 0 ∼ 0 ∼ 0

s 18 20 22 24 26 28 30 32

θL
2.64

[2.96]
2.05

[3.09]
1.94

[3.10]
1.96

[3.10]
2.14

[3.08] 3.01 0.0921
[0.83]

0.0456
[1.15]

sin2 θ12 0.304 0.304 0.304 0.304 0.304 0.335 0.304 0.304
∆χ2

12 ∼ 0 ∼ 0 ∼ 0 ∼ 0 ∼ 0 5.84 ∼ 0 ∼ 0

Table 7. Case 3 a) Results for n = 34, m = 2 and s even. The lepton mixing angles θ13 and θ23 are
fixed to sin2 θ13 ≈ 0.0225 and sin2 θ23 ≈ 0.607. We display θL, sin2 θ12 and ∆χ2

12 for light neutrino
masses with NO. We write ∼ 0 when ∆χ2

12 < 10−3. The presence of a second best fit value for θL is
indicated in square brackets. These results can also be found in [22], see Case 3 a) with n = 17 and
m = 1.

s 1 3 5 7 9 11 13 15 17

θL
1.95

[3.10]
2.09

[3.08] 2.89 0.119
[0.703]

0.0487
[1.12]

0.0387
[1.21]

0.0432
[1.17]

0.0761
[0.927] 0

sin2 θ12 0.304 0.304 0.319 0.304 0.304 0.304 0.304 0.304 0.341
∆χ2

12 ∼ 0 ∼ 0 1.43 ∼ 0 ∼ 0 ∼ 0 ∼ 0 ∼ 0 8.09

s 19 21 23 25 27 29 31 33

θL
2.21

[3.07]
1.97

[3.10]
1.93

[3.10]
2.02

[3.09]
2.44

[3.02] 0.251 0.0582
[1.05]

0.0401
[1.20]

sin2 θ12 0.304 0.304 0.304 0.304 0.304 0.319 0.304 0.304
∆χ2

12 ∼ 0 ∼ 0 ∼ 0 ∼ 0 ∼ 0 1.43 ∼ 0 ∼ 0

Table 8. Case 3 a) Results for n = 34, m = 2 and s odd. The lepton mixing angles θ13 and θ23 are
fixed to sin2 θ13 ≈ 0.0225 and sin2 θ23 ≈ 0.607. We display θL, sin2 θ12 and ∆χ2

12 for light neutrino
masses with NO. We write ∼ 0 when ∆χ2

12 < 10−3. The presence of a second best fit value for θL is
indicated in square brackets.
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s 0 1 2 3 4 5 6 7 8 9
θL 1.53 1.53 1.51 1.46 1.65 1.62 1.61 1.61 1.62 1.64

sin2 θ23 0.440 0.439 0.437 0.423 0.431 0.438 0.440 0.440 0.439 0.435
sin2 θ12 0.335 0.335 0.335 0.335 0.335 0.335 0.335 0.335 0.335 0.335
sin2 θ13 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223
∆χ2 6.73 6.78 7.01 9.04 7.73 6.89 6.75 6.74 6.82 7.23

s 10 11 12 13 14 15 16 17 18 19
θL 1.43 [1.71] 1.50 1.53 1.53 1.53 1.52 1.49 1.68 1.63 1.61

sin2 θ23 0.410 0.435 0.439 0.440 0.440 0.438 0.431 0.423 0.437 0.439
sin2 θ12 0.335 0.335 0.335 0.335 0.335 0.335 0.335 0.335 0.335 0.335
sin2 θ13 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223 0.0223
∆χ2 12.64 7.23 6.82 6.74 6.75 6.89 7.74 9.04 7.01 6.78

Table 9. Case 3 b.1) Results for a larger value of n, n = 20, together with m = 9 and 0 ≤ s ≤
n− 1 = 19. The results for m = 11 can be deduced from the displayed ones, using the symmetry
transformations given in [22]. For light neutrino masses with NO we give ∆χ2 resulting from the
fit to the global fit data [41]. The presence of a second best fit value for θL is indicated in square
brackets.

s 2 3 4 9 10
θL 1.31 1.31 [1.83] 1.31 [1.83] 1.31 [1.83] 1.31 [1.83]

sin2 θ23 0.622 0.533 [0.467] 0.436 [0.564] 0.406 [0.595] 0.5
sin2 θ12 0.318 0.318 0.318 0.318 0.318
sin2 θ13 0.0220 0.0222 0.0222 0.0221 [0.0222] 0.0222
∆χ2 11.2 3.51 [2.36] 2.68 [1.50] 10.1 [2.89] 4.12

s 11 16 17 18
θL 1.31 [1.83] 1.31 [1.83] 1.31 [1.83] 1.83

sin2 θ23 0.594 [0.406] 0.564 [0.436] 0.467 [0.533] 0.621
sin2 θ12 0.318 0.318 0.318 0.318
sin2 θ13 0.0222 [0.0221] 0.0222 0.0222 0.0222
∆χ2 2.89 [10.1] 1.50 [2.68] 2.36 [3.51] 11.2

Table 10. Case 3 b.1) Results for a larger value of n, n = 20, together with m = 10 and all values
of s that lead to a viable description of the experimental data on lepton mixing angles [41]. The
goodness of this fit is encoded in the value of ∆χ2, displayed for light neutrino masses with NO.
The presence of a second best fit value for θL is indicated in square brackets.
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F Supplementary plots

In this appendix, we collect further plots that supplement the discussion on low-scale
leptogenesis and might be of interest for the reader.

F.1 Case 1)

For Case 1), we show in figure 27 plots for the three further choices of the Majorana mass
M , M = 1GeV, M = 100GeV and M = 1TeV, for light neutrino masses with strong IO
as well as for a NO light neutrino mass spectrum with m0 = 0.03 eV in addition to the
two plots shown for M = 10GeV in figure 5 in the main text. Furthermore, we display
in figure 28 two plots for the BAU as function of s/n, treated as continuous parameter,
assuming s odd, for light neutrino masses with strong IO. These plots supplement the
information found in figure 7 in the main text. Lastly, we show in figure 29 dedicated plots
for each value of the splitting κ in order to facilitate the comparison between the results for
vanishing and thermal initial conditions. These plots are combined in figure 9 in the main
text, where the results for the different values of κ are shown in different colours.
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(d) Vanishing initial conditions.
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Figure 27. Case 1) YB as function of κ for a Majorana mass M = 1GeV, M = 100GeV and
M = 1TeV for light neutrino masses following strong IO (left plots) and NO with m0 = 0.03 eV
(right plots). The value of s is fixed to s = 1 and thus φs = π

10 . Results for different values of the
angle θR are displayed. Both negative (dashed lines) as well as positive (continuous lines) values of
the BAU are represented. The grey line indicates the observed value of the BAU, YB ≈ 8.6 · 10−11.
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Figure 28. Case 1) YB as function of s
n , treated as continuous parameter, for a Majorana

mass M = 10GeV and for θR = π
11 (left plot) and θR = 1 (right plot). The light neutrino

mass spectrum follows strong IO. The parameter s is assumed to be odd. Different values of κ,
κ ∈ {10−3, 10−6, 10−11}, are considered. Both negative (dashed lines) as well as positive (continuous
lines) values of the BAU are represented.
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Figure 29. Case 1) Range of total mixing angle U2 consistent with the observed amount of BAU
for heavy neutrino masses M between 50MeV and 70TeV, as presented in figure 9. The three rows
correspond to different values of κ, κ ∈ {10−3, 10−6, 10−11}, respectively. The vanishing and thermal
initial conditions are shown by the ochre and turquoise lines, respectively. The continuous (dashed)
lines indicate positive (negative) values of the BAU. The grey shaded areas show the regions in
which the condition in eq. (3.69) and alike is no longer satisfied. The value of the angle θR can be
read off.
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F.2 Case 2)

For Case 2), we add the following plots to those already present in the main text: two plots,
found in figure 30, of the BAU with respect to the splitting κ for the choice t even (more
concretely, we have n = 14, u = 0 and v = 6) for light neutrino masses with strong NO and
with strong IO, respectively, for a fixed value of the Majorana mass M , M = 10GeV, and
several values of the angle θR. These, in particular the plot for strong NO, can be compared
with figure 12, especially plot (b) of this figure. Furthermore, we show in this appendix in
figure 31 two plots for light neutrino masses with strong IO corresponding to those shown
in figure 14 in the main text for neutrinos with strong NO. Also for strong IO the BAU
depends on φv (v/n treated as continuous parameter), as expected from the CP-violating
combinations. For the choice t odd, we display in figure 32 two plots for u = −1 (we use
n = 14, s = 0 and t = 1) which should be compared with the plots in the main text for
u = 1, see e.g. figure 16. In order to illustrate the possible strong enhancement of the BAU
depending on the Majorana mass M , we provide in addition to plot (a) in figure 17 for
M = 100GeV in the main text two plots for M = 10GeV and M = 1TeV and otherwise
the same choices of parameters as in the figure of the main text, see figure 33. In figure 34
we also show dedicated plots for each value of the splitting κ in order to facilitate the
comparison between the results for vanishing and thermal initial conditions. These plots
are combined in figure 19 in the main text, where the results for the different values of κ
are shown in different colours. Lastly, we show in figure 35 the corresponding plot for Case
2) and t odd (n = 14, u = 1 and v = 3), as given in figure 10 for Case 1). We note for
these plots as well the striking similarity, up to the overall sign of the BAU (exchange of
continuous and dashed lines).
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Figure 30. Case 2) YB as function of the splitting κ for a Majorana mass M = 10GeV. Light
neutrino masses have strong NO (left plot) and strong IO (right plot), respectively. For the remaining
choices see figure 12.
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Figure 31. Case 2) YB as function of v
n , treated as continuous parameter, for a Majorana mass

M = 10GeV and different values of κ, κ ∈ {10−3, 10−6, 10−11}. Light neutrino masses have strong
IO. The angle θR is fixed to θR = π

11 . The group theory parameters n and u are chosen as n = 50
and u = 6 so that t is even and s can be even (left plot) or odd (right plot), as in figure 14. We
compare the numerical results with the analytical expectation which is proportional to sin

(
πv
2n
)
(for

s even) and to − cos
(
πv
2n
)
(for s odd), compare eq. (6.26).
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Figure 32. Case 2) YB as function of κ for a Majorana mass M = 10GeV. Light neutrino masses
follow strong NO (left plot) and strong IO (right plot), respectively. The parameters (s, t) are fixed
to (0, 1) such that φu = − π

14 and φv = 3π
14 . For the remaining choices see figure 16.
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Figure 33. Case 2) YB as function of the lightest neutrino mass m0 in the absence of splittings,
κ = 0 (and λ = 0), for different values of θR. We set the Majorana mass M to 10GeV (left plot)
and 1TeV (right plot), respectively, and fix the group theory parameters n, s and t to n = 14, s = 1
and t = 1 such that φu = π

14 and φv = 3π
14 . Light neutrino masses follow NO. In addition, we

compare, for θR = π
11 (left plot) and θR = 3π

11 (right plot), the numerical results with the following
two analytical expressions: A · y1 y3 (y2

1 − y2
3)2 with A ≈ 4.14 · 1030 (left plot) and A ≈ 7.37 · 1029

(right plot) and B · √m0 with B ≈ 2.87 · 10−10eV−1/2 (left plot) and B ≈ 1.53 · 10−5eV−1/2 (right
plot). The first (second) expression corresponds to the continuous (dotted) black line. Both negative
(dashed lines) as well as positive (continuous lines) values of the BAU are represented.

– 93 –



J
H
E
P
1
2
(
2
0
2
2
)
0
4
4

10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-3

Case 2), NO, u = 14 , v = 3
14 , m0 = 0 eV

10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-6

10-1 100 101 102 103 104

M [GeV]

10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-11

10-12

10-10

10-8

10-6

10-4

10-2
R

10-12

10-10

10-8

10-6

10-4

10-2

R

10-12

10-10

10-8

10-6

10-4

10-2

R
10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-3

Case 2), IO, u = 14 , v = 3
14 , m0 = 0 eV

10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-6

10-1 100 101 102 103 104

M [GeV]

10-14

10-12

10-10

10-8

10-6

10-4

10-2

U2

= 10-11

10-12

10-10

10-8

10-6

10-4

10-2

R

10-12

10-10

10-8

10-6

10-4

10-2

R

10-12

10-10

10-8

10-6

10-4

10-2

R

Figure 34. Case 2) Range of total mixing angle U2 consistent with the observed BAU for heavy
neutrino masses between 50MeV and 70TeV, as presented in figure 19. The three rows correspond
to different values of κ, κ ∈ {10−3, 10−6, 10−11}, respectively. The vanishing and thermal initial
conditions are shown by the ochre and turquoise lines, respectively. The continuous (dashed) lines
indicate positive (negative) values of the BAU. The grey shaded areas show the regions in which a
condition like the one in eq. (3.69) is no longer satisfied. The angle θR can be read off.
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Figure 35. Case 2) YB as function of U2 ·M for different values of the heavy neutrino mass M . The
splitting κ is fixed to 10−6. Light neutrino masses follow strong NO. The group theory parameters
n, u and v are chosen as n = 14, u = 1 and v = 3 corresponding to φu = π

14 and φv = 3π
14 . Both

negative (dashed lines) as well as positive (continuous lines) values of the BAU are represented. The
grey line indicates the observed value of the BAU, YB ≈ 8.6 · 10−11. The grey shaded area shows
the region in which a criterion similar to the one in eq. (3.69) is not fulfilled.
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F.3 Case 3 a) and Case 3 b.1)

For Case 3 b.1), we also provide further plots. In figure 36, we show the BAU with respect
to the splitting κ for different values of the Majorana mass M and of the angle θR and for
fixed values of the group theory parameters n, m and s, n = 20, m = 10 and s = 4. Light
neutrino masses follow strong NO. These plots correspond to those shown in figure 20 in
the main text for light neutrino masses with NO, but m0 non-zero. Similarly, we show in
figure 37 the BAU as function of κ for an odd value of s, namely s = 3, and light neutrino
masses with NO and m0 = 0.03 eV. These plots should be compared to those in figure 22 in
the main text, where we use the same choice of parameters, but assume that the lightest
neutrino mass vanishes. Figure 38 illustrates the behaviour of the BAU with s/n, treated
as continuous parameter, for a fixed value of M , θR, light neutrino masses with strong NO
and vanishing splitting κ (and λ). We assume s to be odd. Note that we use in this figure,
n = 20 and m = 8 in contrast to n = 20 and m = 10 as well as n = 50 and m = 24, as
employed in figure 23 in the main text. Figure 39 captures the dependence of the BAU on
the lightest neutrino mass m0 for a fixed value of M , n, m and s as well as κ = 0 (λ vanishes
anyway) and five different values of θR. Light neutrino masses follow NO. This figure can
be compared to figure 17, plot (a), for Case 2), found in the main text, and completes the
discussion of Case 3 b.1), m even and s odd and no splitting. We also show dedicated
plots for each value of the splitting κ in figure 40 in order to facilitate the comparison
between the results for vanishing and thermal initial conditions. These plots are combined
in figure 25 in the main text, where the results for the different values of κ are shown in
different colours. Lastly, in figure 41, we display the resulting BAU as function of U2 ·M
for several different values of the Majorana mass M and fixed values of κ as well as the
group theory parameters n, m and s and also a light neutrino mass spectrum with strong
NO. This figure complements the left plot in figure 25 in the main text. Furthermore, it
can be compared to corresponding figures for Case 1), see figure 10 in the main text, and
for Case 2), see figure 35 in appendix F.2.
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Figure 36. Case 3 b.1) YB as function of the splitting κ for a Majorana mass M = 1GeV (upper
left plot), M = 10GeV (upper right plot), M = 100GeV (lower left plot) and M = 1TeV (lower
right plot). For each of these choices, different values of θR have been studied. The group theory
parameters are set to n = 20, m = 10 and s = 4. Light neutrino masses have strong NO. For the
rest of the choices see figure 20.
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Figure 37. Case 3 b.1) YB as function of κ for a Majorana mass M = 1GeV (upper left plot),
M = 10GeV (upper right plot), M = 100GeV (lower left plot) and M = 1TeV (lower right plot).
For each of these choices, different values of θR have been considered. The group theory parameters
are fixed to n = 20, m = 10 and s = 3. Light neutrino masses have NO with m0 = 0.03 eV. For the
rest of the choices see figure 22.
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20 , s odd, = 0, m0 = 0 eV

A sin(3 s
n )

Figure 38. Case 3 b.1) YB as function of s
n , treated as continuous parameter, for a Majorana

mass M = 10GeV and a fixed value of θR, θR = π
11 . The splitting κ (and λ) vanishes. Light

neutrino masses have strong NO. We assume s being odd. The group theory parameters are fixed
to n = 20 and m = 8. The analytic expectation, arising from the CP-violating combination CDEG,α,
see eq. (6.50), is shown in black. The coefficient A is given by Max

[
|YB |

]
. Both negative (dashed

lines) as well as positive (continuous lines) values of the BAU are represented.
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Figure 39. Case 3 b.1) YB as function of the lightest neutrino mass m0 for a Majorana mass
M = 10GeV and for different values of θR in absence of the splitting κ (and λ). Light neutrino masses
have NO. The group theory parameters are fixed to n = 20, m = 10 and s = 3. For θR = 2π

11 , we
compare the numerical results (brown dashed curve) with the analytical expression A · y1y2(y2

1 − y2
2)

(continuous black line) with A ≈ −8.16 · 1031. This expression reflects the dependence of the BAU,
due to the CP-violating combination CDEG,α, on the couplings yf , compare eq. (6.50). Both negative
(dashed lines) as well as positive (continuous lines) values of the BAU are represented.
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Figure 40. Case 3 b.1) Range of total mixing angle U2 consistent with the observed BAU for heavy
neutrino masses between 50MeV and 70TeV, as presented in figure 25. The three rows correspond
to different values of κ, κ ∈ {10−3, 10−6, 10−11}, respectively. The vanishing and thermal initial
conditions are shown by the ochre and turquoise lines, respectively. The continuous (dashed) lines
indicate positive (negative) values of the BAU. The grey shaded area shows the region in which a
condition like the one in eq. (3.69) is no longer satisfied.
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Figure 41. Case 3 b.1) YB as function of U2 ·M for different values of the Majorana mass M . The
splitting κ is set to 10−6. Light neutrino masses follow strong NO. The group theory parameters n,
m and s are fixed to n = 20, m = 10 and s = 3. Both negative (dashed lines) as well as positive
(continuous lines) values of the BAU are represented. The grey line indicates the observed value of
the BAU, YB ≈ 8.6 · 10−11. The grey shaded area represents the region in which a criterion similar
to the one in eq. (3.69) is not fulfilled.
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G Additional formulae for CP-violating combinations

In this appendix, some of the formulae for CP-violating combinations for Case 2) and Case
3 a) and Case 3 b.1), respectively, are collected which turn out to be rather lengthy.

G.1 Case 2)

For s even and t odd, the expression for the CP-violating combination CLNV,α reads

CLNV,α = 1
9M

2
(

2y2 ∆σ12[(
y3
(
∆y2

12+∆y2
13 sin2θR

)
sinθL csR,−+y1

(
∆y2

23−∆y2
13 sin2θR

)
cosθL csR,+

)
cos φu,α2 cos φv2

−
(
y1
(
∆y2

23+∆y2
13 sin2θR

)
sinθL csR,−+y3

(
∆y2

12−∆y2
13 sin2θR

)
cosθL csR,+

)
sin φu,α2 cos φv2

+
(
y1
(
∆y2

23+∆y2
13 sin2θR

)
cosθL csR,−−y3

(
∆y2

12−∆y2
13 sin2θR

)
sinθL csR,+

)
cos φu,α2 sin φv2

−
(
y3
(
∆y2

12+∆y2
13 sin2θR

)
cosθL csR,−−y1

(
∆y2

23−∆y2
13 sin2θR

)
sinθL csR,+

)
sin φu,α2 sin φv2

]
−∆y2

13 [∆σ12+6∆σ23]
[((

y2
1 +y2

3
)

cos2θL sin4θR−2y1 y3 sin2θL cos4θR
)

cosφu,α+∆y2
13 sin4θR

])
.

(G.1)

G.2 Case 3 a) and Case 3 b.1)

For s odd and m even, the form of the CP-violating combination CLNV,α is given by

CLNV,α = 1
9
√

2
M2(

∆y2
12 [∆σ12 + 3 ∆σ23]

[
−2 y1 y2 sin 2 θL cos 4 θR +

(
∆y2

12 +
(
y2

1 + y2
2
)

cos 2 θL
)

sin 4 θR
]

cos 2φm,α

+6
√

2 y3 ∆σ23

[
y1 cos θL

(
∆y2

23 + ∆y2
12 cos 2 θR

)
cos θR

+y2 sin θL
(
∆y2

13 + ∆y2
12 cos 2 θR

)
sin θR

]
sin 2φm,α

+12
√

2 y3 ∆σ23

[
y2 cos θL

(
∆y2

13 −∆y2
12 cos 2 θR

)
cos θR

+y1 sin θL
(
∆y2

23 −∆y2
12 cos 2 θR

)
sin θR

]
sinφm,α sin 3φs

+12 y3 ∆σ23

[
−y1 sin θL

(
∆y2

23 + ∆y2
12 cos 2 θR

)
cos θR

+y2 cos θL
(
∆y2

13 + ∆y2
12 cos 2 θR

)
sin θR

]
sinφm,α cos 3φs

−2
√

2 ∆y2
12 [∆σ12 + 3 ∆σ23]

[
2 y1 y2 cos 2 θL cos 4 θR +

(
y2

1 + y2
2
)

sin 2 θL sin 4 θR
]

cosφm,α cos 3φs
+2 y1 y2 ∆y2

12 [∆σ12 + 3 ∆σ23] sin 2 θR cosφm,α sin 3φs + 2
(
∆y2

12
)2 [∆σ12 + 3 ∆σ23] sin 4 θR

)
.

(G.2)
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