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ABSTRACT
It has long been postulated that within density-functional theory (DFT), the total energy of a finite electronic system is convex with respect
to electron count so that 2Ev[N0] ≤ Ev[N0 − 1] + Ev[N0 + 1]. Using the infinite-separation-limit technique, this Communication proves the
convexity condition for any formulation of DFT that is (1) exact for all v-representable densities, (2) size-consistent, and (3) translationally
invariant. An analogous result is also proven for one-body reduced density matrix functional theory. While there are known DFT formu-
lations in which the ground state is not always accessible, indicating that convexity does not hold in such cases, this proof, nonetheless,
confirms a stringent constraint on the exact exchange–correlation functional. We also provide sufficient conditions for convexity in approxi-
mate DFT, which could aid in the development of density-functional approximations. This result lifts a standing assumption in the proof of
the piecewise linearity condition with respect to electron count, which has proven central to understanding the Kohn–Sham bandgap and the
exchange–correlation derivative discontinuity of DFT.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0174159

To acknowledge his deep and numerous contributions to
Density-Functional Theory (DFT), it is a pleasure to dedicate this
Communication to John Perdew on the occasion of his eightieth
birthday. With over 240 000 publications on the Web of Science
to date,1,2 the DFT approach to quantum mechanics has provided
an extremely popular tool for computational chemistry and con-
densed matter physics.3–6 DFT owes much of its success to the
development of relatively efficient, reliable, and accurate Density-
Functional Approximations (DFAs).7–14 Although the explicit form
of the exact density functional remains unknown, there exist a
number of known exact physical conditions that it must obey,15

such as the piecewise linearity conditions in electron count16–18

and magnetization,19–21 the Lieb–Oxford bound,22–24 and the virial
theorem.25–28 DFAs are typically designed to enforce a selected
subset of these known conditions,8,29–34 even in the case of some
machine-learned functionals.35–38 The elucidation of such condi-
tions is thus of paramount importance to improve the performance
of practical DFT calculations.

It is often assumed that another such exact condition is the con-
vexity condition with respect to electron count N, which states that,
for any finite N0-electron system,

2Ev[N0] ≤ Ev[N0 − 1] + Ev[N0 + 1], N0 ∈ N0. (1)

This assumption is based on the lack of any experimental counterex-
ample,39 yet a rigorous proof has been lacking to date.40,41 Indeed,
to quote Parr and Yang in Ref. 42, “For atoms and molecules, no
counterexample is known. . .although a first-principles proof has never
been given.” The intended purpose of the present work is to pro-
vide such a proof for all formulations of DFT that satisfy certain
minimal requirements. For the purposes of this study, we, there-
fore, define the ground-state energy of the N electron system with
external potential v(r),

Ev[N] = min
ρ→∫ ρ(r)dr=N

Ev[ρ(r)]. (2)

J. Chem. Phys. 159, 211102 (2023); doi: 10.1063/5.0174159 159, 211102-1

© Author(s) 2023

 20 M
arch 2024 14:37:49

https://pubs.aip.org/aip/jcp
https://doi.org/10.1063/5.0174159
https://pubs.aip.org/action/showCitFormats?type=show&doi=10.1063/5.0174159
https://crossmark.crossref.org/dialog/?doi=10.1063/5.0174159&domain=pdf&date_stamp=2023-December-1
https://doi.org/10.1063/5.0174159
https://orcid.org/0000-0003-4238-9459
https://orcid.org/0000-0002-4967-9873
https://orcid.org/0000-0002-7802-0322
mailto:david.o.regan@tcd.ie
https://doi.org/10.1063/5.0174159


The Journal
of Chemical Physics COMMUNICATION pubs.aip.org/aip/jcp

Yang et al.17 showed that in the zero-temperature grand canonical
ensemble formulation of DFT, defined for an arbitrary, possibly
fractional number of electrons, the total energy must obey the
convexity condition (see also the work of Gál and Geerlings20).
Ayers and Levy43 showed that this condition is also satisfied in
the Fock space constrained search formulation of DFT. In this
Communication, we extend the work of Yang and Ayers et al.
and show that any formulation of DFT that is (1) exact for all
v-representable densities, (2) size-consistent, and (3) translationally
invariant must obey the convexity condition. We anticipate, but
do not assume, that the exact functional should satisfy conditions
(1) to (3) in any DFT formulation where the ground state is generally
accessible. Before explicating this proof of the convexity condition,
we will first emphasize that numerous different formulations of
DFT exist.

In 1964, through their famous proof by contradiction, Hohen-
berg and Kohn (HK)3 offered the first formulation of DFT,

EHK[ρv] = ∫ drρv(r)v(r) + FHK[ρv], (3)

where FHK[ρv] is the HK universal functional (the sum of kinetic
and electron–electron interaction energies), so-called due to its
independence from the system under consideration. The notation
ρv(r) is used to emphasize that the HK formulation of DFT is
only defined for v-representable densities, i.e., the density associated
with the ground-state wavefunction of some Hamiltonian—a seri-
ous limitation when searching for ground-state densities.44–49 The
HK formulation of DFT was also extended to non-zero temperature
by Mermin.50

Levy51 offered an alternative formulation of DFT (see also
Lieb52), which is defined for all N-representable densities, i.e., the
density associated with some antisymmetric wavefunction Ψ, such
that

ELevy[ρ] = ∫ drρ(r)v(r) +min
Ψ→ρ
⟨T̂ + V̂ee⟩Ψ, (4)

where T̂ and V̂ee are the kinetic energy and electron–electron inter-
action operators. Valone53 extended the Levy constrained search
formulation to all N-particle density operators,

EValone[ρ] = ∫ drρ(r)v(r) +min
Γ̂N→ρ
⟨T̂ + V̂ee⟩Γ̂N

, (5)

where the N-particle density operator is

Γ̂N =∑
i

pi∣ΨNi⟩⟨ΨNi∣. (6)

This was later extended by Perdew et al.16 to a constrained search
over all mixed-states, including non-integer particle counts, in
which case Γ̂N in Eq. (5) is replaced by the ensemble density
operator,

Γ̂ =∑
N
∑

i
pNi∣ΨNi⟩⟨ΨNi∣. (7)

This formulation of DFT is referred to as the zero-temperature
grand canonical ensemble formulation. As mentioned already, Ayers

and Levy43 extended the Levy constrained-search formulation to all
wavefunctions in Fock space,

∣Ψ⟩ =∑
N

cN ∣ΨN⟩. (8)

By construction, this yields the same ground-state total energies as
the zero-temperature grand canonical ensemble formulation.

Illustrative Example. We claim that all formulations of DFT
that satisfy conditions (1) to (3) must obey the convexity condition.
In order to show this, suppose that there exists some N0-electron
finite system with external potential v(r), which breaks the convexity
condition. Then, we have

2Ev[N0] > Ev[N0 − 1] + Ev[N0 + 1]. (9)

In order to proceed, we employ the infinite-separation-limit
technique17,18 and consider the external potential v′(r), which
is composed of two copies of the same external potential v(r),
infinitely separated in space, such that

v′(r) =
2

∑
l=1

vRl(r). (10)

In this illustrative example (only), we assume that the 2N0-electron
ground-state wavefunction Ψ1 of the system, with external potential
v′(r), is the anti-symmetric product of ΦN0−1(R1) and ΦN0+1(R2),
where ΦN0−1(R1) and ΦN0+1(R2) are the ground-state wavefunc-
tions of the N0 − 1- and N0 + 1-electron systems in the external
potential v(r). Specifically, we write

Ψ1 = Â(ΦN0−1(R1)ΦN0+1(R2)). (11)

Equation (11) is an assumption as one cannot rule out the possi-
bility that the true ground-state wavefunction is, for example, the
anti-symmetric product of ΦN0−2(R1) and ΦN0+2(R2). In the com-
plete proof, this assumption is not invoked because the site electron
counts of the wavefunctions Φ(Rl) are not specified. We will first
show that the convexity condition cannot be violated in this simple
case, after which a full proof of the convexity condition will be given.

One may construct the wavefunction Ψ2 by reversing the
position vectors R1 and R2,

Ψ2 = Â(ΦN0−1(R2)ΦN0+1(R1)). (12)

The averaged wavefunction defined by

Ψavg =
1√
2
[Ψ1 +Ψ2] (13)

will be degenerate with Ψ1 and Ψ2, and its corresponding density
will be given by

ρ(r) =
2

∑
l=1

1
2

ρl(r; N0 − 1) + 1
2

ρl(r; N0 + 1), (14)

where ρl(r; N0 ± 1) is the ground-state electron density of site
l with an electron count N0 ± 1. To deduce an expression for the
total energy of the system with electron density ρ(r), we make
three assumptions about the nature of the total energy functional
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that were previously discussed, namely, that it is (1) exact for all
v-representable densities, (2) size-consistent, and (3) translationally
invariant. For the purposes of the proof, these three assumptions are
treated as axioms.

Given that Ψ1 of Eq. (11) is a ground-state wavefunction of the
system, we know that ρ(r) of Eq. (14) is a ground-state density for
the system with external potential v′(r) and is thus v−representable.
From assumption 1, it follows that the total energy functional is exact
for the electron density ρ(r). Its total energy should be equal to that
of Ψ1, which is simply the sum of the ground-state energies of two
infinitely separated sites with electron counts N0 ± 1,

Ev′[ρ(r)] = EvRl
[N0 − 1] + EvRl

[N0 + 1]. (15)

Here, Ev[N] is the ground-state energy of the N electron system with
external potential v(r),

Ev[N] = min
ρ→∫ ρ(r)dr=N

Ev[ρ(r)]. (16)

From assumption 2, the total energy functional should be size-
consistent, whereby

Ev′[ρ(r)] =
2

∑
l=1

EvRl
[1

2
ρl(r; N0 − 1) + 1

2
ρl(r; N0 + 1)]. (17)

Equation (17) can be simplified by application of the translational
invariance assumption to give

Ev′[ρ(r)] = 2EvRl
[1

2
ρl(r; N0 − 1) + 1

2
ρl(r; N0 + 1)], (18)

where the site electron count is

N = 1
2
(N0 − 1) + 1

2
(N0 + 1) = N0. (19)

Equation (18) enforces an upper bound on the total energy of the
N0 electron system in external potential vRl(r), namely,

Ev′[ρ(r)] ≥ 2EvRl
[N0]. (20)

Equality in Eq. (20) is achieved if there exists no wavefunction with
a lower total energy per site, for any external potential composed of
more than two copies of v(r) that are infinitely separated. Combin-
ing Eqs. (15) and (20) and suppressing the site index label Rl, we find
that

2Ev[N0] ≤ Ev[N0 − 1] + Ev[N0 + 1]. (21)

This is in direct contradiction to our original assumption in Eq. (9).
We now proceed to give a complete proof by contradiction of the
convexity condition in the general case.

Complete Proof. Suppose that there exists a sequence of con-
secutive integer values of electron count in the range (N0, N0 + z1)
that break the convexity condition,

2Ev[N0 + z2] > Ev[N0 + z2 − 1] + Ev[N0 + z2 + 1], (22)

where N0, z1, and z2 ∈ N0 and z2 satisfies 0 < z2 < z1. One may
construct an external potential v′(r) that is composed of q copies

of the same external potential v(r), infinitely separated in space,
according to

v′(r) =
q

∑
l=1

vRl(r). (23)

The ground-state of the q(N0 + z2) electron system with external
potential v′(r) will be composed of q1 sites with electron count
N0 − z3 and q2 sites with electron count N0 + z4, where 0 ≤ z3 ≤ N0,
z1 ≤ z4, and q1, q2, z3, and z4 ∈ N0. The value of q2 is constrained
such that

q = q1 + q2, (24)

and the value of q1 is constrained so that the total electron count
satisfies

q(N0 + z2) = q1(N0 − z3) + (q − q1)(N0 + z4). (25)

This leaves only two free variables, z3 and z4. The exact values of z3
and z4 are those that minimize the total energy of the q(N0 + z2)
electron system. In constructing the external potential v′(r), the
total number of sites q is chosen so that the ground-state energy per
site is minimized.

One possible ground-state is for the first q1 sites to have an elec-
tron count of N0 − z3 and wave function ΦN0−z3 , while the remaining
q − q1 sites have an electron count N0 + z4 and wave function ΦN0+z4 .
The ground-state wave function of the total system is then given by

Ψ1 = Â
⎡⎢⎢⎢⎢⎣
(

q1

∏
i=1

ΦN0−z3(Ri))
⎛
⎝

q

∏
j=q1+1

ΦN0+z4(Rj)
⎞
⎠

⎤⎥⎥⎥⎥⎦
. (26)

Swapping position vectors Ri and Rj will result in a degenerate
ground-state wavefunction. Analogously to Eq. (13), one may con-
struct the averaged wavefunction Ψavg from a linear combination of
the ground-state wavefunctions of the form given by Eq. (26). The
electron density of Ψavg is

ρ(r) =
q

∑
l=1

q1

q
ρl(r; N0 − z3) +

q2

q
ρl(r; N0 + z4). (27)

Application of the same three assumptions about the nature of
the total energy functional, namely, that it is (1) exact for all
v-representable densities, (2) size-consistent, and (3) translationally
invariant, results in the total energy, of site l with an electron count
N0 + z2, given by

EvRl
[N0 + z2] =

q1

q
EvRl
[N0 − z3] +

q2

q
EvRl
[N0 + z4]. (28)

Equation (28) can be simplified, using Eqs. (24) and (25), to
eliminate q1 and q2 and to obtain

Ev[N0 + z2] =
z4 − z2

z3 + z4
Ev[N0 − z3] +

z3 + z2

z3 + z4
Ev[N0 + z4], (29)

where the site index label Rl is suppressed for clarity. This expression
for the total energy will hold for all integer values of electron count in
the range [N0 − z3, N0 + z4]. Noting that the more restricted interval
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[N0, N0 + z1] ⊆ [N0 − z3, N0 + z4], from Eq. (29), it follows that, for
all integer values of z2 in the range 0 < z2 < z1, we have

2Ev[N0 + z2] = Ev[N0 + z2 − 1] + Ev[N0 + z2 + 1]. (30)

Comparing Eq. (22) with Eq. (30), we arrive at a contradiction.
Therefore, the convexity condition as given by Eq. (1) must hold for
all finite electronic systems.

Extension to 1-RDM Functional Theory. The complete proof
of the convexity condition of DFT is also valid for any formulation of
one-body reduced density matrix (1-RDM) functional theory that is
(1) exact for all v-representable 1-RDMs, (2) size-consistent, and (3)
translationally invariant. In this case, the electron density in Eq. (27)
must be substituted for the 1-RDM of Ψavg,

γ(x, x′) =
q

∑
l=1

q1

q
γl(x, x′; N0 − z3) +

q2

q
γl(x, x′; N0 + z4), (31)

where x and x′ are combined space-spin coordinates and γl(x, x′; N)
is the ground-state 1-RDM of site l with electron count N. All other
equations in the complete proof remain unchanged.

Extension to Approximate Density Functionals. Approx-
imate density functionals will typically not be exact for all
v-representable densities (condition 1); however, it is possible
to substitute this condition with two weaker conditions. An
approximate density functional that satisfies (1b) the constancy
condition,17,19,21,54,55 (1c) the density-size-consistency condition, (2)
the functional-size-consistency condition, and (3) the translational
invariance condition will also obey the convexity condition.

The constancy condition (1b) states that given a set of
g-fold degenerate, possibly symmetry-broken ground-state densities
{ρi(r)} of a system with external potential v(r), the total energy
functional satisfies

Ev[
g

∑
i=1

Ciρi(r)] = Ev[ρi(r)], ∀ 0 ≤ Ci ≤ 1,
g

∑
i=1

Ci = 1. (32)

We note that the vast majority of existing DFAs do not satisfy this
condition,21 which yields strong constraints on the exact density
functional.56,57

The functional-size-consistency condition (2) and translational
invariance condition (3) are the same two conditions used in
the general proof above. To avoid confusion with the density-
size-consistency condition, we emphasize that the functional-size-
consistency condition states that for any system with external
potential v′(r) composed of q infinitely separated site external
potentials vRl(r), as given in Eq. (23), with total electron density ρ(r)
and site electron density ρl(r), the total energy functional may be
written as

Ev[ρ(r)] =
q

∑
l=1

EvRl
[ρl(r)]. (33)

The density-size-consistency condition (1c), however, states that
for any system with external potential v′(r) of the form given in
Eq. (23), there exists a ground-state electron density ρ0(r) that is

composed of a linear combination of isolated site electron densities
ρ0

l (r; Nl), possibly of varying site electron count N l, so that

ρ0(r) =
q

∑
l=1

ρ0
l (r; Nl), (34)

where ρ0
l (r; Nl) is a ground-state density of the system with external

potential vRl(r) and integer electron count N l.
To prove that an approximate functional that satisfies condi-

tions (1b, 1c, 2, and 3) will also obey the convexity condition, we
follow the same arguments as outlined from Eqs. (22)–(25) in the
complete proof. From the two size consistency conditions (1c, 2),
there will exist a symmetry-broken ground-state density of the sys-
tem ρ1(r) with external potential v′(r), where the first q1 sites have
an electron count of N0 − z3 and the remaining q − q1 sites have an
electron count N0 + z4, namely,

ρ1(r) =
q1

∑
l=1

ρl(r; N0 − z3) +
q

∑
l=q1+1

ρl(r; N0 + z4). (35)

Swapping the electron densities ρl(r; N0 − z3) and ρl(r; N0 + z4)
at any two sites results in a degenerate ground-state electron den-
sity. From the constancy condition, one may construct the averaged
electron density ρ(r) from a linear combination of the ground-state
electron densities of the form given by Eq. (35),

ρ(r) =
q

∑
l=1

q1

q
ρl(r; N0 − z3) +

q2

q
ρl(r; N0 + z4), (36)

which is equivalent to the electron density of Eq. (27) in the complete
proof above.

From the functional-size-consistency condition and transla-
tional invariance condition, it follows that

Ev′[ρ1(r)] = q1EvRl
[N0 − z3] + q2EvRl

[N0 + z4]. (37)

Using these same two conditions (2, 3) and recalling that the total
number of sites q was chosen so that the total ground-state energy
per site was minimized, it follows that

Ev′[ρ(r)] = qEvRl
[N0 + z2]. (38)

Invoking the constancy condition once again, Ev′[ρ1(r)] must be
equal to Ev′[ρ(r)], and hence,

EvRl
[N0 + z2] =

q1

q
EvRl
[N0 − z3] +

q2

q
EvRl
[N0 + z4]. (39)

An analogous proof by contradiction thus follows according to the
complete proof. Thus, any approximate functional that satisfies the
weaker conditions (1b, 1c, 2, and 3) must also obey the convex-
ity condition. We emphasize that the ground-state total energy and
densities given by Eqs. (32)–(39) need not be exact.

Inaccessible N0-Electron Pure-States. This proof highlights an
unusual characteristic of ground-state formulations of DFT that sat-
isfy conditions (1) to (3): the convexity condition is always satisfied
for such formulations of DFT irrespective of whether the pure-state
convexity condition is satisfied or not. If there exists any system
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whose lowest energy N0-electron pure-state ∣ΨN0⟩ does not satisfy
the pure-state convexity condition

2Ev[ΨN0] ≤ Ev[ΨN0−1] + Ev[ΨN0+1], (40)

then the total energy and electron density associated with ∣ΨN0⟩ is
inaccessible to such formulations of ground-state DFT. These for-
mulations of DFT will, instead, yield a non-pure-state ground-state
density for the N0-electron system. Assuming that the pure-state
convexity condition is satisfied for the N0 ± 1-electron systems, this
density will be equal to the site electron density of a pure-state
2N0 electron system with two identical sites infinitely separated in
space. Based on the arguments presented in the complete proof,
these formulations of DFT have a well-defined total energy for such
densities. The DFT ground-state total energy for the N0-electron sys-
tem will be equal to the average of the ground-state total energies of
the N0 − 1 and N0 + 1-electron systems,

Ev[N0] =
1
2

Ev[N0 − 1] + 1
2

Ev[N0 + 1]

= 1
2

Ev[ΨN0−1] +
1
2

Ev[ΨN0+1] ≠ Ev[ΨN0], (41)

assuming that the pure N0 ± 1 electron states ∣ΨN0±1⟩ satisfy the
pure-state convexity condition. Specifically, such formulations of
DFT will predict a ground-state density of the N0-electron system
given by

ρN0(r) =
1
2

ρN0−1(r) +
1
2

ρN0+1(r)

= 1
2
⟨ΨN0−1∣ρ̂N0−1∣ΨN0−1⟩ +

1
2
⟨ΨN0+1∣ρ̂N0+1∣ΨN0+1⟩, (42)

where ρ̂N0±1 is the N0 ± 1 electron density operator.
It is worth emphasizing39 that no experiment has ever found

an electronic system that violates the inequality of Eq. (40). The
pure-state convexity condition of Eq. (40) remains an open area of
research in its own right. In particular, Gonis et al.58–60 proposed a
proof of the Ev[ΨN0] convexity condition through a description of
mixed-states as pure-states in augmented Hilbert spaces. Examples
have been found of model systems that violate the pure-state con-
vexity condition of Eq. (40) when the 1/∣r∣ inter-electron Coulombic
potential is replaced by an alternative potential. In particular, Lieb52

identified a specific two-electron system with a hard core inter-
electron potential that violates the pure-state convexity condition.
If it is possible to construct a density-functional for the hard core
inter-electron potential that satisfies conditions (1) to (3), such a
density-functional will, for this specific two-electron example, yield
a ground-state energy and density equal to the average of the one
and three electron pure-states as detailed in Eqs. (41) and (42).

In conclusion, the convexity condition of the total energy
of a finite electronic system with respect to electron count,
within density-functional theory, is derived from using the infinite-
separation-limit technique based on three minimal conditions, with
sufficient conditions adapted also for approximate DFT. For the rea-
sons discussed, this does not imply that the total energy is always
convex at the ground-state for all DFT formulations, and coun-
terexamples can be found (for example) in pure-state DFT. Our
result, nonetheless, confirms a stringent constraint on the exact

exchange–correlation functional. This proof also lifts an outstand-
ing assumption in the proof of the piecewise linearity condition
with respect to electron count, which is central to understanding
the Kohn–Sham bandgap and the exchange–correlation derivative
discontinuity of DFT.
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