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Abstract

We compute three-term semiclassical asymptotic expansions of counting functions
and Riesz-means of the eigenvalues of the Laplacian on spheres and hemispheres,
for both Dirichlet and Neumann boundary conditions. Specifically for Riesz-means
we prove upper and lower bounds involving asymptotically sharp shift terms, and we
extend them to domains of S?. We also prove a Berezin—Li—Yau inequality for domains
contained in the hemisphere Si.
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1 Introduction

In 1954, in the first edition of its monograph [38], P6lya stated his celebrated conjecture
that the leading term in Weyl’s law separates the spectrum of the Dirichlet Laplacian
from that of the Neumann Laplacian. More precisely, given €2 an open bounded set
in RZ, and given A (€2), i (€2) the k-th eigenvalue of the Laplace operator —A with
respectively Dirichlet and Neumann boundary conditions, P6lya conjectured that

4k
e () < %' < () 1)

forany k € N (the inequality for A4 (€2) is understood for k > 1). The same conjecture
has been then formulated also in higher dimensions, and for Q2 C R4, d > 2 reads

472 [k \*
i1 (£2) < —a e < A () 2)
a)d/ €2

for any k € N, where w, denotes the volume of the unit ball in R?. The quantity in
the middle of (2) is the semiclassical approximation of the eigenvalues A (£2), 1 (2)

2/d
since Ax (£2), i (2) ~ j;—/f, (Ikﬁl) for k — 00, as already proved by Weyl [42]. For
d

this reason we say that these inequalities are asymptotically sharp (in leading order).
Pdlya himself proved inequalities (1) when 2 is a tiling domain [37] and, while
there have been some developments in two and in higher dimensions (see e.g., [10,
16, 18, 32]), the general case remains at the moment an open problem.
On the other hand, inequalities (2) in an averaged (weaker) version,

k 2 2/d k

1 d 4nm k 1

2 D = T T (|Q|) 9 Fi (52, ©
J= J=

were actually proven for any 2 € R? by Berezin [2] and Li and Yau [33] for the
Dirichlet eigenvalues and by Kroger [31] for Neumann eigenvalues. For this reason,
the first inequality in (3) is now known as Kroger inequality while the second one
as Berezin-Li—Yau inequality. Note that inequalities (3) are asymptotically sharp,
therefore Pdlya’s conjecture holds in an averaged sense. We remark that inequalities
(2) on each eigenvalue can be rephrased as (reversed) bounds on the counting functions,
ie.,

NP() = #m(Q) <z}, NV(@2) =#{m(Q) <z} Vz >0,

while inequalities (3) on eigenvalue averages as (reversed) bounds on the first Riesz-
means, i.e.

RP@ =) (2= 2 @), RY@ =) (@—p(@) Vz=0.
' j

J
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Here Z denotes the summation over all j € N\ {0}. In other words, inequalities (2)
J
are equivalent to

NP(2) < L§4*|Q1z% < NV (2), 4)

while inequalities (3) are equivalent to

d
RP (@) < LY 1Q12"*7 < RY (2). (5)

Lclass Lclass

Here | are the semiclassical constants, which depend only on d (see (11)

for the precise definition). Note that in (5) the term Lfl;” |Q|Z1+ 2 is the leading term
in the asymptotic expansion of R ID (2), R{V (z) as z — 4o0.

Pélya’s conjecture (2) is in some sense justified also by the semiclassical asymptotic
expansions of the eigenvalues, which is equivalent to the expansion of the counting
functions as z — +o0:

1
NP(z) ~ CI‘”SISZIZZ ) Sfosllmlz 2
(6)
1 -
N (z) ~ Cl“”lﬂlzz +4 SIfzs—sllaﬁlzdzl-

The first term in the expansions (6) was proved by Weyl [42], who later conjectured this
two-term expansion (see [43]) that was proved only much later [30, 35] under suitable
geometric conditions. More precisely, the set of periodic points of the geodesic billiard
needs to have Lebesgue measure zero. We refer to [39] for a more exhaustive discussion
on the history of semiclassical expansions, as well as two-term asymptotics for more
general elliptic operators. Let us mention that the analogous expansions for the (more
regular) first Riesz-mean hold under much weaker assumptions on the domain (see
g., [13, 14]).

From this, the natural question arises whether the semiclassical expansions with the
leading order term, or more terms as in (6), yield upper or lower bounds for all finite
z. For the counting functions N D(z), NN (z) this amounts to Pdlya’s conjecture; for
the Riesz-means RlD (2), R{V (z) this corresponds to the well-known bounds by Li-Yau
[33] and Kroger [31].

In order to further understand the asymptotic behavior of the eigenvalues, sev-
eral authors investigated Weyl-sharp inequalities for Riesz-means (or equivalently for
eigenvalue averages) improving (3) with lower order terms and also reversed inequal-
ities. In this regard, we mention the works [15, 20, 24, 26, 34, 41].

While the above discussion concerns inequalities and expansions in the Euclidean
setting, a natural extension is to investigate similar questions for the Laplacian on
different manifolds, for example when €2 is a domain of the sphere ¢ = {x € RI*! :
|x| = 1}. There has been a growing interest in the study of the properties of domains
in manifolds for which Pdlya’s conjecture does not hold, the emblematic cases being
the sphere S? and the hemisphere Si = S? N {xg41 > 0}, d > 2. The hemisphere
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Si is an exception: Bérard and Besson [1] showed that Pélya’s conjecture is true
for the hemisphere, the quarter-sphere, and the eighth-sphere in dimension 2. Also,
Freitas, Mao, and Salvessa [17] carry out a careful analysis of Pdlya’s conjecture on d-
dimensional spheres and hemispheres, identifying precise subsequences of eigenvalues
for which Pélya’s conjecture fails, and others for which it is valid. Moreover, they prove
a Pélya-type inequality with an asymptotically sharp correction term measuring how
far the eigenvalues are from the leading term in Weyl’s law. They also deduce Pélya-
type inequalities for the eigenvalues on the whole sphere in the same spirit. These
bounds suggest that a second term for the counting function N (z) for S should be
oscillating, but unbounded (which is expected due to the order of the remainder, which
is known, see [7, 39]). Notice that, as the sphere violates the necessary geometrical
conditions, an expansion like (6) cannot hold and is actually known to be false (cf.
[39, Example 1.2.5]). Because of this, these bounds are fundamental to provide a
better understanding of the remainder. The same conclusion can be deduced also
for hemispheres, where again the expansion (6) cannot be inferred from classical
arguments (cf. [39, Section 1.3.1]).

Considering sharp estimates of Riesz-means on domains of compact homogeneous
manifolds (in particular spheres), Strichartz [40] proved a series of asymptotically
sharp inequalities. We remark that the starting point is an observation due to Colin de
Verdiere and Gallot [19] relating the Riesz-mean in a domain with that in the manifold
containing the domain. Improvements in the case of the sphere have been proved by
Ilyin and Laptev [29]. We also mention El Soufi, Harrell, Ilias, Stubbe [9] where the
authors present the so-called averaged variational principle, which is an efficient way
to recover the result of Colin de Verdiere and Gallot, and apply it to bound Riesz-
means on general Riemannian manifolds, also for other types of operators [4, 6].
Related bounds for eigenvalue averages on domains of Riemannian manifolds can be
found in [8]. However we remark that for domains in a general Riemannian manifold
sharp upper or lower bounds for Riesz means are not available.

In this paper we consider specifically the Laplacian on the sphere and on the hemi-
sphere and derive asymptotics and Weyl-sharp upper and lower bound for Riesz-means
and counting functions that complement and improve those already present in the lit-
erature.

Our first aim is to investigate further terms in the asymptotic expansions for N (z)
in the case S and N2 (z), NV (z) in the case of Si in order to clarify the behavior
highlighted in [17]. We will also consider subsequent terms in the expansion of the
more regular Riesz-mean Rj(z) for S? and RID (2), R{V (z) for Si. For example, for
R{(2), the second term has a sign, but contains an oscillating part (see Theorem 4.1.1).
We highlight the relation with the results in [40], where the lim-inf and lim-sup of the
remainder term for R;(z) are computed. On the other hand, on S4 | we derive three-
term expansions both for the counting functions and the Riesz-means (see Theorems
4.2.1,4.2.2,4.2.3,4.2.4). Note that RP (z), R (z) have a second term which is coher-
ent with the expansion (6) even though N D(z), NV (z) do not. This behavior is the
expected one since Riesz-means present a higher regularity than counting functions.
However, smoothing out the oscillations in the expansions of counting functions, we
can see already from them what are the correct coefficients of lower order terms in the
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expansions of more regular quantities. We plan to make this argument rigorous and
expand it to cover more general cases in a forthcoming paper [5].

Our results on asymptotic expansions for counting functions in some sense complete
the study of [39, §1.7] where the authors consider non-classical two-terms expansions
for the eigenvalues of the degree operator on spheres and hemispheres, namely the

12 . . . Lo
operator —A + %. Note that the analysis for this operator is somehow easier since

the energy levels are given by (l + %)2 With some effort, it is possible to recover
two-terms expansions for the eigenvalues of the Laplacian from the expansions in [39,
§1.7]. However, up to our knowledge, the three-terms expansions established in our
paper were not known.

Once precise spectral asymptotics are established, one naturally asks whether it is
possible to obtain bounds, at least for the more regular Riesz-means. For example, in
S? we are able to improve the lower bounds for Rj(z) present in [29, 40] and derive
sharp bounds with lower order terms also for Si. As for the higher dimensional case,
we prove upper and lower bounds for R (z), containing an asymptotically sharp shift
(see Theorems 4.1.3 and 4.1.4). Note that the upper bound with a shift in the form of
Theorem 4.1.4 implies a Berezin-Li—Yau inequality for the shifted eigenvalues. The
case of S! is intrinsically different, since the leading term in Weyl’s law is neither an
upper bound nor a lower bound. Nevertheless, we provide an upper bound containing
an asymptotically sharp shift (see Theorem 5.0.1).

The second aim of the present paper is to consider Berezin—Li—Yau bounds for
Dirichlet eigenvalues on domains. It is well-known that, in general, it is not possible to
bound from above the Riesz-mean RlD (z) with the leading term in Wey!’s law. In other
words, the first inequality in (5) in general does not hold. The natural counterexample
is a domain which is invading the whole sphere: its Dirichlet spectrum is converging to
the spectrum on the whole sphere, for which Berezin—Li—Yau inequality in the form of
the first inequality of (5) does not hold. However, bounds of Berezin—Li—Yau-type with
a correction term can be obtained in the spirit of [19], as done in [29, 40]. In this paper
we observe that if we restrict to domains on the hemisphere S? , then Berezin-Li—Yau
bounds do hold (see Theorems 3.2.4 and 3.2.5). Moreover, they hold for Sff_ when
d = 3,4,5 (see Theorem 4.2.5). For domains in S9 we complete the picture of [29,
40] by establishing Berezin—Li—Yau bounds with a shift term, which is asymptotically
sharp when the domain is S9 (see Theorem 4.1.6).

For what concerns the techniques used, to obtain the results in S? and Si we mainly
exploit the fact that in both cases the eigenvalues and their multiplicities are completely
known and easily described, and this in turn allows for a somewhat explicit but rather
complicated representation of any related quantity. Careful manipulations then permit
to recover in a new manner known bounds and to derive new ones. The results for
domains instead take advantage of what we proved for S? together with the averaged
variational principle of Harrell and Stubbe (see Theorem 2.0.1, see also [25]). We
remark that there are other situations where eigenvalues and their multiplicities are
explicitly known. This is the case, for example, of compact symmetric spaces of rank
one (the sphere belongs to this family), see [27, 28]. Our techniques can be used to
treat the case of these spaces and their domains. However we believe that is is more
instructive to focus on the case of the sphere.
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The paper is organized as follows. In Sect.2 we introduce the notation and some
preliminaries: we state the eigenvalue problems, the functional setting and the tools
needed in our analysis. Section3 contains our results in dimension 2, that is for the
sphere S?, the hemisphere S? , and domains of the hemisphere. Then in Sect.4 we
consider the d-dimensional case of the sphere S, its domains, and the hemisphere
Si. In Sect. 5 we deal with the case of the circle S'. For the sake of clarity, we have
postponed some technical results to Appendix A. In Appendix B we discuss a duality
principle for Riesz-means.

2 Preliminaries and Notation

Let M9 be a d-dimensional, compact, Riemannian manifold, and let 2 be a domain in
M4 (possibly @ = M?). We recall that € is called a domain if it is an open, bounded,
connected set. By L?(£2) we denote the classical Lebesgue space of square integrable
functions. By H” (2) we denote the standard Sobolev space of functions in L*(£2)
with all weak partial derivatives up to the order m in LZ(Q). By HO’” (2) we denote
the closure of C2°(2) in H™(2) with respect to its standard norm. Throughout the
paper, by N we denote the set of natural numbers including zero.
On M? we consider the (closed) eigenvalue problem for the Laplacian

— Au = \u, @)

and on domains & € M“ we consider the Dirichlet problem

—Au = Au, in £,
(3)
u =20, on 0€2,
and the Neumann problem
—Au = Au, in 2,
©
dyu =0, on 02.

We will understand problems (8) and (9) in their weak formulations. For problem
(8) it amounts to finding a function u € HOl (€2) and a real number A € R such that

/ Vu -V =A/ up, Vo € Hi(Q). (10)
Q Q

For problem (9), the variational formulation is the same as (10) but with the energy
space Hol(Q) replaced by H L.
We denote the eigenvalues of (7) as

O=A <A< - ZAj<--- S Ho0.

@ Springer



Semiclassical Estimates for Eigenvalue... Page70of51 280

As for the Dirichlet and Neumann problems (8)-(9) on domains of M d_we shall denote
the eigenvalues by

0<M(R) <)< <2j(Q)=<-- /400
and
0=p1(Q) < p2(Q) <+ < pj(Q) <--- / +oo,

respectively. In order to ease the notation, we will omit the explicit dependence on €2
when there is no possibility of confusion.

In many situations (e.g., MY = S?, the round sphere), the eigenvalues of the
Laplacian appear as energy levels, namely, the values assumed by the eigenvalues
(without multiplicities) form a sequence which we shall denote by

O0=A) <Ay <A <~ <Agp <--- / +o0.

Each eigenvalue corresponding to an energy level A(;), [ € N, has a certain multiplicity,
which depends on d and /, and which we shall denote by m; 4. To clarify the situation,
let us just consider the eigenvalues of the Laplacian on S', which are given by the
sequence

0a111747499a91"' 9127127"'

therefore A ;) = 12,1 € N, and mo,1 = 1,m;; =2forall/ > 1. In general mp 4 = 1
for all d. If we want to enumerate the eigenvalues of S! in increasing order, counting
multiplicities, we will denote them as A1 = 0, A2 = 1, A3 = 1, kg4 = 4, A5 = 4, etc.
Energy levels and their multiplicities are explicitly known, for example, for all the
compact symmetric spaces of rank 1 (the sphere belongs to this family), see e.g., [27,
28].

Concerning S? and its domains, we will consider semiclassical estimates for Riesz-
means of eigenvalues, namely for

Ry@ =) (z=4)} V¥z20
J

where y > 0, a4 denotes the positive part of a real number @, and the sum is taken
over j € N. As a convention, when the summation is over all j € N, we will just write
the index j at the bottom of the summation symbol. If the sum is over some subset
J C Nwe will write 3 ;; if the sum starts from some kg € N we will write 3 ;.
When y = 0, then Ry(z) is just the counting function N (z) which counts the number
of eigenvalues A ; below z.

We will denote by R;(z) and N(z) the Riesz-mean and the counting function
for the whole manifold M?, namely, for problem (7). Moreover, we shall denote
by RP(z), NP(z) and by RY (z), NV (z) the Riesz-means and the counting functions
for the Dirichlet (8) and Neumann (9) problems on domains of M<, respectively.
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In this paper we will be interested in y = 1, i.e., the first Riesz-mean, since
semiclassical estimates can be deduced in a very efficient way by means of the averaged
variational principle, introduced by Harrell and Stubbe in [9, 25], generalizing a work
of Kroger [31] by averaging over test functions which form a complete frame of the
underlying Hilbert space. We shall state it here for sake of completeness.

Theorem 2.0.1 Let H be a self-adjoint operator in a Hilbert space (H, {-, -, )1), the
spectrum of which is discrete at least in its lower portion, and we denote it by

w << <wp< -
with corresponding orthonormalized eigenvectors {g;}jen\(0)- The closed quadratic
form corresponding to H is denoted Q (¢, ¢) for any ¢ in the quadratic form domain
Q(H) C'H. Let f, € Q(H) be a family of vectors indexed by a variable p ranging
over a measure space (M, X, o). Suppose that My is a measurable subset of M. Then
forany z € R,

S=aps [N fonl dop = [ (sl = 0y 1) dop.
7 m Mo

provided that the integrals converge.

In particular, in the situation of S? the averaged variational principle turns out
to be equivalent to generalizations of the Berezin-Li—Yau method, which was first
observed by Colin de Verdiere and Gallot [19], and employed in various form in
Ilyin and Laptev [29] and Strichartz [40]. This application of the averaged variational
principle to recover in an efficient way the results of Strichartz [40] is contained in [9],
and it is employed not only for homogeneous spaces but for more general Riemannian
manifolds.

We shall denote by Ld‘g‘” the semiclassical constant for Laplacian eigenvalues in
dimension d, which is givén by

r 1
Ledas — gy-ap L+ D (1)
v, F'y+1+d/2)
It is also convenient to recall that
LClaSS|Sd| — 2 — E LClaSS|Sd| — 4 — 4
0.4 rd+1n dar d+2DT@+1)  (d+2)dl
Finally, we introduce the fluctuation function r defined by
1
v =n—1Inl-5 ¥n=z0 (12)

where | 7| denotes the integer part of 1.
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3 The Two-Dimensional Sphere S? and the Hemisphere S2

In this section we will consider semiclassical estimates for Laplacian eigenvalues in
the exceptional case of the two-dimensional sphere. In particular, we shall consider
the closed problem on S?, the Dirichlet and Neumann problems for the hemisphere
Si, and on domains of Si.

3.1 The Sphere S?

As is well-known, the energy levels of the Laplacian on S? are given by Ay =11+1)
with corresponding multiplicities m; 2> = 21+ 1,1 € N, see e.g., [3]. It is well-known
[39, 42] that Weyl’s law for the counting function of the Laplacian eigenvalues on S?
reads

N(z) = LS{%”|SZ|Z +0(z) =z4+0(z) asz— 400,

and, accordingly, the semiclassical limit for the first Riesz-mean R is
1
Ri(z) = L{§¥[S?2* + 0(2?) = Ezz +0(z%) asz— +oo.

Strichartz [40, (3.11)-(3.13) p. 166] proves a Weyl sharp lower bound with a cor-
rection term and a Weyl sharp upper bound for the eigenvalue means of the Laplacian
eigenvalues on S2. These bounds are equivalent to a Weyl sharp shifted upper bound
and a Weyl sharp lower bound the first Riesz-mean R; which we show in the following
proposition. The upper bound was also shown by Ilyin and Laptev [29]. Our technique
will allow a more careful analysis, improving these bounds in Theorem 3.1.1. For a
discussion of d > 2 and our significant improvements based on the techniques intro-
duced here, see Sect.4.1, in particular Theorems 4.1.3 and 4.1.4 and the subsequent
remarks.

Proposition 3.1.1 For all z > 0, the following bounds hold for the first Riesz-mean
R1 of the Laplacian eigenvalues on S?:

(SRR N 2

Yy shi@=o(zt5 )
Equality in the lower bound holds if and only if z = L) for some | € N. For the upper
bound, equality holds if and only if 7 = (I + 1)* — % € [Aqy, Aq+1)l for somel € N.
Proof For the sake of simplicity, we prove the bounds for z = w(w + 1) where w > 0.
We note that

Lw]
Ri(w(w+ 1) = Y QL+ D(ww +1) = 11+ 1)
=0

=%(w+ lw| + D(w+ [w] +2)(w — LwJ)(LwJ+l—w)+%w2(w+l)2.
(13)
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Since |w| < w < |w] + 1 the first term in the right hand side of the above equation
is non-negative. Moreover, it equals zero if and only if w € N, that is when w(w + 1)
equals an energy level A ;) for some [ € N. For the upper bound we write Ry as follows

2
Ri(w(w+ 1)) = — é <—2(w +lw]+ Dw — [w) +2[w] + 1)

! 1 y? 14
+§ (w(w+ )+5> . (14)

Since
2w+ w] + D(w — [w]) +2w] +1
1 3 1\?
=2(|_wj+§> <|_wj+§)—2<w+§> ,

the first term in the right hand side of equation (14) is non-positive and equals zero if

_ 1 1 3
w——§+ (LU)J"FE) (ij—i—E)

which has a solution w = —% + (l + %) (l + %) in each interval [/, [ + 1]. Hence,

recalling the substitution z = w(w + 1) we have that the equality in the upper bound
holds if and only if z = (I + D% — % which is in the interval [A ¢y, Aq41)]- O

As anticipated, a careful inspection of the proof of Proposition 3.1.1 allows to
establish an improved two-sided bound for the first Riesz-mean with a sharp first
term and a second term of order z with an oscillating, but positive, coefficient, thus
improving the results of [29, 40].

Theorem 3.1.1 For all z > 0, the following bounds hold for the first Riesz-mean R
of the Laplacian eigenvalues on S*:

1 1
Lo (b ovr) (- ) < e

§%z2+2<%—1ﬂ(w)2) (z+§+%>,

where V is the fluctuation function (12) and w is defined by the relation w(w+1) = z.
Consequently, for any € > 0:

lim 7€ 1/2 <R1 (2) — %zz -2 G — w(w)z) z> =0.

z—>+00

Proof ltis sufficient to consider the third line of (13), substitute | w | with w—1v (w)— % s
andusetheboundsw§ﬁ§w+1and|1//|§%‘ O
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We remark that the lower bound is given by the first two terms of the asymptotic
expansion of Rj(z) which we prove in general for d > 2 (see Theorem 4.1.1), plus a
term of negative sign of (lower) order ,/z, and the upper bound is given by the same
two terms, plus a term of positive sign of (lower) order ,/z, as it is expected.

. 2
3.2 The Hemisphere 57,

Now we pass to consider the case of the two dimensional hemisphere Si. Since the
hemisphere Si has a non-empty boundary, to consider problems on Si it is necessary
to impose boundary conditions. We will consider both the cases of Dirichlet and
Neumann boundary conditions imposed on the equator, that is problems (8) and (9)

with M9 =S? and Q = Si.

3.2.1 Dirichlet Laplacian

We start with the case of Dirichlet boundary condition imposed on the equator. As is
well-known, the energy levels of the Dirichlet Laplacian on S%r are the same of the
Laplacian on S?, that is Ay = I(I 4 1), but with corresponding multiplicities /, where
[ € N\ {0}.

Since the work by Bérard and Besson [1] it is known that the eigenvalues of the
Dirichlet Laplacian on Si satisfy Pdlya’s conjecture. The same result, together with
many more on Pdlya’s-type inequalities on spheres and hemisphere, is proved by
Freitas, Mao and Salvessa [17]. First, we provide another elementary proof of Pélya’s
conjecture for Si.

Proposition 3.2.1 For all z > 0, the counting function NP (z) for the Dirichlet Lapla-
cian on Sa_ satisfies the following inequality:

1
NP(z) < 53 (15)

Proof As already done in previous proofs, we set z = w(w + 1) with w > 0. Then
we have

[w]

D _wwt+D _ww+1D)
NP w(w + 1)) 5 —;jl 5

__wolwhwtltlw)

2

that clearly proves the bound. O

Actually, we are able to prove a two-sided bound for the counting function, where
the upper bound improves the result of Proposition 3.2.1.
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280 Page12of51 D. Buoso et al.

Theorem 3.2.1 Forall z > 0, the counting function NP () for the Dirichlet Laplacian
on Si satisfies the following inequality:

(1 - (w(u» + 1) z—i)z ! (w(w) + 1) 1 < NP(z)
2 8 2 -
2 2

where w is defined by the relation w(w + 1) = z.

NSRS

IA

Proof We prove the inequalities for z = w(w + 1), w > 0. We have

wi(wl +1  w+ w] —w)w+ 1+ [w] —w)
2 o 2
ww+ 1) — (Yw) + ) Qw+ D) + (@) + 1)°
5 .

Nww + 1)) =

For the upper bound it suffices to note that 2w + 1 > 2/w(w + 1) and recall the
substitution z = w(w + 1). In fact,

ww+ 1) — () + 1) Qw+ D + (@) + 1)°
2

2
=D (g L)Vt T+ 4 (v + 1)

2
=W( <w<w)+ )(w<w+1)> )

The lower bound can be proved in the same way by noting that 2w + 1 <

2Vw(w +1) + m m]

Remark 3.2.1 We remark that the upper bound coincides with the expression given
by the leading term in Weyl’s law plus the second and the third terms found in the
expansion (44) for NP (z) in Theorem 4.2.1 for all d > 2. The lower bound coincides
with the same three terms, and the further term which one can find going further in
the asymptotic expansion of N D (z) (which is not difficult in the case d = 2).

We pass now to consider Weyl sharp upper and lower bounds for the first Riesz-
mean RID . The semiclassical expansion of R]D reads

1
RID(Z) — classlSZ |Z _ 4LC[aSS|aSZ |Z3/2 + O(Z)

1
z2—§z3/2+0(z) asz — +oo

=
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where the O (z) term is oscillatory and non-negative (see Theorem 4.2.2; see [12] for
Euclidean domains). Note that RID admits a two-term “standard” expansion as in (6)
(the second term is a power-like function), contrarily to N D (see (44)).

Note also that the leading term in Weyl’s law is an upper bound for RlD and this
follows immediately from the validity of Pélya’s conjecture (Proposition 3.2.1).

In the following theorem we derive upper and lower bounds for R lD with also lower
order terms.

Theorem 3.2.2 For all z > 0 the following bounds hold for the first Riesz-mean RlD
of the Dirichlet Laplacian eigenvalues on Sﬁ_:

1, 1 /+1<RD()<12 1 /+1+1
4Z 3ZZ _12_41 32Z 2 4Z.

Moreover, equality in the lower bound occurs if and only if z = A for somel € N\{0}.

Proof As in the previous proofs, we derive the bounds for z = w(w + 1), for all
w > 0. We first note that

Lw]
RY w(w + 1) =Y lww+1) =1+ 1)
=1

1 2 2
=—Z(w— lwD)™(w+ [w]+ 1)

1 I 5, 2
~5 lw](lw]+DQ2lw] + 1)+ I w(w + 1)~.

For the lower bound we write RID as follows

D 1 2 2 1
R (w(w—f—l))—zw (w+1) +6w(w+l)(2w+1)
= L P w17
4

+é<w(w +DQRw+1) — lwl(lw] + DQ2lw] + 1)).

1
We add and subtract 1 (w—|w])(w+ |w]+ l)2 to the right hand side of the previous

equality. First we note that

1 2 2, 1 2
_Z(w_ lw))“(w + [w] + 1) +£_1(w_ lwh(w + [w]+1)

1
- Z(u) —lwDA+ [w] —w)(w+ |w] + D2
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Moreover,
é ww+DHQRw+1) — |lwl(lw] + DQlw] + 1))
1 2 2
= (- LwJ)(2LwJ +ow +2wLwJ+3w+3LwJ+1)
1 | ) ) 2
= Z(w — [w]) (5 (w—|w)"+ w+ w)” +2w+2w| + §> ,

and therefore
—}1 w — lw)(w+ [w] + 1)
+é (ww+DHQRw+1) — w](lw] + DQ2lw] + 1))
= =t (= wp? 1),

Combining both we get

1 1
RP(w(w + 1)) — i w?(w + )% + cww+DCw+1)
1
=10 (w — LwJ)<3(1 + lwl —w)(w + [w] + 1D* + (w — [w])* — 1>
1
= = = Lwh(+ Lw) —w) 3w+ lw] + 17 = (1 +w - L)),
which is obviously non-negative. In particular, the right hand side of the previous
equality vanishes if and only if w is a non-negative integer. Recalling the substitution
z = w(w + 1) the statement for the lower bound is proved.
Next we pass to consider the upper bound. For the sake of simplicity from now up

to the end of the proof we write w = |w] + x where x € [0, 1[ denotes the fractional
part of w. We rewrite RID in the following way

1 1
Ri(w(w + 1) = 7 w?(w + 1% + cww+ DQw+1)

- La-n (12ij2+ 12(w]x + 12|w] + 3x% + 5x +2)
12

1 1\2
=—(lw]+x)(lw]+14+x)— w|(lw]+1) <x - 5)

4
X X 3 5 1
—5 (1—-2x(1—x)) |lw] — T <3x +2x° + l)) < 2 (lw] +x)(lw] + 1+ x)
which is the claimed upper bound. O
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Remark 3.2.2 In Theorem 3.2.2 the lower bound is negative for 0 < z < 2 and
since Rf)(z) = 0 for 0 < z < 2 one can clearly replace it by the trivial bound
0. Moreover, the upper bound in Theorem 3.2.2 also implies the Weyl-sharp upper

bound RlD(z) < é since —%z zZ+ % + %z <O0forall z > 5/16.

3.2.2 Neumann Laplacian

Next we pass to consider the case of Neumann boundary conditions. The energy levels
of the Neumann Laplacian on Si are again the same of the Laplacian on S?, that is
A@y =1l + 1), but with corresponding multiplicities / + 1, where / € N.

As we have done for the Dirichlet Laplacian on Si, we show Weyl sharp upper and
lower bound for the first Riesz-mean R{V of the Neumann eigenvalues. The semiclas-
sical expansion of R{V is given by

1 1 1
RY (@) = L{5WISYIE + JL{T 08T + 0@ = 1 2+ 32772+ 0() asz— +oo,

where the O(z) term is oscillatory and non-negative (see Theorem 4.2.4). We have
the following two-sided bound with two sharp terms.

Theorem 3.2.3 For all z > 0 the following bounds hold for the first Riesz-mean R{V
of the Neumann Laplacian eigenvalues on Sﬁ_:

T P P I R P Uy
4Z 3ZZ 4_1Z_4Z 3ZZ 4 Z.

Moreover, equality in the lower bound occurs if and only if z = L) for some | € N.

Proof As in the previous proofs, we derive the bounds for z = w(w + 1), for all
w > 0. By a direct computation one can verify that

N 1 2 2 1
R (w(w—l—l))—zw (w+1) —gw(w—i—l)(Zw—l—l)

3y n (7 =6y (w)(3 — 2y (w))
8 192

(16)

= (1 -4y (w)) (w2 +

The right hand side of equation (16) is clearly non-negative, and thus the lower bound
holds. Moreover, the right hand side vanishes for those w > O such that ¢ (w) = £1/2,
that is when w is a natural number and hence w(w + 1) is an energy level.

For the upper bound we may assume w > 1 since for w < 1 we have Ry (w(w +
1)) = w(w+ 1) and the upper bound is trivially verified. Now we note that w <
%andw < % < 5. Hence

(1 — 492 (w)) <w2 n 3w n (7 -6y (w)3 — ZW(w)))

8 192

<+ 2+ 2 w41
w - —-— = w(w .
= 272
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That is the right hand side of equation (16) is bounded above by w(w + 1), which
concludes the proof. O

3.2.3 Domains in S2

Here we derive upper bounds in the spirit of Berezin-Li—Yau [2, 33] for the first
Riesz-mean of the eigenvalues of the Dirichlet Laplacian on domains €2 contained
in the hemisphere Sﬁ_. Namely, we prove that for these domains the leading term in
Weyl’s law is an upper bound for R?, i.e., the first inequality in (5) holds.

We recall that we denote by

0<2(R) <A <...<Aj(Q) <... / +00

the eigenvalues of the Dirichlet Laplacian on €2, each repeated in accordance with
its multiplicity, and by {u;};>1 the corresponding L?(2)-orthonormal sequence of
eigenfunctions.

We note that Strichartz [40] considered Berezin-Li—Yau-type inequalities for the
eigenvalues of the Laplacian on domains of the sphere. For general domains of the
sphere, a Berezin—Li—Yau inequality in the form of the first inequality of (5) cannot
hold since the first eigenvalue on the whole sphere is zero, and actually, the opposite
bound holds, see Proposition 3.1.1. In [40] the author proves a Berezin—Li—Yau-type
inequality with a first sharp term and with a lower order correction. The basic estimate
relies on an observation of Colin de Verdiere and Gallot, already contained in [19].
We also refer to [9, 29] for equivalent approaches leading to analogous results.

The principal idea of this section in order to recover an analogue of the Berezin—Li—
Yau inequality and improve the result of [29, 40] is to get rid of the eigenvalue O of the
Laplacian on S? by considering only domains  C S%_. Note that the Berezin-Li—Yau
inequality in the form of the first inequality of (5) cannot hold in general as long as the
domain is not contained in a hemisphere, even if it is close to it. In fact, for a spherical
cap of radius 77/2 + € in S?, Pélya’s conjecture already fails for A;.

We are now ready state our first result. Its proof is based on the averaged variational
principle (i.e., Theorem 2.0.1) with the use of the eigenfunction u ; extended to zero
outside €2 as test functions for the Dirichlet Laplacian eigenvalues on Si. For the sake
of clarity we have postponed two technical lemmas used in the proof to the end of this
subsection.

Theorem 3.2.4 Let Q be a domain in Si. Then for all z > 0 the following inequality
for the first Riesz-mean RID of the eigenvalues of the Dirichlet Laplacian on Q2 holds:

1
RP(@) =) (z-2j(@), < g|sz|z2.
jz1

Proof The eigenfunctions of the Dirichlet Laplacian on S%r associated with the energy
level Ay are the spherical harmonics Yfl*lﬂh ,where h = 1,...,]. We note one
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more time here that the index / is not the numbering of the eigenvalues counting
multiplicities, as it is j for A ;(€2), but it is the numbering of the energy levels.

Let z > 0. We apply Theorem20 lwith H = L>(S2), H = —A, Q = H}(S?),
Qu,u) = g |Vul?, 9 = N\{0}, Mo = {j € N\{0} : z — 2;(Q) = 0}, fp =uj.
We get

2
/ Y s

l
SN @-ta+1 Y

I>1 h=I j>1

> (2 —2j(@),

=1
which, since {u}; form a complete set in L2(), implies that

ZZ =11+ 1) / Y2 AS = 3 (2 - (@),

[>1 h=1 j>1
Now we note that

2l ~|— 1
Z'Y —Il- 1+2h Z |Ym
m=—I

by the addition formula for spherical harmonics (see [11, Chapter 2,§H], see also [21]),
and, accordingly we get

|£2]
o D=+ D), 2 ) (2= A@), (17)
>1 j>1
Then the statement follows by Lemma 3.2.1 below. O

Remark 3.2.3 Alternatively, in order to recover the above Berezin—Li—Yau bound, we
could have followed a more physical idea. Let 2 C Si. Let € be the set obtained by
reflecting €2 at the equator. Then we consider the Dirichlet eigenvalues of 2 U 2 but
restricted to functions antisymmetric with respect to the equator (and the same for the
entire sphere). In this space the eigenvalues on 2 U $ are of course A j(£2) with the
same multiplicities. Finally we apply the averaged variational principle of Theorem
2.0.1 as above.

Remark 3.2.4 As already pointed out, Theorem 3.2.4 cannot hold for large domains €2
approaching the entire sphere for which the reversed inequality of the theorem holds

(see Proposition 3.1.1).

We also prove another upper bound for RID containing lower order terms which
improves Theorem 3.2.4 when z > 1.

@ Springer



280 Page 18of51 D. Buoso et al.

Theorem 3.2.5 Let Q2 be a domain in Si. Then for all z > 0 the following inequality
for the first Riesz-mean RID of the eigenvalues of the Dirichlet Laplacian on Q2 holds:

1 1\2
RID(Z) = Z (Z - )Lj(Q))+ = g|9| (Z — E) .

j=1

Proof The proof can be performed following the same lines of that of Theorem 3.2.4
together with the use of Lemma 3.2.2 instead of Lemma 3.2.1. O
We conclude with the two technical lemmas we used to prove the previous results.

Lemma 3.2.1 For all z > 0 the following inequality holds:

Z2

Y@+ D(E—10+D), <=

5
>1

Proof The proof can be performed by direct computations.
O

Itis possible to improve the previous lemma adding lower order terms (see [29, Lemma
3.2]).

Lemma 3.2.2 For all z > 0 the following inequality holds:
D@+ D(E—1a+D), < LY 2.
= =2 2

Proof We prove the inequality for z = w(w + 1), w > 1. For the sake of simplicity
we write w = |w] + x where x € [0, 1[ denotes the fractional part of w. Then

(w]
Z(Zl + D(lw] +x)(lw] +x+ 1) =11+ 1)+
=1

1 X 1\?
-3 ((LwJ+x)(LwJ+x+ )—5>

:—%(ij(4x—2)+2x(x+l)_ n?=<o.

4 The d-Dimensional Sphere S? and the Hemisphere Si
The general case d > 3 presents a few peculiar features: for example, Pélya’s conjec-

ture does not hold for Si as shown in [17]. Actually, it should be remarked that the
two-dimensional case is the special case. In what follows we shall treat d > 2.
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4.1 The Sphere S¢

We recall that the eigenvalues of the Laplacian on S? are given as energy levels by
Aqy = I(I +d — 1) with multiplicities m; g = H; ¢ — Hj—2 4 Where

d+1
Hq = ( ; )
see e.g., [3].

The first result of this subsection is a two-term expansion for Rj(z). Note that
the second term has a sign, though it contains an oscillating part. We stress the fact

that, since the sphere has no boundary, the classical second term in z% is not present
in the expansion, and the term we obtain may be regarded as a “third term” in the
semiclassical expansion. This asymptotic expansion improves the result in Strichartz
[40, Theorem 3.3 p. 168] on eigenvalue means, where the lim inf and the lim sup of the
second term was given. Moreover, in Theorems 4.1.3 and 4.1.4 below we shall prove
lower and and upper bounds on R; corresponding to the lower and upper envelope
of the asymptotic expansion (via the estimates 0 < 4—11 —y? < % for the fluctuation
function, see also Remark 4.1.2 below).

Theorem 4.1.1 As z tends to infinity we have the following asymptotic expansion for
the first Riesz mean Ry on S9:

R dd+2 1 _ _
RO D (1)) e
LE'ZZSS|Sd| Z2 71 12 4
(18)
where w is defined by the relation w(w +d — 1) = z.
Proof We first prove that
L
Ri(2) = Zmz,d(z —ll+d-1))
=0
2L+d)I(L+d
- S ) (—dL(L +d)+ (d +2)z), (19)

T (d+2T(L+ DI +1)
where L = |w]. Note that (19) can be deduced by [29, Appendix A] (see also [40,

Theorem 3.2]). We prove it here for the reader’s convenience. We start by recalling
the following well-known formula (see e.g., [22, 0.15 p.3])

Z<n+k>=<n+m+l> 20)
n n+1

k=0
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and we write

L L L
d+1 d+1—
Zmz,dz=z<z< +) Z( * )) (21)
=0 =0 =0
Thus
L L d i
Zm,,d1(1+d—1)=z< ;r )(l(l—l)+ld)
=0 =0
Loid+1-2
—Z< s )((l+d)(l+d—1)—d(l+d—1))
L
Zd(d+1)<d+ll>
=0
L d+1 +1
+ (d+1)<d+2)< ) Z(d+1)<d+2>( )
— I — 2

~

d+1—1
Z (d+1)< 7_2 ) (22)

=0

Using (20) to compute (21) and (22), we get (19).
Since

Lclawl |
d+2Td+1)’

we get

Ri(2) QL+ DT(L+4d)
= —dL(L +d d+2
L5458 1472 T AT (L + 1)z +d72 (=dL(L+d)+(d+2)z). (23)

This proves (19). We apply the asymptotic expansions given in Appendix A for the
Gamma function (Lemma A.0.3), and the Taylor expansions of the quadratic polyno-
mials P, ,(x) =1+ ax + bx? (Lemma A.0.2) with x = 1/L. First we note that

(2L+d)F(L+d) (2+dx)e"’(1+dx)1/*(l+dx)d I/ZP% ﬁ(lfdx) 00
rrn iP tou
12 288
dx P ()
= < (I+ )P ¢12 8¢I*+3d4 (X)P(M d d2Qd— 1)(2(1 5 (X) - ]]23% 8% ) 0(X3)

We rewrite the last term in (23) as L2(—d (d +x) + (d+2) =).Sincez = w(w+d—1)
and L is the integer part of w, we write z using the ﬂuctuatlon function, which is then
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given by

w<w)=w—L—%,

asz=(L+v(w)+ %)(L +d+y(w) — %), and therefore

§=<1+(1ﬂ(w)+%>x> <1+(d+1/f(w)—%>x>.

According to (53) and (54) of Lemma A.0.2 we have

and

=P 1 1 (xX)+0@ED).

P (x) ~12°78%

L
2

)|

88

We compute the coefficients A, B, C of the product in (23) according to (55) of Lemma
A.0.2 as follows:

d d* @d-Dd 1 1 42

A:——— _— —_— = = = -,
2 2 2 12 12 2
8% +3d*  d*(2d — 1)(2d — 3 1 d 1
B_ n ( )( )+___+_
24 8 288 12 ' 288
_61(13'61—2)(3512—261“)Jr 1
B 24 144°
and
C_d4 > d4* (2d - 1324 1 d?Qd*—2d+1) 1
8 8 8 8 144 4 144°

Hence the coefficient of x2 is given by

did—-1)@Bd*>—d+2)

B+ C =
+ 24
Therefore we have

Ri(2)
Lil_zsslgdlzl+d/2

1 1 L2\'T?
: ((d+2) (1 + (w(u» + §>x> (1 4 (d—i— v (w) — §>x> —d( +dx)) . (7)
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= (Papc(®) + 0(Y)

1 d 1 L2 1+d/2
: (1 +((d+ 29 (w) + dx + (ww) + 5) (1 + 5) <z/x<w) -3 +d> x2> : (7) .

Next we expand

127\ 142 1 —1-d/)2 1 —1-d/)2
(5) =(elrmsz)s) (e (rvm=3))

Combining all terms as above we finally get

R1(2) . dd+?2) 1 5 5 ;
Lﬁ‘l,ZAYAY'Sd'Zl_Fd/Q =1+ 12 d—2+6 Z ¥ (w) x“+ 0(x°).
Since x> =z~ 4+ O(z7%/?), the theorem is proven. m]

In view of (18), we now derive a Weyl sharp lower bound for R;(z). To do so, we
first prove the following

Lemma 4.1.1 The ratio

Ri1(z)

1 1+4
Ly 12"+
has a unique critical point which is a strict maximum in each interval [y, dq+1)].

Proof As before we write z = w(w +d — 1) and put L := |w]. Since

L

Riww+d—1)=> maww+d—1)—I(l+d—1)
=0

QL+ T (L +d)

_ _ 2 _ 72 _
_(d+2)F(L+1)F(d+1)( dL? —d*L + (d + Qw(w +d — 1))

we get

Ri(w(w +d —1))
L{4ss IS |w+2 (w 4 d — 1)1+4/2

3 QL+ d)T (L +4d)

C AL + Dw'H2(w + d — 1)1+4/2

(—dL* —d’L + (d +2w(w +d — 1)).

The aim is then to show that in each interval [L, L + 1], L > 1, the ratio of R; and the
leading term in Weyl’s law has a unique maximum w. When L = 0 the ratio is a strictly
decreasing function and singular at w = 0. For thiswe fix L and putw = w(x) = L+x
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with x € [0, 1[ the fractional part of w. Note that A7y = w(0)(w(0) +d — 1),
A+ = w()(w(l) +d — 1). Therefore

Ri(w(w+d—1))
L?{ZS”Sdllerdﬂ(w +d— 1)1+d/2
B (L+d/2)T(L+d)
T(L+ D(L+x)H42(L +x +d — 1)1+4/2

A(x), (24)
with
Au)z<§+4)ﬂ+4d+m(i%1+L>x+(L—1+§>L (25)

We consider the logarithm of the quantities in equation (24) that is

L+d/)T(L +d
Q(x):=1°g<( F{L{+2) )>

- (%’ i 1) log (L +x)(L +x +d — 1)) +log AGx).

An easy computation shows that

, A(x) d 2L +d—1+2x
0'x)= 0 <— 1)
(x) 2 (L+x)(L+d—-1+x)
and
" / 2
Q”(x) _ A"(x) A'(x) d+2

A(X) A2 (L+x)(L+d—1+x)
+(g+o QL +d—142x)?
2 (L+x)2(L+d—1+x)?*

We compute the right derivatives of A and Q at x = 0 and the left derivatives at
x = 1. By (25) we have A(0) = (L — 1 + %)L > 0, A/(0) = (%1 + 1DQL +

dd+2)2RL+d—-1
d — 1) > 0 and therefore Q'(0) = 2L(2(L—:—a3(— 2)EI_L — )_ 5 > 0. Similarly,

A =L +1+HL+d) >0,A(1) = (4 +1DQL+d+1) > 0and therefore

o) = — dd+2)QL+d+ D) < 0. Therefore Q(x) has (at least)
2(L+DQRL+d+2)(L+d+2)

one critical point in 1L, L + 1[. We show that it is unique. Suppose Q’(xo) = 0. Since
A(x) = (% + 1)(2L +d — 1 4+ 2x) > 0 the condition Q’(xg) = 0 is also equivalent
to

A(xg) = (L +x0)(L +d — 1+ xp).

@ Springer



280 Page 24 of 51 D. Buoso et al.

Then, since A”(x) = d + 2 and Q'(xp) = 0 we get

. d+2 d Axo)? d+2 d A(xp)?
Q (.X()) = A - 2 = - 2 <
(x0) d+2 A(xp) A(xo) d+2 A(xp)

Hence any critical point is a strict local maximum and therefore Q (x) has exactly one
critical point in each interval L, L + 1[. This concludes the proof. O

Now we are ready to prove a Weyl-sharp lower bound for Rj(z). This result can
be found in Ilyin and Laptev [29], however Lemma 4.1.1 gives a new insight on the
typical behavior of Riesz-means R and opens the door to the improvement which we
present in Theorem 4.1.3 below, confirming thereby the study of the asymptotics for
eigenvalue sums done by Strichartz [40] (see Remark 4.1.2 below).

Theorem 4.1.2 For all 7 > 0 the following lower bound for the first Riesz-mean R
on S¢ holds:

Ri(@) > L{4 89| 28 (26)

Proof From Lemma 4.1.1 we deduce that it is sufficient to prove the bound for each
Z = A(), | € N. Since the bound trivially holds for 1) = 0 we consider Ry (A(+1)).
According to (23) we have

Ri(Aq+1)) _ I+d/2)A+1+d/2)TU+d+1)

L gL T TA+ DA+ DR

27)

We rewrite (I +d/2)( + 1 +d/2) = (| + (I + d) + %942 Since 2472 > 0, we
therefore have the lower bound

Ri(A+1)) - rd+d+1)

LCla”|Sd|)»(ll+‘%2 T+ DA+ 1)d/2(l + d)d/z

Since
ri+d+1) d "
T +d+
(+j) = I+ ) +d+1—j
Ty 1:[ +J) j]:[1<+1>(+ +1-))
4 1/2
[Ja+vi+d+G-DE@-jn| .
j=1
we finally obtain
d 1/2
R g
1(ha+) 1—[( (- p) -
Lclavv|gd|xl+d/2 - (+ Dl +d) -

(I+1) Jj=1
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We note that, taking into account the term d(d — 2)/4 in the proof of the above
theorem (which we have dropped at the beginning of the estimate) we get the following
estimates for R(z) when z = A(;41), improving the result of [29]:

Corollary 4.1.1 Foralll > 0andd > 2:

dd—-—2)(d+2
RiGhagny) > LEI9s |5 254! (1 w)

(I+1 12%¢41)

Proof Since for d = 2 the inequality has already been shown, we assume d > 3. We
start from (27)
and we rewrite (I +d/2)( + 1+ d/2) = ( + 1) +d) + Y42 Then

Ri(Aq+1y) _ rd+d+1) < dd— 2))
L sap F 2 T T+ DA+ D70+ 7\ digy
Writing as before
1/2
rd+d+1)
SErer I+ 1)1 +d -1 - ,
T H((+)(+ )+ (=D~ j))

j=1

we finally obtain

J 1/2

Ri(A i —1)(d—j dd—-2
o) (1 (Um0 ) (-2
LCla”|Sd|)‘i]:_dl§2 i A+1) AN+

We consider the function f(x) defined for x > 0 by

dd—-2) \*
o) = (1+¥x> 1_[(1+(J—1)(d—])x)

=1

dd—-2)d+2) \°

_ <1 + w)o ) (28)
12

We have f(0) = 0. We will show f/(0) = 0, f”(0) > 0. Since obviously /”'(x) >0

thisimplies f(x) > Oforx > 0and hence the claim. Wenote f (x) = (14+Bx)>P(x)—
d

(1+ Ax)? where P(x) = l_[ (14 a;x) denotes the polynomial given by the product.
Jj=1
The coefficients aj, A, B are easily identified by (28). We have

P'(x) =

d 2 2
” aj
ror=rn (£ i) -

j=1 J
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Hence

f'(x) =2B(1 4+ Bx)P(x) + (1 + Bx)*P'(x) — 2A(1 + Ax),
f"(x) = 2B*P(x) + 4B(1 + Bx)P'(x) + (1 + Bx)*P" (x) — 2A°.

First of all, we see that
d
f0)=2B+) aj—24=0.
Jj=1
The coefficient A = W is indeed determined by this condition. Finally,

2

d d d
2 2 2
['0)=2B>+4BY aj+ (Y aj| =) aj—24
j=1 j=1 j=1
d d
2 2 2 2 2 2 2
=2B>+8B(A— B)+4(A— B)> —=2A> =) a7 =2A> —2B> - "a’.
j=1 j=1
Together with
Xd: o d(d—1)(d —2)(d>—2d +2)
4= 30
j=1
we get
” d(d—1)(d —2)(d + 1)(d +2)(5d — 12)
70 =
360
which is non-negative for positive integers d proving the assertion. O

From Corollary 4.1.1 and a careful inspection of the proof of Lemma 4.1.1 and Theo-
rem 4.1.2 we deduce the following improvement of (26), which is optimal in a suitable
sense, as we will explain in Remark 4.1.3 below.

Theorem 4.1.3 For all z > 0 the following lower bound for the first Riesz-mean R
on S¢ holds:

(29)

Ri(z) > Lilffﬂgd z%“ (1 + W) )

12z

Proof The proof follows the same lines as the proof of Lemma 4.1.1, showing that the
ratio of the right-hand side and left-hand side of (29) as a function of z has exactly one
local maximum in each interval [L(L +d — 1), (L + 1)(L + d)]. Then we conclude
by Corollary 4.1.1.

O
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We turn our attention to upper bounds for Rj(z). The upper bound contains a shift
term, which is again optimal in a suitable sense (see Remark 4.1.1 below).

Theorem 4.1.4 For all z > O the following upper bound for the first Riesz-mean R
on S¢ holds:

Ri(2) < L§9IS7) (2 4 z2) F ! (30)

with

_@d—1d

B 31

2d

Proof Again, letussetz = w(w +d — 1) and L = |w]. Let b > 0. We analyze the
quantity

Ri(w(w +d —1))
L§95 187 (w(w 4+ d — 1) + b)' 14/
B QL +d)I(L + d)
AL+ D) (w(w+d — 1) + by T/

S (—dL(L+d)+ (d + 2w +d — 1)).
(32)

We show that in each interval [L, L + 1], L > 1, the ratio in (32) has a unique

maximum. When L = 0 the ratio is a strictly decreasing function and singular at

w = 0if b = 0. For this we fix L and put w = L 4 x with x € [0, 1] the fractional

part of w. Note that Ay = w(O)(w(0) +d — 1), A +1) = w()(w() +d — 1).
Therefore

Ri(w(w+d —1))
L{4 18 (w(w +d — 1) + b)
(L+d/2)T(L+d)

1+d/2

B A(x) (33)
TL+D((L+x)(L+x+d-1) +b)1+d/2 X
with
d Ld(L +d)
We also define

p(x):=L+x)(L+x+d—-1)+0b.

Then A(x) = (4 +1) p(x) — w — (42) b, and (33) reads as follows

Ri(ww +d —1)
L4 S (ww +d — 1) +b

)1+d/2
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_ @ +;1/2)1*(L +d) <d+2 ()42 _ (Ld(L +d) N d+2b> p_l_m)‘
(L+1) 2 2 2
(34)

The right-hand side of (34) has a unique maximum at p, = L(L +d) + % b.Itis
easy to check that Ay ) +b < pp < A1 41) +b whenb < d? /2. Therefore we get the
inequality
Ri(w(w+d —1))
LS4 (w(w +d — 1) + b

)1+d/2

(L +d/2)T(L +d) d+2 \"?
< L(L+d+——»b , 35
< FLED) (L+d)+ y (35)
which holds for all w € [L, L + 1]. Now, we note that
I(L+d) = -
= L = L+j)H(L+d—j
TC+D ﬂ( +))= j]:[l( + (L +d— )
1 1/2
=TT (@ +a2? =G -dr2?)
j=1
Therefore we may rewrite (35) as follows:
Ri(w(w+d —1))
L9 IS4 (w(w +d — 1) + b)! T/
1/2 —d/2
d—1 . 2
S\ @+ d/2)? (L +d/2)?
We see that the right-hand side of (36) is bounded above by 1ifb > %. However,

here we want to show a that a choice b < T} d +2) also yields the upper bound 1 in (36).
For this we apply the arithmetic—geometric mean inequality to the product:

172
”ﬁ _G—d/2)?
L @wrdpy?
d-1)/2
d—1 .. 2
1 (j—d/2)
= l_d—lg(L—i—d/Z)z

dd—2) \4hr2
- (1 T 120 +d/2)2> :
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It is now sufficient to show that the function f(¢) defined by

[_d—ll 1d(d—2)t dl | d+2b d2t
f”—T"g( ‘T)‘z"g< +(T ‘I))

is decreasing for ¢+ > 0 for b suitably chosen (we will use this fact with t = (L +
d/2)7?). In particular, we want to show that this is the case for b = z4 = W
which will be the optimal choice. We easily compute

d+2
d

(1= 242D (1 4 (22— 4y

[SIEW
S

(d+2)(2d D _ d- 2(d+2 ﬁ)t)
I

o =-

The best choice is obviously b = z4 = W

this choice

eliminating the constant term. With

dd—1(d -2)%*

/t - _
T M T (42— By

The proof is now completed. O

Remark 4.1.1 We remark that the shift z; in the upper bound (30) is, in a sense,
optimal. We observe that for d = 2 the upper bound coincides with the one found
in Proposition 3.1.1 for S?, which we have already shown to be sharp. For d > 3,
in general we cannot find z € [A(;), A¢41)] such that the equality is attained in (30).
When z € [A¢), Aq+1)] one uses the explicit form of Ry (z) (as in (19)) and considers

the function f(z) = Ry (z) — L‘l““ 1S9)(z +b)2+] Computing f’(z), finding z such
that f/(z9) = 0, and substitutmg zo in f(z), we find the minimum distance from R (z)

to L’f{fi” IS9)(z + b) g+ ,namely, | f(zo)|. If we want this distance to be zero, then we
must chose b = b(l). If d = 2, then b = b(l) = 1/2 for all [ and this corresponds
to the optimal upper bound of Proposition 3.1.1 (see also [29, 40]). If d > 3, one has
that in each interval [A(y, A¢+1)] the optimal shift would be given by

b(l) = dLH(zr‘/d((d +20)(d 41— DY — 11 + d)).

We highlight that b(l) — z4 as ] — 400, so in this sense the shift z; becomes sharp
as z — oo.

Remark 4.1.2 In [40] the author estimates the liminf and limsup of the remainder of
Weyl’s law for R; on S¢ (Theorem 3.3). These expressions agree with the two-term
Weyl’s law we have proved in Theorem 4.1.1 and with the corresponding upper and
lower bounds. In fact, the bounds of Theorems 4.1.3 and 4.1.4 are optimal since they
provide the precise envelopes for the second term of the asymptotic expansion (18).
In particular, the upper bound is obtained when ¥ (w) = 0 (meaning w = |w]), and
the lower bound when ¥ 2(w) = 4—1‘ (meaning w = |w] £ %). Here w is defined by
ww+d—1)=z
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Remark 4.1.3 A consequence of the upper bound (30) is that the average of A; + z4
satisfies a Berezin—Li—Yau lower bound. One may wonder whether the lower bound
(26) holds with a shift, namely, with z replaced by z + b; where b; = @ which
is the optimal choice (this is the liminf of Strichartz, like z,; is for the upper bound).
Clearly this is true for d = 2 but it is already false for d = 3. It is enough to observe

that the corresponding inequality R;(z) > L‘l“”|Sd|(z + bd)zJrl fails for z < d.

For the reader’s convenience, we restate the results of Theorems 4.1.2 and 4.1.4
in terms of inequalities for eigenvalues averages, i.e., in the form of (3). For the
equivalence between inequalities on Riesz means and averages we refer e.g., to [23].

Corollary 4.1.2 For all k > 1 the following inequalities hold:

k d 4x? [k \M4
i< i () @
Wy

j=1

I/\

d 4n? [ k \*? (2d—1)d
d+2 2"\ |84

?V‘IP—*

where A j are the eigenvalues of the Laplacian on se.

Remark 4.1.4 We note that for d = 2 the first inequality of (37) reads

»I'—‘
NI*—‘
@

which is a Berezin—-Li—Yau inequality in the form (3) for the shifted eigenvalues,
namely, for A; + % One can rearrange this inequality and re-write it as

k+1

k+1Z i = |S2

which is a Berezin—Li—Yau inequality with a shift in the index. One may ask whether
also for d > 2 there is a Berezin-Li—Yau lower bound for averages with a shift in
the index. From Theorem 4.1.1 however we see that the second term of R;(z) is of
order z%/2, which, after Legendre transforming yields the expression already found by
Strichartz in [40, Theorem 3.3]:

k 2
1 d k o\
SN = Cil—) - Rk 38
k; ) d(|§d|) ® %)

with lim sup R(k) = ‘%. Assume that for some N € N the following inequality
holds for k > N:

k 2

1 d k— N\
SN > cal =), 39
sz—d+2 d<|sd|> (39)
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We get, combining (38) and (39),

dC k%l IN% R(k) >0 40
() (0 ) oo o

d(2d—1)
12

Taking a subsequence k, — +oo such that R(k,) — in (40) we get a
contradiction when d > 3, while the inequality is possible for d = 2 when N > 1.
This remark motivates the fact that in the non flat case, we should look at Berezin—Li—
Yau inequalities for the shifted eigenvalues, where the shift is related to the curvature
of the space.

We conclude this section with a three-term asymptotic expansion for the counting
function N (7).

Theorem 4.1.5 As z — oo we have the following asymptotic expansion for the count-
ing function N on S%:

N@ . Lggtiesd et 4 4@ = DU +2d 1)
Lelass|sd| 3 B Lglass 189 24
+O( ). 41)

Here w is defined by w(w+d —1) = zand IBSﬂl_I denotes the measure of the boundary
of the hemisphere.

Proof The proof follows from the identity N(z) = N D(z) + NN (z), where N2 (z)
and N (z) are the counting functions for the Dirichlet and Neumann Laplacian on
the hemisphere Si. We prove the corresponding three-term expansions in Theorem
4.2.1 and 4.2.3 in the next section. O

Itis interesting to see that the second term is oscillatory, but it is not bounded: along

suitable subsequences it behaves like 4z 52, This is natural as this is the correct order
of the remainder after the first term, see [7, 39]. This also provides an interpretation
of the results of [17, Theorem F] for the eigenvalues on the whole sphere. Note that
in [39], the authors present a quasi-Weyl formula in the case of manifolds or domains
not satisfying the geometric conditions ensuring the existence of a second term of the

formcyz o They present the explicit example of —A + % ([39, Examples 1.2.5,

1.7.1 and 1.7.11]). The eigenvalues are given as energy levels (l + %)2 (they are

2
Ay + (d_41) , with multiplicities m; 4). For such eigenvalues, a two-term quasi-Weyl

formula in the sense of [39, Formula (1.7.5)] does hold, and the function Q which
describes the behavior of the second term in [39, Formulas (1.7.4)-(1.7.5)] agrees with
the second term of (41).
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4.1.1 Domainsin S¢

Here we derive upper bounds in the spirit of Berezin—Li—Yau [2, 33] for the first Riesz-
mean of the eigenvalues of the Dirichlet Laplacian on domains  of S¢. We denote
by

0<A(R) <A(R)=<...22j(Q)=... /+0o0

the eigenvalues of the Dirichlet Laplacian on €2, each repeated in accordance with its
multiplicity, and by {u} ;> the corresponding L?(Q)-orthonormal sequence of eigen-
functions. In [40] the author establishes Berezin-Li—Yau-type inequalities for domains
of S? (see also [29]), and provides an expansion for RID in the higher dimensional case,
highlighting the sharp behavior of the remainder. Here we establish a Berezin—Li—Yau
inequality with a shift term in any dimension, which coincides with that proved in
[29, 40] when d = 2, and which contains a shift term which is asymptotically sharp
when € = S, see Remark 4.1.1. In particular, the “generalized conjecture of Pélya”
stated in [8, Formula (1.11)] holds for the sphere in a stronger form: the correct shift
constant is zz and not d? /4 as conjectured in [8] (this was clear for d = 2 by [40]).

The proof is based on the averaged variational principle and is in the spirit of that
of Theorem 3.2.4.

Theorem 4.1.6 Let Q be a domain in S¢. Then for all z > 0 the following inequality
for the first Riesz-mean RID of the eigenvalues of the Dirichlet Laplacian on Q2 holds:

RP@) =Y @~ ()4 < L4 |Q1G +2) T
izl

(2d l)d

with zg = . Equivalently, the following inequality holds for all k > 1:

12":“52)> d 4x? [ k¥
kj:1 J _d+2(,()L21/d |Q| 2d-

Proof The proof follows the same lines as that of Theorem 3.2.4. The eigenfunctions
of the Laplacian on S¢ associated with the energy level Ay = [(l +d — 1) are the
spherical harmonics Yl’", wherem =1, ..., m; 4. Letz > 0. We apply Theorem 2.0.1
with H = L*S9), H = —A, Q = H'(SY), Qu,u) = [qu |Vul*>, M = N\ {0},
Mo = {j € N\{0} : z—A;(2) = 0}, fp = u;. Following the proof of Theorem 3.2.4
we obtain

o 7 Ri1(x) = R (2),
|Sd| 1Z) =z K1 (Z
where R1(z) = ) ;myqa(z — (I +d — 1))4 is the first Riesz mean for the whole s,
The upper bound for RID follows then from Theorem 4.1.4. By Legendre transforming
the inequality for Rf) we get the inequality on the average (see Corollary 4.1.2, see
also [23]). O
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Remark 4.1.5 Concerning the Neumann eigenvalues, it has been shown by Ilyin and
Laptev [29] that any domain of S? satisfies a Kroger-type bound, namely, the lead-
ing term in Weyl’s law is a lower bound for R{V = ijl(z — 1j(R2))4. This is a
consequence of the fact that

|£2]

D =)y = =l Y mia(z—10+d—1);
Jj=1 >0

which is proved in [29] (or can be easily deduced as an application of the averaged
variational principle as for (17)), and from the inequality (26). However, from our

improved inequality (29), we can improve the result for domains in S¢. Namely, for
any domain € in S¢ we have

d
RY@ =Y (e uj(@)s = L{4¥|Q)HH! (1

N d(d — 2)(d+2)) .
j>1

12z

; d
4.2 The Hemisphere S

In this subsection we shall consider the eigenvalues of the Dirichlet and Neumann
Laplacian on the hemisphere Si. In particular, we will compute three-term expansions
for NP, RP NV, R}.

4.2.1 The Dirichlet Laplacian

The eigenvalues are of the form Ay = I(l +d — 1), ] € N\ {0}, with multiplicities
m}’, given by

d+1-2
ml{’d=< g ) (42)

The counting function NP (z) is easily computed. Again let w be defined by the relation
z=w(w+d — 1) and L = |w] be the integer part of w. Then

L

D,y D _ rd+1L)

Since the hemisphere does not satisfy the billiard condition, the counting function

NP does not admit an expansion with just a power-like surface term of order z%
after the leading term in Weyl’s law as in (6). This is explained in [39], and a major
consequence is the failure of Pélya’s conjecture, as pointed out in [17].

We prove here a three-term asymptotic expansion for N and we show that the
second term contains oscillations, but, at any rate, it has a sign. In fact, it is non-positive.
Moreover, the third term is oscillating but again, it has a sign and it is non-negative.
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Moreover, it is strictly positive along the sequences where the second term vanishes.
This explains the failure of Pélya’s conjecture along certain sequences of eigenvalues,
as pointed out in [17, Theorem A]. The second and third terms should be instead
compared with the sharp corrections to the P6lya’s inequality proved in [17, Theorems
B, C,D].

Theorem 4.2.1 As z — oo we have the following asymptotic expansion for the count-
ing function NP of the Dirichlet Laplacian eigenvalues on Si:

d = °l d
Lglass|54 | 22 4 Lgee Isql

— 2 J—
+f&%—9<(%+wwf)+d62>f*+0@4”)

NP(z 1 L§4ss, 1asd
(2) =1 0,d 1| +|(1+21ﬁ(w))z_1/2

(44)

or equivalently

Lg1sd ! ?
dd—-1) (1 2 d-2
+—L3—l((§+¢nm> +— )z‘%+0@4ﬂy

Here w is defined by the relation w(w +d — 1) = z.

NP(z) _1_d(1+21ﬁ(w)) 12

Proof As in the proof of Theorem 4.1.1 for S¢, we set L = |w] and we expand in
x = 1/L. From (43) we have

NP(z I(L+d) _a
L1841 22 @)
Moreover,
(L +d) P (5g%)
W = Ld(P_§.8d32JZ3d4 (X)P(ngl)dyd2<2d—21§)(2d—3) (x) - W + 0()53))-
According to (53) and (54) of Lemma A.0.1, we have
P ~_)=p @) + 0(:?)
tm\1+dx) oo .
and
L _p (x) + 0’
Pi o1 (x) oy T )
12° 288
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We compute the coefficients A, B, C of the productin (45) according to (55) of Lemma
A.0.2 as follows:

d2+(2d—1)d+ 1 1 dd-1)

A=— - — = ,
2 2 12 12 2
8% +3d*  d*(2d — 1)(2d — 3 1 d 1
5 A )( L A
24 8 288 12 288
_d(5d —2)(3d* —2d + 1) N 1
n 24 144
and
c_ d*d -1 d* @2d—1)%d> 1 dPQd-1) 1
N 8 8 8 144 4 144°

Hence the coefficient of x2 is given by

_dd—1)(d—-2)(3d —1)

B+C
+ 24

Therefore

NP(2)

7 \—d/2
ST (PA,B+C(X) + O(x3)> <—2) .
Lye 18422 L

Since z = w(w +d — 1) = (Y (w) + 5 + L)(Y(w) — 5 +d + L) we have

z \—d/2 1 1 )
(ﬁ) = <1 + (d + 2y (w)x + <W(w)+§> <d+§ —W(w))x )

—d/2

=1- %l(d + 29 (w))x + g((d + DY W) +d)? + (d — 1)*)x?

+0(}) =14 ax + Bx>+ 0(xY).

Now
Py, pyc(x) Py, p(x) = Ppr pr4c(X)
with
A=A+a, B=B+C+B, C =Aa
We compute

_da+2y @), dd =D+ 2y W)

A =
2 4
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and
B +C = 1d—2 (6(d + D W) +1/2)* + (d — D)(d + 6y (w) + 1)) .

Finally, in order to reconvert x = 1/L into the variable z we use

L d—1\> d-1 1
= ”(T) _T_<"’(“’)+E>

and therefore

1 d+2
7= 772+ —Z‘ﬁ(w) 4 O(Z_%).

D=

Inserting the first two terms P4/ pryc/(x) we obtain that the coefficient of z lis given
by

d—2

d—+2 dd—1 1
+ K/f(w): ( )((5_’_1#(11)))2_’__)’

2 2

B +C + A g

proving the theorem. O

On the other hand one may expect that, similarly to the Euclidean setting, the more
regular Riesz-mean R 1D (z) admits an expansion with a surface term after the leading
term in Weyl’s law as in (6), that is,

d 1 41
RP (@) ~ LGP 1831 23 — 2 L1 1984 242

as z goes to infinity. Note that

2
Lclass Sd —
L S = o ra

and

4
Lclass an — Lclass Sd—l — )
l,dfl| +| ],d7]| | (d—l—l)F(d)

. . d,1
We prove the following theorem stating that Rf) () has a second term of order 722,

and a third term, of negative sign, which includes an oscillatory part.

Theorem 4.2.2 As z — oo we have the following asymptotic expansion for the first
Riesz-mean RlD of the Dirichlet Laplacian eigenvalues on Sf{_:
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RD(Z) _, 1 LClaYS] |BS | _1/2
Lclaﬂ|Sd |Z2+1 - Z LLlass |S |
dd+2 -2\ _ _
D (1 422
or, equivalently,
RP(2) _,_dd+2) s
Lclas5|Sd | Z%~H o 2d+1)
dd+2 -2
—( 5 ) ( )z_l + 0.

Here w is defined by the relation w(w +d — 1) = z.

Proof As before, we set L = |w] and x = 1/L. One easily computes the Riesz-mean
as in the case of S? (see Theorem 4.1.1)

RP(2) _d+2T(L+d) ( AL +d)(Ld+ 1)+ 1)) 4
ngﬁmgiugﬂ T2 (L) (d+1d+2)

(46)

As in the proof of Theorem 4.1.1, we expand

X
T'(L+d) Py ()
T'(L) = Ld(P 42 8d3+%d4 (X)P 2d— l)d d2Qd— 1)(2d 3) (x) - Ii;; ) O(x3)
as well as

_dL+dLd+D+D L2<i _dd+dnd + d"ﬁ))
(d+1)(d+2) B L? d+2)

According to (53) and (54) of lemma A.0.1 we have

X _ 3
Pllz’;is(l“rdx) Py - @)+ 0@
and
! = L () + O 3.
RO R
12° 288

We compute the coefficients A, B, C of the productin (46) according to (55) of Lemma
A.0.2 as follows:

ALy @-bd 1 1 _dd-1)

2 2 12 12 2
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8% +3d* N d’Qd—-1)2d—-3) 1 d

B -
24 8 288 12
1 d(5d —2)(3d* —2d + 1) N 1
288 24 144°
and
c_ d*d—-1? d* Qd-1%* 1 dQd-1) 1
N 8 8 8 144 — 4 144

Hence the coefficient of x2 is given by

_dd-1)(d—-2)3d - 1)

B+C
+ 24

Therefore we have

Ri(z) _d+2
L?{Z‘Y‘Y|Si|zl+d/2 )

7 dl+dx)(1+ 79) 12\ 1+d/2
(=) ()

(Pasicn +0GY)

]

Remark 4.2.1 We remark that this result suggests that the leading term in Weyl’s law
could be an upper bound for RID (z) for all d > 2. In Subsect. 4.2.4 below we show
that it is false for d > 6, and prove the Weyl upper bound for d = 3, 4, 5 in Theorem
4.2.5.

4.2.2 The Neumann Laplacian

When we consider the Laplacian on Sjl_ with Neumann boundary conditions, the
eigenvalues are of the form Ay = I(l +d — 1), € N, with multiplicities m IN 4 given
by

d+1—1
ml{Vd=< g1 ) 47)

The counting function N (z) is easily computed. Again let w be defined by the relation
z=w(w +d — 1) and L be the integer part of w. Then

L
Vo ey Td+L+D d\ b
N @ = ;mlsd TTL+DMd+D) (1 * L> N @, (“8)

where NP (z) denotes the counting function for the Dirichlet Laplacian on the hemi-
sphere. In view of this relation the asymptotic expansion of NV (z) is easily determined
form the expansion for N D (7). we have the following result.
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Theorem 4.2.3 As z — oo we have the following asymptotic expansion for the count-
ing function NN of the Neumann Laplacian eigenvalues on Si :

NN@) o LLEEY jasd
Ligisdlct 4 Lg Isgl

J— 2 —
+ —d(d2 D ((% - 1ﬂ(w)) d 5 2) o

M@ L d0=2p@)
Ly 1824 ?

J— 2 —
+i@?jl<( —w<>) d62>z”—%0&4”)

Here w is defined by the relation w(w +d — 1) = z.

(1 =2y (w)) z /2

or, equivalently,

Proof As usual, let w be defined by w(w +d — 1) = z and let L = |w]. From (48),
expanding 1/L in terms of z we have

d+ 2y (w
NN@)z<1+d{*ﬂ4-——E?le—%+0@—”%>ND@y
Hence
NV (2) — (1 +d V2 4 d + 2y (w) )
L(C){ZSX|Sd| Z% 2

.<1_d“'*?“w”zlﬂ “dzl)(<—w<)>-+dg2)z'»-+ogy%

as z — oo, from which we easily compute the coefficients of z and z !, respec-

tively. O

—1/2

For the more regular Riesz-mean R{V (z) we prove the following three-term expan-
sion

Theorem 4.2.4 As z — o0 we have the following asymptotic expansion for the first
Riesz-mean R{v of the Neumann Laplacian eigenvalues on S‘i:

RY (2) _ lLdml 10SL1 1)
Lclarr|Sd 7-1-1 - 4 Lalass |Si|
d(d+2 —2\ _ B
+2 )< )Zl+0(z 2)
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or, equivalently,

RY(2) 1 d(d +2) 172
LgisiF T 2D
d(d+2)

l_ 2 E -1 -3/2
> <4 ¥ (w) + 5 )z + 0@ 79).

Here w is defined by the relation w(w +d — 1) = z.

Proof From explicit but long computations one can get

dd+2) 1d2(d+2)2 )

R{V(z)=(1+ i1 C SRR +0(z—3/2)>R,D(z) (49)

from which the result easily follows. A simpler way of proving (49) is to directly
link the Riesz-mean for the Neumann Laplacian to the Riesz-mean for the Dirichlet
Laplacian via counting function N (z) and to use of the explicit sum

L
d+1-2\ (d+1—1 _d—1 T(L+1+44d)
;(( d—1 >_( d—1 ))l(l+d_1)__d+1' r(Lrd)

This sum equals to the sum of the difference of Dirichlet and Neumann energy levels
weighed by their multiplicities. This quantity is negative since there are more Neumann
eigenvalues for each energy level. Therefore we obtain the following expression for
the difference of the Riesz-means divided by the leading term in Weyl’s law.

RV —RP@) NV@-NPR) d—1 I(L+1+d) 1
Lilz&wgzj_l Z%+1 Lil,?lsslgi| Z% d+1 ') Lil,?lsslSi| Z%—H

where L is the integer part of w and z = w(w + d — 1). We have already shown that
d
NN(@z) = (1 + Z) NP (z) and

I'(L+d)

D _
N@ = s ora+

: class __
Since Ll’d

=112 LBIZ” we therefore have the relation

RV()—RP() d+2 (g _dd - (L +d>> NP(z)
Lfesisdift 2 \L @Dz ) pgesd o
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d—1)? d
We expand the term in parentheses using L = ,/z + % — 5" ¥ (w) and

therefore
d 1 d
L=z"7%- (5 + w(w)) +0@ 1, o= Ty (5 + w(w)) o).

For counting function N (z) we have by the previous result

NP(z)

d
— =1 (1 +2yw)z VA
Lygrisglz 2

Therefore we finally obtain

RY(2)—RP() d(d+2)

_ ~1/2 4 (=32
L€{ZAYAY|S§F|Z%+1 d+1 < + O0(z )

which in particular implies (49), concluding the proof. O

Remark 4.2.2 We recall the following identities which, in fact, we have used in the
proof of Theorems 4.2.3 and 4.2.4

NYww+d-1) = %ND(w(w—i—d— 1) (50)
or
N¥ww +d — 1)) = NP ((w + D(w + d)). (51)

Identity (50) corresponds to (48). Identity (51) says that the two counting functions
NP, NV are equal when the w variable is shifted by 1. This fact is equivalent to a
statement about the multiplicities (and clearly seen from these) defined in (42) and
47).

4.2.3 Pélya’s Conjecture

It is well-known that Pdlya’s conjecture in general fails for the Dirichlet eigenvalues
of Si when d > 3, while it is satisfied for d = 2. As proved in [17], for the Dirichlet
eigenvalues of the hemisphere, one can find subsequences of eigenvalues (correspond-
ing to the last eigenvalue in a chain of multiple eigenvalues) which don’t satisfy Pélya’s
conjecture, as well as subsequences of eigenvalues which satisfy it (corresponding to
the first eigenvalues in a chain of multiple eigenvalues, but starting from an energy
level in general higher than 2). We have already discussed the relation of our results,
especially three-term asymptotic expansions, with those presented in [17].
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For the sake of completeness, we briefly show here that Pélya’s conjecture does
not hold in general for Dirichlet eigenvalues on S‘i when d > 3.

By Pélya’s conjecture we understand that the counting function N is bounded
above by the leading term in Weyl’s law, that is

ND(Z) < LCIaYS|Sd| d/2 1 Zd/2.
I'd+1)

This inequality is equivalent to the eigenvalue bound
2/d
> ( clam'Sd |) 2T (d + 1) 2

Here ).; are the Dirichlet eigenvalues on S%. We have shown in Subsect. 3.2 that this
bounds hold whend = 2. Let d > 3. We have A; = d and

d . .
'H(L+31%glﬂ>>L

F(d+1)2 li[ (d+1—1>
: ]:1

On the other hand, the counting function NV (z) for the Neumann eigenvalues on the
hemisphere satisfies

NN(Z) > LClaSS|Sd| d/2 1 Zd/2
I'd+1)

as one easily sees from the identity

C(L+d+1)
I'(L+1)

)

NN(Z) Lclmv'S |

where, as usual, L = |w] with w(w + d — 1) = z. However, the stronger version
of Pélya’s inequality for the Neumann eigenvalues (i.e., taking into account the 0
eigenvalue, see [26, Corollary 1.4] where it is proved for certain Euclidean domains),
which reads

1
NN - Lclass S dj2 1= a2 1.
(z) > ISL 125 + RS +

does not hold.

4.2.4 Li-Yau Estimates

Usually, averaging the eigenvalues leads to a more regular behavior, as we have already
seen in the previous sections.
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The Weyl-sharp upper bound RP (z) < Lf{‘é” |Si|zl+‘1/ 2 for all z > O for the first

Riesz-mean of Dirichlet Laplacian eigenvalues on Si is equivalent to the following
estimate for averages of eigenvalues:

k
d
§ A > (d + 1)¥4>21 52
j:lj_d+2(+) (52)

for all positive integers k. Note that, in our notation, A ; denotes the j—th eigenvalue
(and not the numbering of the energy level). Since A; = d the Li-Yau estimate (52)
for k = 1 is equivalent to

d+2)>Td+1)?

which only holds provided d < 5.

Therefore, an estimate on averages as (52) cannot hold if d > 6. Clearly it holds
for d = 2 (as a consequence of the validity of Pdlya’s conjecture). We actually are
able to prove that (52) holds ford = 3,4, 5.

Theorem 4.2.5 For all z > 0 the following inequality for the first Riesz-mean RID of
the eigenvalues of the Dirichlet Laplacian on Sd, d=3,4,5, holds:

e d
RP(z) < L§%s|sd 12172,

Proof Asusual, we writez = w(w+d —1), L = |w] and w = L + x withx € [0, 1|

the fractional part of w. As in the proof of Theorem 4.2.2, we write explicitly the
D

% as a function of x. Here, however, we shall not expand in power

L?&”lg-plz 2

series with respect to x.

When L = 0 the claimed bound is clearly satisfied in any dimension. Hence let

D

~ RGO with

L1820 ' 2

z(x) = (L+x)(L+x+d —1),is smooth in x € [0, 1]. Computing its derivative, it

vanishes in (0, 1) only at the point

quotient

us consider L > 1. For any fixed L, the function f(x) =

1—d-2L \/(l—d—ZL) d+(d+2)L
X =X = +
2 4 d+1

’

(it is easily proven that xz, € (0, 1) for any L > 1). Therefore it is sufficient to prove
that f7(0) < 1 and fr(xy) < 1 (since fr.(1) = fr+1(0)). A standard computation
shows that

(L—1)(L+1).--(L+d—2)(L+2(j—iD)

fL0) = v
(L(L+d— 1))
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and

L(L+1)---(L+d—1)

fL(XL)Z d
((L +d) (L + #))2

Let us prove that for d = 3,4, 5, fr(xr) < 1. The same proof allows to show that
fL(0) <1 forall d > 0 (actually, x, is a local - and global - maximum of f7 (x) for
x €[0,1]and all L > 1).

We write

=

d
LL+1)---(L+d—1)= l_[(L+j—1)(L+d—j)
j=1

Applying the arithmetic—geometric inequality we get

[SEY

d
1 . .
LIL+1)---(L+d—1)< E;(L+]—l)(L+d—])
d

Therefore f7 (xz) < 1if and only if

(d—-1Dd-2)

L>+(d—-1)L+ c

s(L+d)(L+ﬁ).

An explicit computation shows that

Lz—l—(d—l)L-l-—(d_])éd_z)

1
‘<L+d>(”m>
=_(d+2)(L—1)+(d—2)(d—5)

d+1 6

and the right-hand side is negative for all L > 1 provided d < 5. This concludes the
proof.
[m}

Concerning the proof of Theorem 4.2.5, we remark that for any d > 2 there exists
always Lo > 1suchthat f7 (xp) < 1 forall L > L, so that Berezin—Li—Yau holds for
all z > zg, where zo depends on d. It doesn’t hold for all z > 0, as already mentioned.
In fact, for d > 6, we always have fj(x1) > 1.
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5 The Circle S!

For the sake of completeness, in this brief section we consider the case of the one
dimensional sphere S', that is the circle. We recall that the energy levels of the Lapla-
cian on S! are:

)\(1) = 12, [ eN,

with corresponding multiplicities mg 1 = 1, m;;; = 2 for all/ € N\ {0}. We also
recall that Li{‘f” = %n and then Lﬁ”|81| = %‘

As a first observation, we show that the leading term in Weyl’s law % 7/~ cannot be
aeither lower or upper bound for the Riesz-mean R (z). As already done several times
in the previous sections, we use an auxiliary variable to simplify the computations.
Namely we get z=w? w>0. Clearly, for 0 < w < 1 we have Rl(u)2) = w? and
Ri(w?)

3/2

_ § . . .
then T ST ) = 7w which is strictly less than 1. For w > 1 we have
2 2 = 2 ‘ﬁ(w) 293 (w)
Rl(w)—_w+z2(w l)_ +——2 V2 (w) — +T.

=1

Clearly, in any interval between two integers there exist two w4 such that ¥ (w1) =
+Y3 Then

4 V3
Rl(wi) = i 51

proving that %‘w3 is neither a lower bound nor an upper bound for For Rj(w?).
However, if we introduce a shift we are able to get the following Weyl sharp upper
bound.

Proposition 5.0.1 For all z > O the first Riesz-mean Ry of the Laplacian eigenvalue
on S! satisfies the following inequality:

ro=d (e L)
1(& 3 Z 2 .

Moreover; in each interval 117, (I + 1)?[ with | € N there exists a z; such that equality
holds.

Proof We prove the inequality for z = w2, w > 0. We start considering the difference

of the squares of both sides of the claimed inequality. We have
16 1\
Ri(w?)? — = 2, 1) _
1(w?) 5 (w + I 2)

(129 (w) — 24y (w)w — DBy (w) — 6y (w)w — 9w? — 1)
972 '
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We note that for w > 1 the right hand side of the above inequality is always negative

since —% <y < % Instead, for 0 < w < 1 we have

16 1\’ 16 1\
Rl(wz)z—? <w2—l—ﬁ> =w4—§ (w2+ﬁ>

_ (8wl + 6w’ —1)?

= 0.
972
Equality is attained when ¥ (w) = w — ,/w? + 1—12 = ———L ___ whichhasa
12(w+,/w+11—2)
solution in each interval ]/, [ 4+ 1[ with [ € N. m]

Note that Proposition 5.0.1 has been already proved (Theorem 4.1.4). The new infor-
mation of Proposition 5.0.1 is that the bound is saturated. Note also that the shift 11—2
corresponds exactly to zg with d = 1 for the general Theorem 4.1.4.

Remark 5.0.3 In Theorem 3.2.5 we have shown that Berezin—Li—Yau inequality holds
for domains of SZ, and that it cannot hold in general, in the form of the first inequality
of (5), for domains invading the whole S?, since there is spectral convergence and on
S? Berezin-Li—Yau inequality in the sense specified above does not hold. On the other
hand, Kréger inequality is proved for domains in S? and this is a consequence of the
fact that it holds on the whole sphere. In the case of S! the leading term in Weyl’s law
is neither a lower nor an upper bound for Ry, but clearly, the Dirichlet and Neumann
eigenvalues of any domain (i.e., each arc of length smaller than 277) satisfy Berezin—
Li—Yau and Kroger inequalities. This is not a contradiction, since in this case we do
not have convergence of the spectrum of an arc with Dirichlet/Neumann conditions to
the spectrum of S! when the arc invades S'.

Acknowledgements The authors are grateful to the anonymous Referees for valuable comments helping
to improve the paper. The first and the second authors are members of the Gruppo Nazionale per 1’ Analisi
Matematica, la Probabilita e le loro Applicazioni (GNAMPA) of the Istituto Nazionale di Alta Matematica
(INdAM). The third author is member of the Gruppo Nazionale per le Strutture Algebriche, Geometriche
e le loro Applicazioni (GNSAGA) of the Istituto Nazionale di Alta Matematica (INdAM).

Funding Open access funding provided by Universita degli Studi di Roma La Sapienza within the CRUI-
CARE Agreement. The fourth author acknowledges support of the SNSF project “Bounds for the Neumann
and Steklov eigenvalues of the biharmonic operator”, grant number 200021_178736.

Declarations

Conflicts of interest The authors have no competing interests to declare that are relevant to the content of
this article.

OpenAccess Thisarticleis licensed under a Creative Commons Attribution 4.0 International License, which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted

@ Springer



Semiclassical Estimates for Eigenvalue... Page 47 of 51 280

by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

A Taylor and Asymptotic Expansions

We collect in this appendix a few Taylor expansions for real-valued functions and
also asymptotic expansions for Gamma functions, which are used in the proofs of
Theorems 4.1.1, 4.2.1, and 4.2.2. We will also recall a formula for sums of binomial
coefficients and an example of a related computation.

For real a, b, x let P, the quadratic polynomial in x defined by

Pip(x)=1+ax + bx?

We have the following

LemmaA.0.1 As x — 0 we have

1

A R 0(xY). (53)
a,
Forc € R, as x — 0 we have
N 3
Pa,h 1 +ex = Pa,b—ac(x) + 0(x7). (54)

Note that the above expansions remain valid if we add an O (x3)-term to Py p(x).
Moreover, we have also the following

Lemma A.0.2 For any positive integer n and for aj,b; € R, j =1,...,n,let A =
i—1
dliciajp, B=3"_1bjand C =37, Y aiaj = % (A2 D ajz.). Then

[ Pa ;00 = Papac) + 00 (55)
j=1

We shall need the following expansions of Gamma, power-type and exponential
functions (see e.g., [36, Chapter 5]).

Lemma A.0.3 The following asymptotic expansions hold:

i)
1
F — 2 X*l/z —X 1 - 0 73
() = v2m x™ e o T agge TOC
= Va2 (Py 1 T+ 0G7)
as x — OQ.
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ii)

—a 1/x a’ 3,1 al 3
e “(1+ax) =1—?x+a (§+§)x + O (x°).

asx — 0.
iii) Forany p > 0

—1 b2 2
Vx +a?—b)P = xP/? (1 —pbx V24 p % x4 0(x3/2))

asx — oo.

B Duality in the Averaged Variational Principle for Estimating Aver-
ages of Increasing Sequences

In this appendix we discuss a duality aspect in the averaged variational principle,

which reflects in a duality principle for Berezin-Li—Yau and Kroger bounds on sums.

Let (a;);, (bj); be two sequences of non-negative increasing numbers. When

applying the averaged variational principle (see Theorem 2.0.1) we show typically
an inequality of the following form: for all z € [ay, an+1]

N
Y @-a)=p) (b)) (56)
k=1 jeJ

where N € N\{0}, J C N\{0} are arbitrary, and p > 0 is some positive constant. Let

RV =Y —a)s. R @)=Y G—by
k k

be the Riesz-means of the sequences (a;);, (b;) ;. Choosing J such that the sum on

the right-hand side of (56) equals R}b) (z) one has, for all z > 0, the Riesz-mean
inequality

b
R (@) = p R (2).
Moreover, for all positive integers N and z € [ay, ay+1] one also has
N
Zak <Nz-— pRib)(Z)
k=1
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which trivially implies

Zak < max (Nz -p R%b)(z))
z>0

On the other hand, choosing J = {1, ..., N} and isolating Zjej bj in (56) we get
for all z > O the inequality

N
> bj=Nz—p ' R (2).
J=1

In particular, the above inequality holds at the maximum of the r.h.s., that is

N

ij > max (Nz —p! Ria)(z)) .
1 z>0

j:

In the applications, we typically have simple lower bounds on Rib) (z) and upper

bounds on Rfa) (z) so that the maxima can be computed explicitly.
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