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Abstract

We study symmetries of bases and spanning sets in finite element exterior calculus,
using representation theory. We want to know which vector-valued finite element
spaces have bases invariant under permutation of vertex indices. The permutations
of vertex indices correspond to the symmetry group of the simplex. That symmetry
group is represented on simplicial finite element spaces by the pullback action. We
determine a natural notion of invariance and sufficient conditions on the dimension and
polynomial degree for the existence of invariant bases. We conjecture that these condi-
tions are necessary too. We utilize Djokovi¢ and Malzan’s classification of monomial
irreducible representations of the symmetric group and show new symmetries of the
geometric decomposition and canonical isomorphisms of the finite element spaces.
Explicit invariant bases with complex coefficients are constructed in dimensions two
and three for different spaces of finite element differential forms.
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1 Introduction

The Lagrange finite element space over a simplex is easily defined for arbitrary polyno-
mial degree. The literature knows several canonical bases for higher-degree Lagrange
spaces, such as the standard nodal bases, the barycentric bases, and the Bernstein
bases [1, 3, 31]. A convenient feature of these canonical bases is their symmetry: the
bases do not change if we re-number the vertices of the simplex. Equivalently, they
are invariant under pullback along the affine automorphisms of the simplex.

While this convenient feature might easily be taken for granted, it fails to hold
for vector-valued finite element spaces, such as the Raviart-Thomas spaces, Brezzi—
Douglas—Marini spaces, and the Nédélec spaces of first and second kind [14, 37, 41].
Indeed, even finding explicit bases for these vector-valued finite element spaces is a
non-trivial topic and has only been addressed after the turn of the century [8, 9, 11, 22,
26, 34]. Whether an invariant basis of a given polynomial degree exists seems to be
an intricate question: for example, while no such basis exists for the space of constant
vector fields over a triangle, one easily finds such a basis for the /inear vector fields
over a triangle. What pattern emerges for higher polynomial degrees?

The purpose of this article is to address this question: we present a natural notion of
invariance and study the existence of invariant bases for vector-valued finite element
spaces. As we demonstrate in this article, the existence of such bases seems to depend
on the polynomial degree and the dimension. We identify sufficient conditions on
these parameters for different families of finite element spaces, and we conjecture
that these conditions are also necessary. To the author’s best knowledge, no prior
contributions to this fundamental topic exist. We use a novel connection between
finite element methods and group representation theory, and a recursive construction
of geometrically decomposed bases that is of independent interest. In what follows,
we summarize the results and their prospective applications.

We adopt the framework of finite element exterior calculus (FEEC, [8]), which
translates vector-valued finite element spaces into the calculus of differential forms.
FEEC provides a unifying perspective on numerous aspects of finite element theory
previously only known for special cases, such as convergence estimates [4, 6, 7, 10],
approximation theory [17, 28, 32, 33], and a posteriori error estimation [20].

The fundamental connection to representation theory is as follows. Every permu-
tation of the vertices of a simplex corresponds to a unique affine automorphism of
that simplex, and the pullback along that automorphism acts on differential forms.
Associating permutations to pullbacks in this manner preserves the group-structure.
Hence, representation theory enters the picture naturally: the permutation group is
represented by the pullback operation over differential forms.

It turns out that a satisfying theory of invariant bases involves complex coefficients.
Thus, our notion of invariance in this article means invariant under the action of the
symmetric group up to multiplication by complex units. In the language of represen-
tation theory, we are interested under which conditions the action of the symmetric
group can be represented by monomial matrices with real or complex coefficients
[38]. The transition to complex numbers reveals interesting structures: for example,
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the constant complex vector fields over a triangle have a basis invariant up to multi-
plication by complex roots of unity. The language of differential forms is essential for
our exposition.

At the heart of our analysis is a new recursive construction of finite element bases,
which is interesting in its own right. We construct invariant bases for finite element
spaces of higher polynomial degree via reduction to the case of lower polynomial
degree. For that purpose, we analyze how simplicial symmetries interact with two
fundamental concepts in finite element exterior calculus. On the one hand, we recall
the geometric decomposition of the finite element spaces [9],

PrAN(T) = @ extyy PoAR(F), Prak (1) = @) exty’s Pr Ak (F).
FCT FCT

We prove that the traces and extension operators commute with the pullbacks along
simplicial symmetries. In particular, the geometrically decomposed bases are invariant
if the individual summands are. Therefore, we can construct geometrically decom-
posed invariant bases from invariant bases with boundary conditions. On the other
hand, we recall the canonical isomorphisms over an n-dimensional simplex 7T [8],
namely,
PrAX(T) = P AR, Py ANT) = Prppr A"H(D).

These isomorphisms are natural in the sense that they preserve the canonical spanning
sets [34]. We prove that they commute with the simplicial symmetries up to signs and
thus preserve invariant bases. In particular, we get invariant bases for finite element
spaces with boundary conditions from invariant bases for finite element spaces of gen-
erally lower polynomial degree. Combining these two ideas, we recursively construct
invariant bases, using invariant bases that we have discovered in the necessary base
cases.

The aforementioned base cases refer to the finite element spaces of lowest polyno-
mial degree, that is, constant fields. Djokovi¢ and Malzan’s classification of monomial
irreducible representations of the symmetric group [21] shows that invariant bases for
constant fields exist only in special cases: the scalar and volume forms, the constant
differential forms up to dimension 3, and constant 2-forms over 4-simplices. We out-
line the invariant bases for constant fields, using vector calculus notation. Let us write
A; for the barycentric coordinate associated to the i-th vertex of a tetrahedron or a
triangle.

Over a tetrahedron, the three vector fields

Yw = VAo — VA1 + VA2 = VA3, ¥, =Vig+ VA — Vi — Va3,

1
Yr =Vio— VA — VA + VA3 M

are a basis for the constant vector fields, invariant up to signs under renumbering of
vertices. Similarly, the three constant cross-products

1/fw X I/,pﬂ 1//w X Wk’ Iﬂp X 1//]( (2)
Elol:';”
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are a basis for the constant pseudovector fields over a tetrahedron, again invariant up
to signs under renumbering. Over a triangle, the transition to complex coefficients
reveals that the two constant vector fields

Oy = Vg + €273V + 7273V ),,

01 = Vg + e 273V + 273V, @
are a basis for the complex constant vector fields, invariant under renumbering of
vertices up to cubic roots of unity. We will also encounter a basis for the constant
bivector fields over a four-dimensional hypertetrahedron invariant up to quartic roots
of unity.

Starting from these base cases, we recursively construct bases for finite element
spaces of differential forms. Inspection of the base cases then reveals whether the con-
struction yields bases invariant up to complex units or even up to signs: this generally
depends on the simplex dimension and the polynomial degree.

As a convenience for the reader, we summarize the application of our theory to
common (real-valued) finite element spaces below. Here, we use the language of vector
analysis and the following notation: A; is again the barycentric coordinate associated
with the i-th vertex, ¢;; and ¢; jx are Whitney forms with the respective index sets, and
A(r, n) are the multiindices of weight r in the indices {0, 1, ..., n}; see also Sect. 2.
The following finite element spaces have bases that are invariant up to sign changes
under reordering of the vertices:

The Brezzi—Douglas—Marini space of degree r over a triangle T,
BDM, (T) := span{ A*VA; |a € A(r,2),0<i <2}

if r ¢ 3Np.
— The Raviart-Thomas space of degree r over a triangle T,

RT,(T) := span{ A%}, |a € A(r —1,2),0<i < j <2}
if r ¢ 3N + 2.

— The divergence-conforming Brezzi—-Douglas—Marini space of degree r over a
tetrahedron T,

BDM, (T) := span{ A*VA; x Viilae€eA(r,3),0<i<j=<3}
ifr €{0,1,2,4,5,8}.
— The divergence-conforming Raviart-Thomas space of degree r over a tetrahedron
T’
RT,(T) :=span{ A¢;jx | € A(r —1,3),0<i < j <k <3}
ifr €{0,1,2,3,4,6,7,10}.
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— The curl-conforming Nédélec space of the first kind of degree r over a tetrahedron
T7

Nd™(T) := span{ \%¢;j ¢ € A(r —1,3),0<i < j <3}

ifr€{0,1,3,4,7}.
— The curl-conforming Nédélec space of the second kind of degree r over a
tetrahedron 7,

Ndfnd(T) :=span{ A*VA; |a € A(r,3),0<i <3}

ifr e{0,1,2,4,5,8).

However, the complex-valued versions of these finite element spaces have bases
invariant up to multiplication by cubic roots of unity, irrespective of the polynomial
degree.

We conjecture that the above list of invariant bases is exhaustive and discuss some
partial results in that regard. As we show, if an invariant basis is already geometri-
cally decomposed, in an intuitive sense formalized in the article, then we can reverse
the recursive argument. For example, a basis of P3A!(T') over a triangle cannot be
geometrically decomposed and invariant up to signs because otherwise we could con-
struct a basis of Py A! (T) invariant up to signs. Similarly, a geometrically decomposed
basis of P, A!(T) over a tetrahedron that is invariant up to signs gives rise to a basis
of P, A'(F) over a face F invariant up to signs. More generally, the recursive argu-
ment gives necessary conditions on bases to be both geometrically decomposed and
invariant up to signs. This does not rule out the existence of bases invariant up to signs
that are not geometrically decomposed.

Bases for finite element spaces have been the subject of research for a long time.
Bases for vector-valued finite element spaces, such as Brezzi—-Douglas—Marini spaces,
Raviart-Thomas spaces, or Nédélec spaces have been stated explicitly only very
recently [8, 9, 11, 22, 26, 34]. The choice of bases influences the condition numbers
and sparsity properties of finite element matrices [3, 12, 42]. The present contribu-
tion continues previous research on bases and spanning sets in finite element exterior
calculus [34].

The invariance of bases under renumbering of the vertices is a fundamental aspect
of finite element spaces. It is not an issue for scalar-valued finite element spaces
but becomes highly nontrivial for vector-valued finite element spaces, and no prior
publication systematically discusses this topic. We remark that the seminal article of
Arnold, Falk, and Winther [8] utilized techniques of representation theory to classify
the affinely invariant finite-dimensional vector spaces of polynomial differential forms.

Invariant bases are not only theoretically interesting but also of natural practical
interest. Suppose that the triangulation has a significant share of regular triangles or
tetrahedra: if the bases exhibit the same geometric symmetries, then redundancies in
the matrix coefficients can further reduce the assembly time of the local high-degree
finite element matrices and, perhaps more importantly, their memory footprint. More-
over, preliminary calculations indicate that invariant bases have natural orthogonality
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relations in such highly regular settings; see also Example 5. This hints at good con-
ditioning of the bases in broader, more common settings when the triangulations are
less regular. While we rely on a recursive basis construction, we notice that certain
recursive structures already enable fast algorithms for finite element operators [30,
31] (see also [1]), to reduce the computational complexity of higher-degree methods.

Finite element bases with complex coefficients presumably suit best where complex
coefficients emerge naturally, such as numerical electromagnetism or complex-shifted
Laplacian Helmholtz solvers [18]. Apart from computational studies, future research
will study symmetric bases on cubical finite element spaces [4, 5, 25] and the interac-
tion of simplicial symmetries with resolutions of finite element spaces [15]. Moreover,
constructing symmetric degrees of freedom is a natural follow-up endeavor [2].

Some aspects of our analysis are of broader interest in representation theory. Our
recursive construction showcases new aspects of the representation theory of the sym-
metric group. The notion of monomial representation is central to our contribution.
However, monomial representations do not seem to be a standard topic in introductory
textbooks on representation theory, and only few articles approach constructive aspects
of monomial representations (see [39, 40]). We also remark that groups of monomial
matrices over finite fields have found use in cryptography and coding theory [24]. The
representation theory of groups has had various applications throughout numerical
and computational mathematics, such as in geometric integration theory [16, 36, 45]
and artificial neural networks [13]. Our application of representation theory in finite
element methods adds a new entry to that list.

The remainder of this work is structured as follows. Important preliminaries on
combinatorics, exterior calculus, and polynomial differential forms are summarized
in Sect. 2. We review elements of representation theory in Sect. 3. In Sect. 4, we estab-
lish first results on the coordinate transformation of polynomial differential forms.
In Sect.5, we study invariant bases and spanning sets for lowest-degree finite ele-
ment spaces. We discuss the symmetry properties of the canonical isomorphisms in
Sect. 6. We discuss extension operators, geometric decompositions, and their symme-
try properties in Sect. 7. Putting these results together, Sect. 8 discusses the recursive
construction of invariant bases.

2 Notation and Definitions

We introduce and review notions from combinatorics, simplicial geometry, and differ-
ential forms over simplices. Parts of this section summarize results in [34]. We refer
to Arnold, Falk, and Winther [8, 9] and to Hiptmair [27] for further background on
polynomial differential forms.

2.1 Combinatorics
Form,n € Z, we write [m : n] = {i € Z | m <i < n}, which may be the empty set,

andlete(m,n) = lifm < nand e(m,n) = —1 if m > n. The set of all permutations
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of [m : n] is written Perm(m : n) and we abbreviate Perm(n) := Perm(0 : n). We let
€(m) € {—1, 1} be the sign of any permutation = € Perm(m : n).

We write A(n) for the set of multiindices over [0 : n], that is, the set of functions
a :[0:n] — Ny. For any o € A(n),

|| := Za(i), [l :=={ie[0:n]|a@l@) >0},
i=0

and we let |«] denote the minimal element of [«] provided that [¢] is not empty,
and o] := oo otherwise. We let A(r, n) be the set of those « € A(n) for which
|| = r. The sum o + 8 of &, 8 € A(n) is defined in the obvious manner. We let
8p : Z — Nbe the function that equals 1 at p and is zero otherwise. Whena € A(r, n)
and p € [0 : n], then @ + p € A(r + 1, n) is notation for o + §,,. Similarly, when
p € a],thena — p € A(r — 1, n) is notation for & — §,.

Welet X'(a : b, m : n) be the set of strictly ascending mappings from [a : b] to [m :
n]. We call those mappings alternator indices. By convention, X (a : b, m : n) := {{J}
whenever a > b. Forany o € ¥ (a : b, m : n), we let

[o]:={o@)|i€la:D]},

and we write |0 | for the minimal element of [o] provided that [o] is not empty,
and |o] := oo otherwise. Furthermore, if ¢ € [m : n]\[o], then we write ¢ + ¢
for the unique element of X(a : (b + 1),m : n) with image [o] U {g}. In that
case, we also write €(g, o) for the sign of the permutation that sorts the sequence
q,0(a),...,o(b) in ascending order, and we write €(o, g) for the sign of the per-
mutation that sorts the sequence o (a), ..., o (b), g in ascending order. Note also that
€(o,q) = (—1)b"‘e(q, o). Similarly, if p € [o], then we write o — p for the unique
element of X'(a : b — 1, m : n) with image [o] \ {p}.

We abbreviate X' (k,n) = X (1 : k,0: n) and Xo(k,n) = X0 : k,0:n). If nis
understoodand k, [ € [0 : n],thenforanyo € X' (k, n) wedefinec® € Xo(n—k, n) by
the condition [0 ]U[c¢] = [0 : n],and forany p € Xy (I, n) we define p¢ € X' (n—I[, n)
by the condition [p] U [p¢] = [0 : n]. In particular, 0 = o and p“ = p. We
emphasize that ¢ and p¢ depend on n, which we suppress in the notation. When
o € Y(k,n)and p € Xy, n) with [c] N [p] = @, then €(o, p) is the sign of the
permutation ordering the sequence o (1), ..., o (k), p(0), ..., p(l) in ascending order.

More generally, when 7 : [a : b] — [m : n] is an injective function, then we let [t]
be the range of t, and we let €(t) € {—1, 1} be the sign of the permutation that sorts
the sequence 7(a), ..., T(b) in ascending order.

2.2 Simplices

Let n € Ny. An n-dimensional simplex T is the convex closure of pairwise distinct

affinely independent points vOT ,..., vl in Euclidean space, called the vertices of T.

We call F C T a subsimplex of T if the set of vertices of F is a subset of the set of
vertices of T. We write 1 (F, T): F — T for the set inclusion of F into T'.

Elol:';”
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As an additional structure, we assume that the vertices of all simplices are ordered.
For simplicity and without loss of generality, we assume that all simplices have vertices
ordered compatibly to the order of vertices on their subsimplices. Suppose that F is an
m-dimensional subsimplex of T with ordered vertices vé: S, vnf . With a mild abuse
of notation, we let 1 (F', T') € Xo(m, n) be the strictly ascending mapping defined by
v r.1y = Vi - Here, each vertex index of F is mapped to the corresponding vertex

index of T'.

2.3 Barycentric Coordinates and Differential Forms

Let T be a simplex of dimension n. Following the notation of [8] and letting k € Z, we
denote by A¥(T') the space of differential k-forms over T with real coefficients whose
derivatives of all orders are smooth and bounded. Recall that these mappings take
values in the k-th exterior power of the dual of the tangential space of the simplex 7.
Inthe case k = 0, the space ANT) = C®(T)is just the space of smooth functions over
T with uniformly bounded derivatives. We use that AK(T) = {0} unless 0 < k < n
without further mention.

We write RAK(T) = AX(T) and let CA¥(T) denote the complexification of
RAK(T). All the algebraic operations defined in the following apply to CAK(T)
completely analogously.

We recall the exterior product w A n € AX(T) for w € AX(T) and n € AXT)
and that it satisfies w A 7 = (=DM A w. We let d: AX(T) — AFT1(T) denote the
exterior derivative. Tt satisfies d (w A ) = dw A + (—=D*w A dn for € AX(T)
andn € AL(T). We also recall that the integral f p @ of a differential n-form over T is
well-defined upon the choice of any orientation of the simplex 7.

The barycentric coordinates AL, ..., k,{ e A%(T) are the unique affine functions
over T that satisfy the Lagrange property

M) =8;, i.jel0:nl )

The barycentric coordinate functions of T are linearly independent and constitute a
partition of unity:

L=a +--- a5 5)

We write d)»g , dAlT, ey d)\,{ € A!(T) for the exterior derivatives of the barycentric
coordinates. These are differential 1-forms and constitute a partition of zero:

0=drl +---+drl. (6)

It can be shown that this is, up to scaling, the only linear dependence between the
exterior derivatives of the barycentric coordinate functions.
Several classes of differential forms over T that are expressed in terms of the
barycentric coordinates and their exterior derivatives. When r € Ng and o € A(r, n),
Elol:;ﬂ
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then the corresponding barycentric polynomial over T is
n
2 =TI, )
i=0

Whena,b € Ngpando € X(a : b, 0 : n), the corresponding barycentric alternator is
dAl s=dal gy A ARl ®)

Here, we treat the special case o = ) by defining dA = 1.
Whenevera, b € Ngand p € X' (a : b, 0 : n), then the corresponding Whitney form
is

$p = D €p.p—phrydi_,. ©)
pelpl

In the special case that p: [0 : n] — [0 : n] is the single member of Xy(n, n), we

write ¢7 := ¢, for the associated Whitney form. In what follows, the polynomials (7)

and their products with (8) and (9) are called barycentric differential forms over T .
We simplify the notation whenever there is no danger of ambiguity:

A=Ay

— — T T T
oA =25, dio=drl, A=Al ¢, =0l
With our choice of notation, the simplex T is always a superscript except for the
barycentric monomials.

2.4 Traces

Let T be an n-dimensional simplex and let ¥ € T be an m-dimensional subsimplex
of T. The trace from T to F is the mapping trr r: Ak(T) — Ak(F), which is the
pullback along the inclusion 1 (¥, T): F — T introduced above. The trace commutes
with the exterior derivative: trr r dw = dtrr o forall w € AR(T).

The trace does not depend on the order of the vertices. However, taking into account
the ordering of the vertices provides explicit formulas for traces of barycentric differ-
ential forms. Write [: (F, T)] for the set of indices of those vertices of T that are also
vertices of F.

Consideri € [0: n]. Ifi ¢ [1(F, T)], then viT is a vertex of T that is not in F, and
in that case trr f AiT = 0. Ifinstead i € [¢(F, T)], then there exists j € [0 : m] such
thati = 1(F, T)(j), and in that case trr r kiT = )\f. Analogous observations hold for
the exterior derivatives of the barycentric coordinates.

Let o € A(r, n) be a multiindex. If [«] g [:(F, T)], then trr r A% = 0. If instead
[@] € [i(F, T)], then there exists a unique @ € A(r, m) with@ = o o 1(F, T), and
hence

trr g AG = A% (10)
Elol:';”
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Leto € X(a : b, 0 : n)be analternatorindex. If [o'] SZ [1(F,T)],thentrr d)»g =0.
If instead [0] C [:(F, T)], then there exists a unique ¢ € X(a : b,0 : m) with
1(F,T) o0 = o, and then

trr. F d)»g =dif trr. F qﬁ; = (255. (11

o 9
2.5 Finite Element Spaces over Simplices

This subsection summarizes results about spanning sets and bases in finite element
exterior calculus. Consider an n-dimensional simplex 7', a polynomial degree r € Z,
and a form degree k € Z. Suppose that either F = R or F = C. We introduce the sets
of polynomial differential forms

SP, AK(T) := | 32dil o e A(rn), o € Dk, n) } (12a)

SP=ANT) = { 257 ‘ a € A(r—1,n), pe Sok,n) } (12b)
ok . aa.T | ¢ €A, n), o € X(k,n),

SB, AX(T) = { M) | 10 ] } (12¢)
— 1k R a T (XEA(V—LI’!), PEEO(kJ?),

SP=AKT) = { R e } (12d)

These are important spanning sets: the linear hulls' of the first two sets give rise to
the standard finite element spaces of finite element exterior calculus with coefficients
in the field [F:

FP, AK(T) := spang SP, AX(T), FP- AK(T) := spany SP~ AX(T).
Requiring the traces to vanish along the simplex boundary defines subspaces
FP, AK(T) = [ w € FP, AX(T) ‘ VECT : ttrpw=0 } ,
FB- AX(T) := { w € FP=AK(T) ‘ VECT ttrpw=0 } .
We know explicit spanning sets for these spaces as well. When r > 1, then
FP, AK(T) = spanp SP, AK(T), FP-AX(T) = spany SPAK(T).
The first equation is also true when r = 0 and k < n, and the second equation is also

true when r = 0; the vector spaces are trivial in those cases. The sets (12) are called
the canonical spanning sets.?

! These linear hulls are trivial if » < 0 or k ¢ [0:n].

2 This is a minor abuse of terminology: the space IF7°30A" (T') is one-dimensional but the corresponding set
SPyAK(T) is empty.
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The canonical spanning sets are generally not linearly independent and hence not
bases. However, further constraining the indices in the canonical spanning sets pro-
duces the following bases (see [34]). When r > 1, we define the sets of barycentric
differential forms

BP, AX(T) = | 39dAT ‘[‘Oj 2([;’]”)’ o€ Xk n), } (14a)
BP7 ANT) == | 29T (Efoj Q(ij 1,n), p € ok, n), , (14b)
LUOE LA AP fofhal S B
st 0= |5 [ 520 TS B | e

A particular feature of these bases and spanning sets are their inclusion relations. On
the one hand, the bases are subsets of the spanning sets,

BP, AK(T) € SP, AXN(T), BP7ANT) € SP7ANT),
BP, AK(T) € SP,AKT), BP. AKNT) € SPAKT).

On the other hand, the generators for the spaces with boundary conditions are contained
in the generators for the unconstrained spaces,

SP, AK(T) € SP,ANT), SP7AKT) € SPANT),
BP, AK(T) € BP, AN(T), BP7 AX(T) € BP AK(T).

For any 0 € X'(k,n) and p € Xy(k, n) we let the bubble functions Ag € Pr(T) and
AL € Piy1(T) be defined by

T ._ 4T T T T ._ 4T T T
Ao = Aot Aowyr Ao = Ao o) Aoy

Note how this also defines the bubble functions Agg and Agc. With those bubble func-
tions, we get yet another, explicit definition of the spanning sets (12) and bases (14)
for the spaces with vanishing boundary traces:

SP,AK(T) = { MLl

BeAr—n+k—1,n), o€ Sk n) } (15a)

BB, AKT) = { 28T drl (15b)

BeA(r—n+k—1,n), o € X(k,n) }
[B] = [o°], ’

SP=ANT) = { 2T 0! ‘ BeA(r—n+k—1,n), pe Sotk,n) } (15¢)

r | BeAr—n+k—1,n), pe Xolk,n) }

5= Ak (7y = | 3BT
B ANT) = apagedn | 1,

(15d)
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In the remainder of this document, we do not explicitly mention the field F when there
is no danger of ambiguity.

Remark 1 The above bases and spanning sets for P, AK(T) and ’ﬁr_ AK(T) are intro-
duced in [8] and [9]. The above bases and spanning sets for P, AK(T) and 75r AX(T) are
discussed in [8], whereas [9] introduces different bases. This subsection summarizes
[34, Section 4], which contributes alternative proofs.

3 Elements of Representation Theory

In this section, we gather elements of the representation theory of finite groups. We keep
this rather concise and refer to the literature [ 19, 23,29, 43, 44] for thorough expositions
on representation theory. We are particularly interested in the notions of irreducible
representations, induced representations, and monomial representations. While the
first two concepts are standard material in expositions on representation theory, the
notion of monomial representation seems to have attracted much less attention yet.

Throughout this section, we fix a finite group G. The binary operation of the group
is written multiplicatively. We let e € G denote the identity element of G and we let
g~ ! € G be the inverse element of any g € G. Furthermore, we fix F € {R, C} in this
section to be either the field of real numbers or the field of complex numbers. For any
vector space V over I, we write GL(V) for its general linear group.

A representation of G is a group homomorphismt : G — GL(V) from G into the
general linear group of a vector space V. Necessarily, v(¢) = Idy and forall g,k € G
we have t(gh) = t(g)t(h) and t(g)~! = v(g~"). The dimension of t is defined as
the dimension of V, and the representation v is called finite-dimensional if V is finite-
dimensional. A representation is called faithful if it is a group monomorphism, that is,
only the unit of the group is mapped to the identity.

We call two representations ¢ : G — GL(V) and s : G — GL(V) equivalent if
there exists an isomorphism J : V — V such that s(g) = Jle(g)J forall g € G.
In many circumstances, we are only interested in features of representations up to
equivalence.

Example 1 The most important example of a group in this article is the group Perm(a :
b) of permutations of the set [a : b] for some a, b € Z. The binary operation of the
group is the composition. We also recall the cycle notation: when x1, x2, ..., x, €
[a : b] are pairwise distinct, then m := (x1x2...x,) € Perm(a : b) is the unique
permutation that satisfies

w(x) =x2, mwx2) =x3, ... 7w(xm) =x1

and leaves all other members of [a : b] invariant.

Example 2 Let G be any group and let V be any vector space over the field F. Then the

mapping t : G — GL(V) that assumes the constant value Idy is a representation of

G. This basic but important example is the so-called trivial representation of G. For

another basic example, recall that every group G generates the vector space V = F¢
Elol:;ﬂ
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over . The mapping ¢t : G — GL(V) such that v(g)h = ghforall g,h € Gisa
representation of G.

3.1 Direct Sums, Subrepresentations, and Irreducible Representations

We want to compose new representations from old representations. One way of doing
sois the direct sum. Letv : G — GL(V) ands : G — GL(W) be two representations
of G. Their direct sum

t®ds:G—>GL(VaW)
is another representation of G and is defined by
(t®s)g) (v, w) = (t(g)v,s(Qw), ge€CG, W.w)eVeW.

The definition of the direct sum extends to the case of more than two direct summands in
the obvious manner. We are interested in how to conversely decompose a representation
into direct summands. To study that topic, we introduce further terminology.

Lett: G — GL(V) be a representation. A subspace W C V is called t-invariant
if t(g)W = W for all g € G. Examples of v-invariant subspaces are V itself and
the zero vector space. We call the representation t irreducible if the only v-invariant
subspaces of V are the zero vector space and V itself; otherwise, we call v reducible.

Suppose that W C V is an t-invariant subspace. Then there exists a representation
t" © G — GL(W) in the obvious way. We call V' a subrepresentation of t. The
following result is known as Maschke’s theorem [35].

Lemma1 Let vt : G — GL(V) be a finite-dimensional representation of G. Then
there exist v-invariant subspaces Vi, ..., Vy, €V such that

V=VidV® @&V, t=t"dt"2@® . .dc",

and such that each ©vi is irreducible.

Proof 1If v is irreducible, then there is nothing to show. Otherwise, there exists an t-
invariant subspace W C V that is neither V itself nor the trivial subspace. We let
P :V — W C V be any projection of V onto W. Since G is finite, we can define the
linear mapping

S: V>V, vie |G Zt(h)_lP(t(h)v).
heG

One verifies that S is again a projection onto W. Furthermore, we see that S(t(g)v) =
t(g)S(v) forall g € G and v € V. So ker(S) is v-invariant. Since V = W & ker(S)
by linear algebra, we decompose V into the direct sum of two non-trivial v-invariant
subspaces. One then sees that t is the direct sum of the representations of G over these
subspaces. Since V is finite-dimensional, an induction argument over the dimension
of V shows the claim. O
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3.2 Restrictions and Induced Representations

Let H C G be a subgroup of G. We recall that the cardinality of H divides the
cardinality of G, and that the quotient |G|/| H| is called the index of H in G. Then we
have a representation vty : H — V that is called the restriction of ¢ to the subgroup
H. Generally, we cannot recover the original representation from its restriction to a
subgroup. However, there exists a canonical way of inducing a representation of a
group from any given representation of one of its subgroups.

Suppose that we have a representation s : H — GL(W) of the subgroup H over
the vector space W. First, we let g1, g2, ..., gu be any list of representatives of the
left cosets of H in G, that is,

{e1H,22H,...,guH} ={gH | g € G},

where necessarily M = |G|/|H| is in the index of H in G. We recall that for every
g € G there exists a unique permutation 7, € Perm(1 : M) such that gg; € g;;)H.
More specifically, there exists a unique hg; € H such that gg; = g:()hg,i- We now
define the vector space

and define a representation t : G — GL(V) by setting componentwise
v@)(wi, ..., wm)i) =85hgDw;,, 1<i<M, wy,...,wyeW.
In other words,

t(g)(U)], ey wM) = (s(hg’r—l(l))wf—l(l), ey s(hg!r—l(M))wr—l(M)) .

We call this the induced representation. Conceptually, V consists of M copies of W,
each associated to a coset representative g;, and the induced representation first applies
the initial representation of H componentwise and then permutes the components.
We remark that the induced representation as defined above depends on the choice
of representatives gi, g2, ..., gu of the left cosets. Different sets of representatives
lead to different induced representations; however, all those different representations
are equivalent. Hence, technically, the literature defines induced representations only
up to equivalence. We refer to [43, Chapter 12.5] for further background and details.

3.3 Monomial Representations and Invariant Sets

A square matrix is called monomial, or generalized permutation matrix, if it is the

product of a permutation matrix and an invertible diagonal matrix. Hence, monomial

matrices are the invertible matrices that have the non-zero pattern of a permutation
Elol:;ﬂ
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matrix. A group representation t : G — GL(V) is called monomial if there exists a
basis of V with respect to which t(g) is a monomial matrix for each g € G.

A representation of G is called induced monomial if it is induced by a one-
dimensional representation of a subgroup H of G. It is easy to see that every induced
monomial representation is monomial. We remark that many authors use the term
monomial for what we call induced monomial. For irreducible representations, being
monomial and being induced monomial are equivalent [19, Corollary 50.6].

Lemma 2 [f the representation v is irreducible and induced monomial, then t is
monomial.

We now introduce the notion of invariance that is central to the following studies. To
the author’s best knowledge, the following is not standard terminology in the literature
of representation theory. Suppose that @ C V is a set of M pairwise different vectors
of V,

Q={wi,...,ou}.

We say that Q is F-invariant under v if for every g € G there exists a permutation
T € Perm(1 : M) and a sequence of complex units xp, ..., xu € F such that

v(@w; = xiwri), 1<i<M.

We notice that any R-invariant subset of a real vector space gives rise to an R-invariant
subset of the complexification of that vector space.

4 Notions of Invariance

In this section, we connect the preceding elements of representation theory with finite
element exterior calculus. We identify the pullback of barycentric differential forms
along the affine automorphisms of a simplex as a representation of the symmetric
group. Here and in all subsequent sections, we let F € {R, C} be arbitrary unless
mentioned otherwise.

We are particularly interested in the affine automorphisms of a simplex. Suppose
that T is an n-simplex with vertices vy, ..., v,, respectively. For any permutation
7w € Perm(n), there exists a unique affine diffeomorphism S, : T — T such that

Sﬂ(vi) = vn_l(i)'
We let Sym(7") denote the symmetry group of T, which is the group of all affine

automorphisms of 7 and whose members we call simplicial symmetries. We say> that
the permutation 7 induces the simplicial symmetry Sy .

3 When Sym(T') carries the composition as binary group operation, then the association 7 +— Sy is not a
group homomorphism but a so-called antihomomorphism..
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Since the simplicial symmetries are also diffeomorphisms, we can pullback dif-
ferential forms along them. In the terminology of representation theory, we have
representations

¢ : Perm(n) — GL (]FAk(T)> s ST (16)

that map permutations to the pullbacks along the corresponding simplicial symmetries.
We briefly verify that this is indeed a representation of the group Perm(n). For w, u €
Perm(n) we see

S;-[OM(U{) = v(?‘[opb)_l(i) = vp,_]n_](i) = Sﬂ(vn_l(i)) = S/L(Sn (Ui)).
Hence, Syo, = 5,57 Consequently,

ko = (SuSz)" = Sisz.

ol T

So the mapping (16) does indeed define a group homomorphism and thus is a
representation of Perm(n). Of course, this representation is not finite-dimensional.

We are interested in the subrepresentation of the permutation group over spaces of
polynomial differential forms. We prepare this with several observations regarding the
pullback operation on barycentric differential forms along S, . For any m, n € Z, we
write 8,, , for the Kronecker delta. For all i, j € [0 : n], we observe that the pullback
of the barycentric coordinates satisfies

T T T
(S;)“i ) W) =27 (Sx) =47 (Va-1() = 8ia1(j) = r(i0.j
Since the pullback along affine mappings preserves affine functions,
T T T T T
Sxa; = Aziiy Srda; =dSia; = dAziy- 17)

It follows that for any multiindex & € A(n) we have

n

ald) & ald) & a(=l@) -
sirg =Si () =T1020)" =T1() =27 18)

i=0 i=0 i=0

For describing the pullback of barycentric differential forms along symmetry trans-
formations, it suffices to consider basic alternators and Whitney forms. That is the
content of the following two auxiliary lemmas.

Lemma3 Letk € [1:n)], 0 € ¥(k,n) and & € Perm(n). Then
S*drl = e(mo)dal, (19)

where o € X (k, n) such that [6] = [mo].
Elol:;ﬂ
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Proof We observe that

Skdaf = SEdal gy A ASEAR

o2

= dk;a(l) AERRWA dk;g(k) = e(na)d)vg(l) AERRWA d)%(k) = e(na)d)\g.

Here, we have used that € (;m o) is the sign of the permutation that brings the sequence
wo(1),mo(2),...,mo (k) into ascending order. O

Lemma4 Letk € [0:n], p € Xo(k,n) and 7 € Perm(n). Then
Sipl = e(mp)ph. (20)

where p € Xo(k, n) such that [p] = [7p].

Proof When p € [p], then [z (0 — p)] = [p — 7w (p)]. Using the definition of Whitney
forms, the preceding lemma, and a combinatorial identity to be proven shortly,

Sigpl =Y e(p.p—p) (S?;MT,) (S?id/\,f_p)

Pelpl
_ - —pnaldak
= Y ep.p—pe@(po — pHrt,dil_r,
pelp]
— I~ T T _ T
= 2 €@pe((p), P = T(PVAz(pdrsn(p) = ETPIG5
PElpl

We have used e (mp)e(m(p), p—m(p)) = €(p, p— p)e(mw(p — p)), which is shown as
follows. Fix p € [p]. Starting with the sequence p(0), p(1), ..., p(k), a permutation
of sign €(p, p — p) moves p to the front of the sequence, and after applying 7 to each
sequence entry, a permutation of sign € (7 (p — p)) sorts the last k entries in ascending
order. That resulting sequence can also be constructed in a different way. Namely, we
apply 7 to each entry of the initial sequence and let a permutation of sign € (7 p) sort
the sequence wp(0), mp (1), ..., mp(k) in ascending order; then a permutation of sign
e(m(p), p — m(p)) moves the entry 7 (p) to the front position. m]

These observations suffice to completely describe the transformation of barycen-
tric polynomial differential forms along affine diffeomorphisms. Evidently, the finite
element spaces studied in this article are invariant under the representation of the
permutation group. We have subrepresentations

¢ : Perm(n) — GL (IFP,A"(T)) . t:Perm(n) — GL (]FP,‘A" (T)) ,

t: Perm(n) — GL (FﬁrAk(T)) . t:Perm(n) — GL (JF?S;A"(T)).

Now we apply the notion of F-invariant set introduced in the preceding section. We

say thataset Q@ C FP, Ak (T) is F-invariant if it is F-invariant under the representation

t. To get a feel for this notion of invariance, we provide a few examples. None of the
following observations are a technical challenge.
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Lemmab5 Let ko,r € 7 and roz 0. The canonical spanning sets SP,A"(T),
SP-ANT), SP, AK(T), and SP; A¥(T) are R-invariant.

Proof This follows from the definitions of these sets together with (18), (19), and (20).
O

Lemma6 Let k € Z. The basis BPI_A/‘(T) of the lowest-degree Whitney k-form is
R-invariant.

Proof This follows from Lemma 5 since BP; AK(T) = SP; AR(T). O

Lemma7 Letr € N. We have R-invariant bases

BP,ANT), BP-ANT), BP,A™T), BP-A™T),
BP,ANT), BPANT), BP,A™T), BP-A™T).

Proof Let r > 1. In regard to O-forms, definitions imply the identities

BP,ANT) = SP,ANT) = SP7AYT) = BP A%(T),
BP, AYT) = SP,AYT) = SP A%T) = BP A%T).

In regard to n-forms, one can show that

BP, A™(T) = BP, A(T) = SP, A"(T),
BP- AM(T) = BP~ A™(T) = SP~A™(T).

To see the latter two equations, we note that Xy(n, n) has only a single member p,
which satisfies [p] = [0 : n]. To see the former two equations, we recall that if
o € A(r,n)and o € X (n, n) with |«] € [o], then there exist unique s € {1, —1} and
g € [0 : n]\[o]suchthatdA,_|y|+4 = sdAs. Moreover, [0 —|a]+g]U[a] = [0 : n].
Thus, A dkg € BP, A™(T). The desired R-invariance of those sets follows from these
identities together with Lemma 5. O

While all the canonical spanning sets are R-invariant, we have identified only a
few R-invariant bases of finite element spaces. The remainder of the exposition will
address the following question: under which circumstances do finite element spaces
of differential forms have invariant bases in the sense of this subsection?

5 Invariant Bases of Lowest Polynomial Degree

We commence our study of invariant bases with the case of the constant differential k-

forms over an n-simplex. Already the lowest-degree case exhibits non-trivial features.

It serves as the base case for recursively constructing invariant bases in the last section.

We utilize some advanced results in the representation theory of the symmetric group.
EIO [y
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Lemma8 Let T be an n-simplex and k € Ny. The representation of Perm(n) on
FPoAX(T) is irreducible. It is faithful for 0 < k < n.

Proof 1f 0 < k < n, it is easily seen that the representation is faithful since only the
identity element of Perm (n) acts as the identity on FPy AK(T). That the representation
is irreducible can be found in the literature [23, Proposition 3.12]. O

We first consider the tetrahedron. We build an R-invariant basis of RPy A (T), and
then construct an R-invariant basis for R A%(T) by taking the exterior power.

Lemma9 Let T be a 3-simplex. An R-invariant basis of RPy A (T) is

Y = dAg — dA; + diy — dAs, (21a)
Yp =dig +dr; —dir — dAs, (21b)
Y = drg — dip — dry + das. 21c)

In particular, this is also a C-invariant basis of CPy A (T).

Proof An elementary calculation verifies that the set is a basis. The permutation group
Perm(3) is generated by the three cycles (01), (02), and (03). Direct computation
verifies that

SonVYw ==Yk, Son¥p = +V¥p,  Son¥k = —Vu,
Stony¥w = +Vw. Sion¥p = ~Vke Siony Yk = —¥p,
S(*OS)’»”w = —Yp, 5303)1/% =—Vu, 5?03)1//,( = +yy.

Hence, this set is R-invariant. O

Lemma 10 Let T be a 3-simplex. An R-invariant basis of RPoA*(T) is
Vw AVp, Yw AYk, Yp A Y. (22)

In particular, this is also a C-invariant basis of CPyA%(T).

Proof We immediately see that these three 2-forms are a basis of RPyA*(T'). Using
the cycles (01), (02), and (03) as in the previous proof, direct computation shows

8?01) (lﬁw A Ipl’) =Vp AV, Szkm) (Yw A Vi) = =Y A Yi,
Ston) (Y A Vp) = —Vw A i, Story Ww A ) = = A Yy,
Stozy (W Ap) = —Yw AVp. Siozy (bu AYR) = =V A Vi,
Story (Vp A Y) = Y AV,
Story (Vp A Wk) = =Vp A Yk,
Ston (Wp A ) = = A i,
Hence, this set is R-invariant. O
FoCT
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Next we inspect the triangle, where the situation is more complicated: we need to
consider not only real but also complex coefficients.

Lemma 11 Let T be a 2-simplex. A C-invariant basis of CPyA'(T) is
60 = dro + &dhi +E5dha, 61 = dho + E5dhy + &3dda, (23)

where &3 = exp(2im /3) is the cubic root of unity. RPyAN(T) has no R-invariant basis.

Proof We easily check that the two vectors constitute a basis and that

Sonbo = &61,  Sopb = £360,
Szkoz)eo = 532917 5?02)91 = 5390’

where we have used the cycles (01), (02) € Perm(2). Since those are generators of
Perm(2), it follows that {6y, 6;} is a C-invariant basis of CPy A (T).

Suppose that CPyA!(T) has an R-invariant basis. Since our representation of
Perm(2) over CPyA'(T) is faithful by Lemma 8, it then follows that Perm(2) is
isomorphic to a subgroup of the group of 2 x 2 signed permutation matrices. The lat-
ter group has order 8 whereas Perm(2) has order 6. This contradicts the well-known
fact that the order of a group is divided by the orders of their subgroups. So CPy A (T)
has no R-invariant basis. O

Seemingly serendipitously, we present a C-invariant basis for the constant bivector
fields over a 4-simplex.

Lemma 12 Let T be a 4-simplex. Define T,k € Perm(4) by t = (01) and k =
(01234). We abbreviate d;; = dA; AdA; for 0 < i, j < 4. Then a C-invariant basis
of CPyA%(T) is given by

Zo = (dArop + dA1n + dAgs + dAsa + diag)
+1i(digp + drog + dAgr + dAyz + dAsg)

and
&1 =878, =S58, =S50, G=S51, {5=Si.
Proof Recall that T and « are generators of the group Perm(4). One easily checks that

Co = S¢to, &1 =S¢5, —ig3 = Sio,
0 = 8783, s = 8744, —ily = S7¢s.

It follows that these vectors are a C-invariant set. That they are a basis is verified by

elementary calculations. For example, we expand these forms in terms of a basis of

CPoA%(T), and that the 6 x 6 matrix of the coefficients has non-zero determinant. 0
Elol:;ﬂ
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Remark 2 Whereas Djokovi¢ and Malzan’s results [21] include that a monomial rep-
resentation of Perm(4) over CPyA%(T') exists, they do not state an explicit basis and
their argument is not immediately constructive. For that reason, we review how the
aforementioned basis can be found.

Recall that Perm(4) is generated by the two cycles (01) and (01234). The 5-cycle
(01234) is represented by a generalized permutation matrix of size 6 x 6, and so
that matrix has the non-zero structure of a 6 x 6 permutation matrix of order 5. In
particular, one of the C-invariant basis vectors must be invariant under the cyclic vertex
permutation. We make the initial ansatz that the monomial matrices have coefficients in
the quartic roots of unity. Via machine assisted brute-force search one finds 4 different
vectors with that invariance property, up to multiplication by complex units.

With the additional ansatz that the 2-cycle (01) maps these invariant forms into the
orbit of the aforementioned 5-cycle, one constructs five more vectors of the supposed
basis. One then checks manually their linear independence and their C-invariance. Up
to multiplication by complex units, this procedure only leaves the basis in Lemma 12
and its complex conjugate.

Remark 3 The following observations have been suggested by the anonymous referee
and are included as a service for the reader. They shed new light onto the basis vectors
above. For any 5-cycle g = (abcde) € Perm(0 : 4), we let

{g = wg tiwg, wg =dhap + dApe + dAcg + dhge + dheq.

We immediately observe w,-1 = —w,. Together g> = e, one calculates

8
§g2 = —ig,, é'gs =g, §g4 = —{,.

So the 5-cycles generated by g induce the same ¢, up to quartic roots of unity. It is
clear that relabeling the simplex vertices will send ¢, to ¢, for some 5-cycle g’ €
Perm(0 : 4).

Each 5-cycle g € Perm(0 : 4) generates a cyclic subgroup of order 5. Since the
entire group contains 4! different 5-cycles, we see that every 5-cycle must be belong to
exactly one of six different cyclic subgroups. Upon choosing six 5-cycles g, ..., g6
that generate the six different subgroups, the corresponding forms g, ..., {4 are
invariant up to complex units. The 5-cycles

(01234), (10234), (02134), (01324), (01243), (41230)

are such a choice of generators. They induce the basis stated in Lemma 12.

We have already pointed out Djokovi¢ and Malzan’s contribution [21] on monomial
representations of the symmetric group. The invariant bases constructed in this section
concretize their results. Apart from the constant scalar and volume forms, for which
R-invariant bases are obvious, the bases found above already are exhaustive examples:
no other spaces of constant differential forms over simplices of any dimension allows
for C-invariant bases. That is the content of the following result.
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Theorem 1 The space Py A*(T) has a C-invariant basis only ifk = 0 or ifk = n or
ifdmT < 3orifk =2 withdim(T) = 4.

Proof We recall that the representations of Perm(n) over PoAX(T) are irreducible.
Djokovi¢ and Malzan have shown [21, Theorem 1] that the only induced monomial
irreducible representation of the group Perm(n) over spaces of constant differential
forms are the trivial and the alternating representations, which corresponds to the group
action on the space of constant functions and constant volume forms, the irreducible
representations of Perm(2) and Perm(3), and an irreducible representation of Perm(4)
on the space POAZ(T) for any 4-dimensional simplex 7. Thus, Lemmas 7, 9, 10,
11, and 12 cover the irreducible representations of symmetric groups over constant
differential forms.* All other irreducible representations of Perm(n) are not induced
monomial. Since induced monomial irreducible representations are monomial, the
theorem follows. m]

6 Canonical Isomorphisms

In this section, we review the interaction of simplicial symmetries with the canonical
isomorphisms in finite element exterior calculus. We show that the isomorphisms
preserve [F-invariance of sets. These isomorphisms were discussed in [8] and also
[15]; we follow the discussion in [34], where it is shown that these isomorphisms can
be described in terms of the canonical spanning sets. In that sense, the isomorphisms
are natural for finite element exterior calculus.

Let k, r € Ng with » > 0. Recall the canonical isomorphisms

Ty PrANT) — P A", (24a)
T Py ANT) = Prgpq1 A"H(D). (24b)
These are uniquely defined by the identities
Tk.r (A“dkg) =€(0,0)VA g Pgc, o € A(r,n), o€ X(k,n), (25a)
Tk.r (A“qﬁp) =€(p, PA*Apdhpe, o € A(r,n), p e Xo(k,n). (25b)

Note that these two identities prescribe the values of 7 , and J, - over the canonical
spanning sets, which are not necessarily linearly independent. However, one can show
that these definitions nevertheless yield well-defined F-linear mappings [34].

Remark 4 The seminal idea of these isomorphisms is mapping between finite element
spaces without and with boundary conditions via multiplication by monomial “bubble”
functions. For example, in the case k = n, we have J, ,(f volr) = AoA1-- Ay - f
for all f € P.A%T), where voly denotes the volume form of 7. The canonical
isomorphisms generalize that idea.

4 The group Perm(0 : 3) also has a two-dimensional induced monomial irreducible (and hence monomial)
representation, but this is of no interest in our applications.
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The following lemma shows that the canonical isomorphisms commute with the
simplicial symmetries up to sign changes.

Theorem 2 Let v € Perm(n) and Sy € Sym(T). Then

S;;Ik,r = E(ﬂ)Ik’rS;, S;;jk,r = E(n)jk,rS;;7
SiTe) = €(m)I ) Sk, SiT) = €M) Sk

k,or o

Proof Leta € A(r,n),o € X (k,n), and r € Perm(n). We let ¢ € X' (k, n) satisfy
[6] = [mo]. We also write @ = ax L. Using the results of Sect. 4, direct calculation
now shows that

SiLir (AdAg) = €(0, 0S5 (A Ao doc)
= ¢(o, O'C)E(JTO'C)X&AE%C
= e(0,09)e(m0)e(@, 5Tk (WdA5)

=€(0,0%e(mo)e(@,0)e(mo) Iy » Sy (A¥dAs).

We now use the following combinatorial observation. Starting with the sequence
0,1, ..., n,afirst permutation of sign € (o, ) produces the sequence ¢ followed by
¢, Two further permutations of signs e(7o) and €(wo¢), respectively, bring these
two subsequences into the form o followed by wo . A final permutation of sign
€(o, o) produces the sequence 7 (0), 7 (1), ..., w(n). Hence,

e(mo, mo%e(mo)e(mo)e(o, 0¢) = e(m).

The desired identity for the first canonical isomorphism follows.
Analogous calculations work for the other isomorphism. Let p € Xy(k,n) and
p € Xo(k,n) satisfy [p] = [np]. Letaw € A(r,n) and @ = ar~!. Then

SETir (Ap) = €(p°, p)SE (A ApdApe)
= €(p°. Pe(Tp AT apdAze
= €(p", )P (P*, P Tkr (¥ )
= €(p, p)e(p)e(p*, Pe(p) Ti,r Sz (X))
= €M) Tk.r SEO2)).

Finally, we observe

I Ss =T, SaTis Iy ) = €I Ty SiTy, = €(m)SiT;,).

k,r=m k,or=m

Tir Sa = Jip SaTir Iiy = €I TerSi T, = €m)S; T,

This completes the proof. O
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As a direct consequence of this theorem, the canonical isomorphisms and their
inverses map [F-invariant sets onto [F-invariant sets. We will use the following important
corollary for constructing F-invariant bases.

Corollary 1 Let T be an n-simplex, and k, r € Ng with r > 0. Then:

o

QO € P, AN(T) is F-invariant — Tk rQ C H_kHA”_k(T) is F-invariant
QC PfHAk(T) is F-invariant <— J;,Q C 75r+k+1A”_k(T) is F-invariant

7 Traces and Extension Operators

In this section, we study the relation of simplicial symmetries with traces, extension

operators, and geometric decompositions of bases. The traces of F-invariant sets are [F-

invariant again. Conversely, we discuss extension operators that preserve F-invariant

sets. An important result is that an F-invariant geometrically decomposed basis exists

if and only if such bases exist for each component in the geometric decomposition.
We first prove that taking traces preserves [F-invariance.

Lemma 13 Let T be an n-dimensional simplex and let F C T be a subsimplex. If a
finite set Q@ C IE‘A"(T) is F-invariant, then try p Q C IFAk(F) is F-invariant.

Proof Let S € Sym(T) such that S(F) = F. Let Q = {w1,...,wy}, where M
denotes the size of Q. Since @ is F-invariant, there exist units xi,..., xi € F and a
permutation T € Perm(1 : M) such that S*w; = x;w.) for 1 <i < M.

There exists Sr € Sym(F) which reorders the vertices of F in the same way as S
does. We observe So1(F,T) =1(F,T)o Sg,where1(F,T) : F — T is the natural
inclusion. Hence,

S; try Fpow; = S;l (F, T)*w; =1(F, T)*S*w;

=trr p S*w; =7 F Xiwe@) = Xi U7, F @) € XitrrF Q,

which had to be shown. O

The idea of geometrically decomposed bases is central to finite element exterior cal-
culus. Usually, geometrically decomposed bases are constructed explicitly via specific
extension operators [9, 34]. As a preparation, we introduce geometric decompositions
on a slightly more abstract level where, importantly, we already study F-invariant sets.

Let T be an n-simplex and let k, r € No with » > 0. Suppose that QP, AK(T) is a
basis of P, AX(T). We call such a basis geometrically decomposed if it is the disjoint
union

QP ANT) = | ] 9r (26)

FCT

where F ranges over all the subsimplices of 7', and where Qf satisfies, on the one

hand, that the trace from 7 to F maps Qr bijectively onto a basis of P, A¥(F), and on
Elol:;ﬂ
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the other hand, that trr ¢ Qr = {0} whenever G is a subsimplex of 7 not containing
F. We define geometrically decomposed bases of P~ AX(T) completely analogously.

Example 3 As we shall discuss in more details below, our notion of geometric decom-
position is only a minor generalization of earlier decompositions in the literature [8,
9]. The bases BP, AK(T) and BP- AX(T) are geometrically decomposed. Notably,
not all of them are F-invariant. For further illustration, suppose that 7 is a trian-
gle. The barycentric coordinates 1., AlT, AZT are a geometrically decomposed basis
of 731A0(T), whereas the basis A5 + AT Ag + A7, AIT + AZT is not geometrically
decomposed. Both bases, however, are F-invariant.

Theorem 3 Let T be an n-simplex and let k, r € Ng withr > 0. Let QPrAk(T) be a
basis of Py AK(T) with geometric decomposition (26). Then Qr is a basis of Py AK(T).
For any subsimplex G of T, a geometrically decomposed basis of P, A*(G) is given
by

QP, A*(G) = | trr.6 QF. 27)

FCG

If QP, AX(T) is F-invariant, then Q7 and QP, A*(G) are F-invariant.

Proof Suppose that QP, A*(T) is a geometrically decomposed basis of P, AX(T).
That Q7 is a basis of P, A (T) follows from definitions. We show that QP A¥(G) is
a basis of P, A¥(G) when G is any subsimplex of T'.

By assumption, trr ¢ Qf = {0} if F is not a subsimplex of G. If instead F C G,
then by assumption, trr r : QF — trr r QF is a bijection and its image is basis
of 75,Ak(F). Because trr p QF = trg,rtrr,g QF, the trace trg r : trr,¢c QF —
trr r QF is a bijection too.

That QP, AF(G) spans P, AK(G) is easily seen:

PrANG) = trr 6 P AN(T) = ) trr g span Qr
FCT

= Z trr g span Qf = Z spantrr g QF.

FCG FCG

To show that (27) defines a linearly independent set, let w € P, AK(G) be the sum of
oF € spantrr g QF, F € G, not all zero. Then there exists F' of minimal dimension
with wr # 0, and thus trg r @ = trg r wr # 0. In particular, @ # 0. Lastly, that
QP, A¥(F) is geometrically decomposed follows from the observations above.
Suppose that QP,AX(T) is F-invariant. By Lemma 13, the set of traces
trr.G QP, AK(T) is F-invariant, and therefore its subset of non-zero traces is F-
invariant. Finally, Qr is F-invariant since P, AK(TYNQP, AX(T) = Or and P, AK(T)
is t-invariant. O

Theorem 4 Let T be an n-simplex and let k,r € No withr > 0. Let QP AK(T) be
a basis of P~ AK(T) with geometric decomposition analogous to (26). Then Qr is a
FoL
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basis of 75f AR(T). For any subsimplex G of T, a geometrically decomposed basis of
PfAk(G) is given by

QP A4G) = | ur.c Q. (28)

FCG

If OP- AX(T) is F-invariant, then Q7 and oP- AX(G) are F-invariant.
Proof This is completely analogous to the proof of Theorem 3. O

Up to now, we have studied properties of any geometrically decomposed basis and
how this definition interacts with our notion of invariance. Most importantly, invariant
geometrically decomposed bases give rise to invariant decomposed bases for certain
subspaces and trace spaces. Shifting our focus to extension operators, more specific
statements are possible.

Extension operators that facilitate geometric decompositions are widely used in
finite element exterior calculus [8, 9, 34]. For our purpose, we utilize the exten-
sion operators given by Arnold, Falk, and Winther [9]. Their extension operators
are described over spanning sets, not bases, but this still yields well-defined linear
mappings.

Let T be an n-dimensional simplex and let F C T be an m-dimensional subsimplex,
and letk, r € No with r > 0. The extension operators for the P~ A¥-family of spaces,

extyys” 1 By Ak(F) — P AT, (29)

are uniquely defined by setting
extys” A%l =250l (30)
for all p € Xy(k,m) and @« € A(r — 1, m), where p = 1(F,T) o p € Xy(k,n),
and where @ € A(r — 1, n) is uniquely defined by requiring & o 1(F,T) = «; in
particular, « is zero outside of [: (F, T')]. This prescribes the extension operator over
the spanning set SP~ A¥(F) of the space P~ A¥(F), and one can show [9, Section 7]

that this defines a linear operator.
The definition of the extension operators in the P, A*-family,

exth’s « P AR (F) — P ANT), (31)

is slightly more intricate. For any o € A(r, n) and o € X (k, n), we define

a(i
lI/iot,F,T = dkiT — % Z d)\T., i €[0:n], (32)
* JE(F,T)]
JF.T . goFT o, F.T
lI/;‘ = lI/U(l) Ao A lllo(k) . 33)
FoCT
|_| o
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As described in [9, Section 8], the extension operators are well-defined by setting
exth 24dal = adyd P T (34)

forallo € ¥(1 :k,0:m)ando € A(r,m), where 6 =1(F,T) oo € X (k,n), and
where & € A(r, n) is uniquely defined by requiring & o 1 (F, T) = «; analogously to
above, « is zero outside of [:(F, T')]. This prescribes the extension operator over the
spanning set SP; AK(F) of the space P, A¥(F), and it follows from [9, Section 8] that
this defines a linear operator.

These operators are called extension operators because they are right-inverses of
the trace,

wr rextys" 0 =0, e P ANF),

trr, F extl;rT w=w, ocPAF).
Moreover, whenever G is another subsimplex of 7', then F C G implies

kor,— k,r,— S5— Ak
rrgexty p w=extg s, we PoAN(F),

trr.G extl;rT w= extl}’rG, w € Py AK(F),
whereas F ¢ G implies

trrgexty’; =0, e P ANF),

trgexti w=0, oeP AF).

We refer to prior publications [9] for detailed discussion of these extension operators.
The central result is the following decomposition.

Theorem 5 Let T be an n-simplex and let k,r € No withr > 0. Then

PrAN(T) = @D extys Poa*(F), Prak(T) = @D exty’s™ Prak(p).

FCT FCT

Remark 5 The geometric decomposition in Theorem 5 is fundamental to finite element
theory and its importance can hardly be overstated: it is the geometric decomposition
which enables the construction of localized bases. We refer to the literature [9] for
further background.

The above results on extension operators are known. Next we study how these
extension operators interact with simplicial symmetries.

We introduce additional notation. Let ¥ € T be a subsimplex of a simplex 7" and
let S € Sym(T'). Then SF is a subsimplex of T of the same dimension as F, and we
have affine diffeomorphisms

Syp:F—SF, S :SF—F. (35)
Elol:';”
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Theorem 6 Let k,r € Ngwithr > 0. Let T be a simplex of dimensionn and F C T
be a subsimplex of dimension m. If S € Sym(T), then

ko ox ok aoi kT kor,— ok gk ap kol —
exty ¢ S|F—S eXtgp 7, EXtp 1 S‘F_S exXtgp 7 - (36)

Proof 1t suffices to prove both identities over the canonical spanning sets. For every
S € Sym(T) and every subsimplex F of T, we can decompose S = S1.5, for some
S1, S2 € Sym(T') where S| : F — SF preserves the order of vertices and S»(F) =
F. It suffices to consider simplicial symmetries S belonging to one of the two special
cases.

Let us suppose that 7 € Perm(n) such that S; € Sym(T") gives a mapping Sy |F :
F — SF that preserves the order of vertices. We observe that S;;‘ F)»ls F= Af and

thus S;IFdAiSF = dkf. Hence, for any o € A(r,n) and o € X (k, n),
Sk A pdAST = a%dAf .

Weleta/, o” € A(r, n) be defined uniquely by o’ o1 (SF, T) = aand o’ o1 (F, T) =
a. We also abbreviate 0’ = 1(SF,T) oo and 0’ = 1(F, T) o o. Direct calculation
verifies

sq,0 g, SF.T _ .o g d . F,T
STAT Y =\ ¥ .

o.//

Similarly, for any « € A(r — 1, n) and p € Xy (k, n),
S;|F)“§F¢5F = K%¢5-

Letting ', &” € A(r — 1, n) be defined uniquely by o’ 0 1(SF,T) = « and a” o
1(F,T) = « and abbreviating o’ = 1(SF,T) o p and p” = 1(F, T) o p, we easily
verify that

xqaa T o T
SJT)"T(pp, - )\’T ¢p//.

This shows (36) in the first special case.

We consider S belonging to the second special case. Let us suppose that w €
Perm(n) such that S, € Sym(7T) satisfies S (F) = F. To approach the first identity,
we prepare a few auxiliary results. Leta € A(r,n)ando € X (k,n),andleti € [0 : n].
Since S, maps F onto itself,

Spwt T = grda] — e a@ysy Y dat
Jel(F.,T)]
- - . -1 F.T
=di gy —lel e @) YD A =wer ot
jEl(F, T
Elol:;ﬂ
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Letting o € X (k, n) with [6] = [wo], we find

S*lI/Ol’F’T _ S* lI/a’F’T A A S*lpa’F’T
oo -

T ¥ o(l) > o(k)
-1 —1
__agpan F,T an” " F,T
=¥ o0 A A
-1 —1 -1
an ' F,T an” L F,T arn” F,T

With those preparations in place, let « € A(r,m) and o € X(k,m). Again, ¢ €
X (k, m) with [6] = [ro]. Moreover, we let 6 = 1(F,T) oo € X (k,n) and let
a € A(r — 1, n) be defined by & o 1 (F, T) = . We first verify that

% okt sa g F _ okqa,,&F.T _ yar—! ok ,,&F,T
SnextF’T)LFdAG = S;ATY: = A7 S

k,r ox o F _ koo an—! F
eXtF,T H\F)"Fd)\’g —e(ﬂo)eXtF’T)\,F d)\.a\

To show the first identity in (36), we merely observe that arl=ar 4 (F,T) and
that [1 (F, T)o] = [n6] with e(mo) = €( ). The desired identity then follows from
our auxiliary computations and the definition of the extension operators.

Lastly, we prove the second identity. Now leta € A(r — 1, m) and p € Xy(k, m).
Let p € X (k, m) with [p] = [rp]l and p = 1(F,T) o p € Xy(k,n). Similarly to
above, we let @ € A(r — 1, n) be defined by @ o 1 (F, T) = o. We calculate

St extyi T A%gl = S8l =287 sEgl

exti’s” 5% pa5gT = e(rp)extyT 29T gL

To show the second identity in (36), we see ar V=ar~Y(F, T)and [i (F, T)pl =
[z 5] with e(p) = e(wp). The desired identity follows via the definition of the
extension operators. O

We now work along the following idea: if a basis allows for a geometric decomposi-
tion corresponding to Theorem 5, then this basis is [F-invariant under the provision that
the components in the geometric decomposition satisfy certain invariance properties.
This is formalized in the following two theorems, which strengthen Theorems 3 and 4.
An important consequence is this: F-invariant bases for the components in that geo-
metric decomposition yield F-invariant bases for the entire finite element space over
the simplex.

Theorem7 Let k,r € Ng with r > 0 and let T be an n-simplex. Assume that
QP, AK(F) is a basis for P, AX(F) for each subsimplex F C T, and define

QP AN(T) := | ] exty’, QP A (F).
FCT
Then QP, AX(T) is a basis of P, AX(T). The following statements are equivalent:
— QP, AX(T) is F-invariant.
Elol:';”
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— For each subsimplex F of T the set QﬁrAk(F ) is F-invariant and for each S €
Sym(T) that preserves the relative order of vertices of F we have

S*extsr QP AK(SF) = extly, QP AR (F).

Proof For any subsimplex F C T, since Q75rAk (F) is a basis for 75r AX(F) we see
that extl}’rT OP, AK(F) is a basis for extI}’,rT P, A¥(F), via Theorem 6. By Theorem 5
then, it is clear that QP, AX(T) is a basis of P, AK(T).

Assume that QP Ak (T) is F-invariant. Let F C T be a subsimplex and let § €
Sym(F). There exists S € Sym(T) such that § = S‘ r. The pullback along S preserves

the space ext: F’T 7?, A¥(F) since Theorem 6 implies
* extF T P,Ak(F) = extF T S*P, ANF) = extF T PrAk(F)

Because QP, AK(T) is F-invariant, for every w; € QP AK(F) there exists s €
QP, A*(F) and a complex unit x € F such that §* extl;fT o] = X eXtI;TT w>. Using
Theorem 6 again, we note that

k o k k
S*a)l =trF eXtF”rT S*wl =7 F S* eXtF”rT w1 = Xtur.r eXtﬁfT w) = Xw).

Hence, by definition, Q75, Ak (F) is F-invariant.
Let F C T be a subsimplex and let S € Sym(7") be such that the mappings

Syp:F—SF, S :SF—F (37)
preserve the relative order of the vertices. By Theorem 6, we have
S*extsy 1 P AN(SF) = exty’y S5 P, AN(SF) = extyy PrAM(F).

The same argument can be applied to the inverse of §; it follows that we have an
isomorphism

S* s extsy ; PrAN(SF) — exty’y PrA¥(F).

As QP,.AX(T) is F-invariant, S* maps extlg’lrr T QP, AK(SF) bijectively onto
ext];rT oP, AK(F ) up to multiplication by units of IF. But since S preserves the relative
ordering of the vertices of F', a direct calculation shows that those units must equal
one. Hence, we have a bijection

S* ext];’;’T QP A*(SF) — ext];fT QP AK(F).

Thus, we have shown that the first statement of the theorem implies the second
statement.

Fol:'ﬂ
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It remains to show the converse implication, so let us assume that the second
statement is true. Let S € Sym(T). There exist S1, S> € Sym(T') such that § = §; 53,
we have S1(F) = SF and S2(F) = F, and Syr : F — SF preserves the order of
vertices.

Let w € QP,A*(T). There exists a subsimplex F of T and wy € OP, A¥(SF)

such that w = ext];’;-j wp. Note that by assumption, we have a bijection
S* s exttr QP AK(SF) — exthy. QP AK(F)
1 - SAgp =7 F,T =" :

Hence, there exists w; € QP, AK(F) such that Sy extg’; 7wy = ext’;’rT 1. Fur-

thermore, since Q’/a)rAk(F ) is assumed to be F-invariant, there exist a complex unit
x € Fand wy € QP, A¥(F) such that S;Fa)l = xw». Thus,

* ok QX k,r _ QX k,r _ k,r ox _ k,r
STw = 8, Sy extgp p wo = S Xty wy = eXty p Sy pwi = X eXtyg  @2.

As a consequence, QPrAk(T) is F-invariant. O

Theorem8 Let k,r € No with r > 0 and let T be an n-simplex. Assume that
oP- AK(F) is a basis for P AK(F) for each subsimplex F C T, and define

QP AK(T) = | extl’s QP Ak (F).
FCT

Then QP AK(T) is a basis of P AX(T). The following statements are equivalent:

— QP AX(T) is F-invariant.
— For each subsimplex F of T the set Qﬁf A¥(F) is F-invariant and for each
S € Sym(T) that preserves the relative order of vertices of F we have

S*extyr 7 QP AN(SF) = exty’s” QP Ak (F).
Proof This is proven completely analogously to the preceding theorem. O

A geometrically decomposed basis enjoys F-invariance if each component in the
geometric decomposition is already F-invariant and if, additionally, the components
associated to subsimplices of the same dimension are “reindexings” of each other. That
second additional condition is a mere technicality: if we know an F-invariant basis
for the spaces of vanishing trace over, say, any m-dimensional reference simplex, then
pullback along vertex-order preserving affine diffeomorphisms immediately defines
such components associated to every m-dimensional subsimplex. Hence, the only
question of technical interest remaining for constructing geometrically decomposed
F-invariant bases is whether F-invariant bases are known for the corresponding spaces
with vanishing boundary traces on all subsimplices.

Elol:';”
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8 Recursive Basis Construction

This final section describes the recursive construction of geometrically decomposed
bases for simplicial higher-degree finite element spaces in finite element exterior
calculus. We combine the results of the previous sections.

We commence the construction as follows. First, for every simplex 7" we fix a basis
APy A*(T) for the lowest-degree space Py AX(T). In principle, any arbitrary choice
of bases can serve as the base case in our recursive construction. But some specific
choices of bases, given further below, lead to F-invariant higher-degree bases.

Moreover, recall that the empty set is a basis for the trivial vector space. To simplify
some technical arguments, we therefore fix the empty bases whenever the correspond-
ing vector space is trivial. Specifically, we let AP, A¥(T) = ¢ when r < 0 and
AP= AK(T) = ¢ when r < 0. Similarly, we set AP~ AK(T) = @whenr < n—k+1,
and we set A75,Ak(T) = (either whenk < nandr <n —k+ 1 or when k = n and
r < 0.

Second, recall the canonical isomorphisms of Sect. 6,

Tir : PrAN(T) > Py A"HD), Tir 2 Py AT = Prarn AR,

r+k+1

These isomorphisms are defined for » > 0 and map bases to bases. Shifting indices,
we construct bases for the finite element spaces with homogeneous boundary traces
as follows. When r > n — k, we set

AP ANT) = Ty rnsk APr ik A" 5T,
APt AT = Toer otk AP AR,

provided that the bases AP, _, . x A" %(T) and AP, & +1A”_k(T) have already
been constructed. As seen in Corollary 1, the bases A75r_ n lAk (T) and A75r+ L AR(T)
are F-invariant if and only if the bases AP,_, 1 A" *(T) and AP ka1 A"R(T)
are [F-invariant, respectively.

Third, taking into account the geometric decompositions

PrANT) = @D extly’, B AN (F),
FCT

Py ANT) = @P exty’s Prakp),
FCT

we define bases

AP AN(T) = | ] extyp AP, AR(F), (382)
FCT
| extp’s~ AP A (F). (38b)
FCT

AP ANT)

FoC'T
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provided that the corresponding bases for the finite element spaces with boundary
conditions have already been constructed.

The basis AP, A¥(T) is F-invariant if the bases AP, AK(F) for every F satisfy
the conditions of Theorem 7. Analogously, the basis AP~ AX(T) is F-invariant if the
bases Aﬁr’ Ak(F ) for every F satisfy the conditions of Theorem 8. In both cases, -
invariant bases on the lower-dimensional subsimplices are easily obtained if we know
F-invariant bases on any simplices of the corresponding dimensions.

It is now clear how to recursively construct bases for finite element spaces of arbi-
trary polynomial degree: starting from any given bases for constant differential forms,
we construct bases of higher polynomial degree, using the canonical isomorphisms
or the geometric decomposition. In particular, if the initial zero-degree finite element
bases are F-invariant, then the recursively constructed higher-degree finite element
bases will be F-invariant as well.

We develop this idea when the simplex T has practically relevant low dimension.
As explained above, our construction of higher-degree F-invariant bases relies on
F-invariant bases for the zero-degree spaces, which constitute the base case of the
recursion. For the remainder of this section, we therefore make the following additional
assumptions:

— On any simplex T, the basis APoA%(T) consists of the constant function with
pointwise value 1.

On any n-dimensional simplex T, the bases APy A" (T) and A750A”(T ) consist
of the volume form vol7.

— If T is a triangle, then APy A!(T) is the C-invariant basis of Lemma 11.

If T is a tetrahedron, then APy A (T) and APyA%(T) are the R-invariant bases
of Lemmas 9 and 10.

If T is a 4-simplex, then APy A%(T) is the C-invariant basis of Lemma 12.

This stipulation leads to the following results. We begin with finite element bases for
higher-degree scalar and volume forms to illustrate the basic ideas.

Theorem 9 Let T be an n-dimensional simplex, and let r € Ny. Then the bases

AP, ANT), AP, ANT), AP, ANT), AP, A™(T),
APZANT), APZANT), APZANT), APTANT)

are R-invariant.

Proof We perform nested induction over the dimension n and the polynomial degree
r. The base case are simplices of dimension n = 0, that is, vertices.

So suppose that n = 0. The statement holds when r = 0, where the bases
APy A% (T) and APy A°(T) are R-invariant, and the sets APy A%(T)and .A750_ A%(T)
are empty. Suppose the statement is true for some polynomial degree » > 0. Note that
AP, A%(T) cannot be empty. The first canonical isomorphism maps AP, A%(T) to

AP AO(T) and the geometric decomposition trivially leads to AP, 11 AY(T). The
second canonical isomorphism maps AP +]A0(T) to APr+1A0(T), and the geo-
metric decomposition now leads to AP, A0 (T). By construction, the statement thus

FoE'Tl
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holds for the polynomial degree r + 1. The principle of induction implies the statement
for any polynomial degree when n = 0.

Suppose that T is an arbitrary but fixed simplex of dimension n and that the statement
is true for all polynomial degrees on simplices up to dimension n — 1. We then use
induction over the polynomial degree r.

We first consider the case r = 0. We have R-invariant bases APyA%(T) and
APy A™(T). The set APyA%(T) is empty and the basis APyA"(T) is R-invariant.
The sets AP, A%(T), APy A™(T), APy A™(T) and APy A" (T) are empty.

Next, we assume the statement holds up to polynomial degree r — 1 > 0 and
prove it for degree r. Using that r > 1, the first canonical isomorphism maps
APr_lAO(T) onto .A75,_ A™(T). We immediately get the basis AP A"(T) from
the geometric decomposition. When r < n, then A75,_ A%(T) is empty, and other-
wise, the first canonical isomorphism maps AP,_, , A"(T) onto .A75r’ AY%T). The
geometric decomposition provides the basis AP~ AY(T). Using that r > 1, the sec-
ond canonical isomorphism maps AP~ A(T) onto AP, A™(T). We immediately get
the basis AP, A"(T). When r < n, then .A75r_ AO(T) is empty, and otherwise, the
second canonical isomorphism maps AP;_, A" (T) onto A?B,AO(T). The geometric
decomposition provides the basis AP, A%(T).

We can now apply the principle of induction over the polynomial degree r. Lastly,
we have completed the induction over the dimension of the simplex. We conclude
that the statement holds for all polynomial degrees r and over simplices 7 of any
dimension n. O

Similar techniques lead to the main results of this section, which now follow.

Theorem 10 Let T be a triangle, and let r € Ny. Then the bases
AP, ANT), APZANT), AP, ANT), APANT)

are C-invariant. Furthermore:

— The basis AP, A\(T) is R-invariant if and only if r ¢ 3N.

— The basis .A?Dr_A1 (T) is R-invariant if and only if r ¢ 3No + 2.

— The basis AP, A! (T) is R-invariant if and only if r ¢ 3Ny + 3.

— The basis AP[AI (T) is R-invariant if and only if r ¢ 3Ng + 2.
Proof Let Eg, E|, E; denote the edges of T. When r > 1, the geometric decomposi-
tion establishes

2
AP ANT) = AP, ANT) U\ exty . AP, AY(Ep),
i=0

2
AP ANT) = AP ANT) U extly"s AP ANE)).
i=0

We have seen that the bases AP, A!(E;) and AP~ A'(E;) are R-invariant, and hence
C-invariant. Moreover, the canonical isomorphisms lead to

EIO [y
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AP, ANT) = Ty, AP, ANT), AP AN(T) = J1, AP, ANT).

We recall from Lemma 11 that the basis APyA'(T) is C-invariant but not R-
invariant.

We prove the theorem using induction over the polynomial degree, beginning with
the polynomial degrees r < 3. The basis APy AL(T) is C-invariant but not R-invariant,
and the bases AP ANT), APyANT), and .A750_ AY(T) are empty. Via the geomet-
ric decompositions, the bases AP; A (T) and AP[ AY(T) are R-invariant, and the
bases .A751A1(T) and .A73f AN(T) are empty. Via the canonical isomorphisms and

the geometric decompositions, the bases AP, Al (T) and AP» A (T) are R-invariant,
while the bases APZ_ AN(T) and APy AY(T) are C-invariant but not R-invariant.
Via the canonical isomorphisms and the geometric decompositions again, AP ANT)
and AP3 A (T) are C-invariant but not R-invariant, while the bases AP; AN(T) and
AP; AY(T) are R-invariant. This establishes the statement for r < 3.

Next, we assume that » € N with r > 3 and that the claim is true for polynomial
degrees s < r. Again, we use the recursive construction. All the following bases
are C-invariant by construction, and we only need to establish whether they are R-
invariant. On the one hand, AP~ A (T) is R-invariant if and only if A75r_ AN(T)isR-
invariant, which is the case if and only if AP, _ A (T) is R-invariant. By the induction
assumption, this is the case if and only if r — 2 ¢ 3Ny, that is, » ¢ 3Ny + 2. On the
other hand, AP, A!(T) is R-invariant if and only if AP, A!(T) is R-invariant, which
is the case if and only if .AP;_IA1 (T) is R-invariant. By the induction assumption,
this is the case if and only if » — 1 ¢ 3Ny + 2, that is, r ¢ 3Ng + 3. This completes
the induction argument and the proof. O

Remark 6 The basic idea of the above proof is that the bases AP, AX(T) and
AP AK(T) are not only C-invariant but also R-invariant, unless the recursive con-
struction leads back to the basis APyAL(T), which is not R-invariant. Loosely
speaking, we trace the contributions of APy A!(T) throughout the recursion.

Example 4 Let us restate this result in the language of vector analysis: On any triangle
T and any polynomial degree, the Raviart-Thomas space RT,(7T") and the Brezzi—
Douglas—Marini space BDM,. (T') have geometrically decomposed C-invariant bases.
In addition to that, that basis of BDM, (T') is R-invariant if r ¢ 3Ny, and that basis of
RT, (T) is R-invariant if r ¢ 3Ny + 2.

Next we study the finite element spaces over a tetrahedron. The proof follows similar
ideas but the result is quite different: only for finitely many polynomial degrees the
bases are R-invariant.

Theorem 11 Let T be a tetrahedron, and let r € Ny. Then the bases
AP, ANT), APTANT), AP, AX(T), AP A*(T),
AP, AN, APZANT), AP, AXT), AP AX(T)

are C-invariant. Furthermore:
FolCTM
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— The basis APrAl(T) is R-invariant if and only if r € {0, 1, 2,4, 5, 8}.

— The basis .AP;Al (T) is R-invariant if and only ifr € {0, 1, 3,4,7}.

— The basis .AP,AZ(T) is R-invariant if and only if r € {0, 1, 2,4, 5, 8}.

— The basis AP;AZ(T) is R-invariant if and only ifr € {0, 1,2, 3,4, 6,7, 10}.

— The basis A75rA1 (T) is R-invariant ifand only ifr € {0,1,2,3,4,5,6,8,9, 12}.
— The basis ./475r_A1 (T) is R-invariant if and only ifr € {0, 1,2,3,4,5,7,8, 11}.
— The basis A?B,AZ(T) is R-invariant if and only if r € {0, 1, 2,4, 5, 8}.

— The basis ,475;A2(T) is R-invariant if and only if r € {0, 1,2, 3,4, 6,7, 10}.

Proof Let Ey, E, ..., Es5 be the edges of T and let Fy, Fy, F>, F3 be the faces of T'.
When r > 1, the geometric decomposition establishes

3 5
AP ANT) = AP, ANT) U\ exty AP, AN (F) U exty p AP AY(ED),
i=0 i=0

3 5
AP ANT) = AP ANT) U extly s APZ AN F) U exty s AP AYN(ED,
i=0 i=0

3
AP AX(T) = AP, AX(T) U exty’ AP, AX(F)),
i=0

3
AP ANT) = AP AX(T) U | extly"s AP A (F)).
i=0

By Theorem 9, the bases for 1-forms over edges and 2-forms over faces are R-invariant
and thus C-invariant. By Theorem 10, the bases for 1-forms associated to the faces
are C-invariant. By the canonical isomorphisms,

o

APri3ANT) = Doy AP AXT), AP 3ANT) = Tp AP, AX(T),
AP 2 AX(T) = J1 , AP AN, AP, AXT) = Ty, AP, AN(T).

Moreover, from Lemmas 9, and 10 we know that the bases APyA'(T) and
APy A%(T) are R-invariant and thus C-invariant.

The recursive construction produces C-invariant bases. This is seen with a short
induction argument over the polynomial degree, analogous to preceding proofs. When
r = 0, then the bases APy AL (T) and APy A%(T) are R-invariant and the other bases
are empty. Suppose that r > 0 and that we have constructed C-invariant bases for all
polynomial degrees strictly less than r. Each of the bases AP, ANT), A75,_ AT,
A”/B,AZ(T) and A75,_ AZ(T) is either empty or found via the canonical isomorphisms
from a C-invariant basis of lesser polynomial degree. Next, AP, ANT), AP~ AL,
AP, A%(T) and AP~ A%(T) are defined via the geometric decomposition. Thus, the
C-invariance of the bases is clear.

It remains to identify which of these bases are R-invariant. Each of these bases is
R-invariant if and only if no stage of its recursive construction involves any non-R-
invariant basis associated to 1-forms over a face.

Elol:;ﬂ
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Therefore, we make use of Theorem 10. For any face F of T, the bases A75,A1 (F)
and ,475,’A1 (F) are not R-invariant if and only if r € 3Ny + 3 and r € 3Ny + 2,
respectively. Put differently, this is the case precisely for the bases AP j+3A1(F )
and .A773_] +ZAI(F ) with j € Np. We follow which bases they enter throughout the
recursive construction.

To this end, we let j € Ny be arbitrary. We immediately see that the bases
APs j+3A1 (T) and .AP;]. +2A1 (T) are not R-invariant. Applying the canonical iso-

morphisms, we see that AP;j +5A2(T) and APs j+3A2(T) are not R-invariant.

Thus, .AP;/. +5A2(T) and AP; j+3A2(T) are not R-invariant. Applying the canon-
ical isomorphisms once more, we get that AP; j+7A1(T) and AP;I +6A1(T) are
not R-invariant. Iterating this argument, we find that the following bases are not
R-invariant:

AP3j31ap AN T). APy gy AN (D),

APS 51 ap AP (D), AP jispap AX(T),

3_j+5+4bA2(T)’ AP3j 13140 AX(T),
AP3j174ap AN(T), APy 40 A (D),

where j, b € Ny. However, all non-negative integers except 1, 2, and 5 are in the set
3Np + 4Ny. Thus, the theorem follows. O

Remark 7 Let us restate this result in the language of vector analysis: On any tetra-
hedron T and for any polynomial degree r, the Raviart-Thomas space RT,(T), the
Brezzi-Douglas—Marini space BDM,. (T') and the Nédélec spaces of the first kind
Ndfs‘(T) and the second kind Ndi“d(T) have geometrically decomposed C-invariant
bases. Moreover,

that basis of RT, (T') is R-invariant if » € {0, 1,2, 3,4, 6,7
— that basis of BDM,(T) is R-invariant if » € {0, 1,2,4,5, 8
that basis of Ndet(T) is R-invariant if r € {0, 1, 3, 4, 7},
— that basis of Ndfnd(T) is R-invariant if » € {0, 1,2, 4, 5, 8}.

, 10},
}

Theorem 12 Let T be a 4-simplex and let r € Ny. Then the bases AP, A*(T) and
AP~ AX(T) are C-invariant.

Proof This follows the same line as the proofs of Theorems 10 and 11. The base case
is addressed by Lemma 12. O

Example 5 We outline the C-invariant basis AP, A!(T) and its geometric decompo-
sition over a tetrahedron 7'. To an edge with vertex indices i and j, we associate the
higher-degree Whitney forms A;¢;; and A ;¢;;. To each face F' with vertices indices
i, j, k we associate two forms

Ntk — Eh ik + EFMBij, Midjk — ESh ik + Exhikdi,
Elol:';”
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where &3 = exp(2in/3) as before. Finally, the forms

2(AoA1¢23 + AoA2013 — A1A3d02 — A2A3601),
2(Aor2013 + AoAzd12 + A1dado3 + A1A3002),
2(kor3¢12 — AoA1¢23 — A1A2o3 — A2A3601).

are associated with the tetrahedron itself.

We study the elementwise mass matrix in the special case where T is a regu-
lar tetrahedron. In contrast to scalar forms, some non-trivial orthogonality relations
arise. One checks that the bases APy A (T') and APy A%(T) are each orthogonal with
respect to the respective standard products. One verifies the same for each of the bases
A752_ AZ(T) and AP{ Al (T), obtained along the respective canonical isomorphisms.
Similarly, suppose that F is a regular triangle, for example, a face of 7'. Calculations
show that the basis APy A! (F) is orthogonal with respect to the standard products, as
is A”ﬁz_ A (F) and the extension ext};’?f A752_ A (F). While equilateral triangles and
regular tetrahedra are obviously idealized special cases, these exemplary orthogonality
relations suggest further computational studies.

Remark 8 Our search for invariant bases has led to positive results: Theorems 10, 11
and 12 explicitly construct C-invariant geometrically decomposed bases. We have
pointed out conditions on the polynomial degree for the existence of bases that are
R-invariant, that is, invariant under permutation of indices up to sign change. These
conditions on R-invariance are sufficient and we conjecture that they are necessary as
well.

If instead one of the finite element spaces above has an R-invariant basis for a
polynomial degree r not listed above, then that basis must satisfy constraints related
to geometric decompositions in the sense of Sect.7. Because of Theorems 3 and 4,
any geometrically decomposed R-invariant basis induces R-invariant bases on sub-
simplices and for finite element spaces with vanishing boundary traces, and we can
then use a canonical isomorphism to get R-invariant bases on spaces of lower degree.

For example, Djokovi¢ and Malzan’s results already rule out R-invariant bases for
several spaces of constant k-forms. Going further, there is no R-invariant basis for
752_ AV (F)or geometrically decomposed R-invariant basis for P, A L(F) over a trian-
gle F. A fortiori, P, A(T) over a tetrahedron T has no geometrically decomposed
R-invariant basis.

Remark 9 Throughout this section, we have emphasized the “bottom-up” recursive
construction of higher-degree bases. Conversely, given a basis for a higher-degree
finite element space, we can follow the recursion “top-down,” under the condition
that the geometric decomposition can be used at every step. The latter condition is not
necessarily true for every basis. In any case, no further recursion step is possible when-
ever the recursion leads to zeroth-degree finite element spaces: there, no geometric
decomposition exists.
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